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POLAR COORDINATES

Lesson 1
Further A-Level Pure Mathematics, Core 2
Polar Coordinates

1.1 The Polar Coordinate System
The polar coordinates of a point describe its position in terms of a distance,
from the origin,O, (called the “pole”) and an angle, measured anticlockwise
from the polar axis. Usually the polar axis is in the same direction as the positive
x-axis when using Cartesian coordinates.

>
Polar Axis

(4,315°)

The diagram shows four point along with their polar coordinates.
Here, degrees have been used but often radians are preferred.

1.2 Plotting a Polar Curve

On a Cartesian graph the points are of the fogng)(and equations are formed
with x andy in them, these then being graphed. On a Polar graph the points are
of the form (, #). Mirroring what is done with the Cartesian system, polar
equations can be formed witrandé in them. And these can be graphed, but on
polar graph paper, rather than Cartesian.

Here is a polar equation which is to be graphed.
r = 12cos 6 — 4sné

To graph this polar equation, complete the table provided and then plot the
polar coordinates obtained on the polar graph paper.

Work to 1 decimal place.



0 (in degrees)

15

30

45

60

75

90

r = 12cos?H — 8sno

0 (in degrees) 105

120

135

150

165

180

r = 12cos?H — 8sno

0 (in degrees) 195

210

225

240

255

270

r = 12cos?H — 8sn@

0 (in degrees) 285

300

315

330

345

360

r = 12cos?h — 8sn@
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1.3 Answers to 1.2 Plotting a Polar Curve

0 (in degrees) 0 15 30 45 60 75 90
r = 12cos?H — 8sno 12 9.1 5 0.3 -39 -6.9 -8
0 (in degrees) 105 120 135 150 165 180
r = 12cos?f — 8sin6 - 6.9 -39 0.3 5 9.1 12
0 (in degrees) 195 210 225 240 255 270
r = 12cos?H — 8sind 13.3 13 11.7 9.9 8.5 8

6 (in degrees) 285 300 315 330 345 360
r = 12cos?H — 8sind 8.5 9.9 11.7 13 13.3 12

255° o700 285°
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Lesson 2
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
2.1 Curious and Interesting Curves

The key to moving between points and equations written in Cartesian form and
the equivalent points and equations written in Polar form is the following

diagram;
Ya
X
____________ P(x,y)orP ¢, 6
|
r Ly
|
|
0 | .
O X
From the diagram,e cosf = % esng = % or? = X%+ y2

This suggests the following strategy for manipulating the algebra of a Cartesian
equation to recast it in Polar form.

CCartesian EquatioD

Replace x with
rcos 6

Replace y with
rsin 6

Try to simplify

C Polar Equation )

“Try to simplify” is vague; the ideal output is an equation of the form f (6)

]

or r2 = f () but that may not be possible.



2.2 Example
The famous curve below is called The Double Follium. It has Cartesian equation,

2
(x2 + y2) = 28x2y

Find the polar equation of The Double Follium.

[ 4 marks ]

Solution
A shortcut is to spot that the? + yz piece of the equation can be replaced with

alongside the more usual replacement with r cosé andy with r sn6
2
(x2 + yz) = 28x2y
2
(r?)
4

r

28 (rcosf)?(rsing)

28r3coszesin9

r = ZSCOSZHSinO



2.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40

Question 1
The curve below is called The Lemniscate of Bernoulli and has Cartesian equatic

(2 + ) = 100(2 — 2)

Show that the polar equation of The Lemniscate of Bernoulli can be written
in the formr® = 100cos(26)

[ 3 marks ]



Question 2
The curve below is a Right Strophoid and has Cartesian equation

V(8 +x) = X2 (8- x)

8 cos(260)

(1) Show that the Right Strophoid has polar equatioa po—

[ 6 marks ]



(i)

(i)

(iv)

Show that the point with Cartesian coordinatest, — 4v/3 )
is on the curve.

[ 2 marks ]

By means of implicit differentiation of the Cartesian equation show that

dy 16x—3x2—y2
dx 16y + 2xy

[ 4 marks ]

Find the equation of the tangent to the curve at the pidt —4+/3 )
in the form y = mx + ¢ wherem andc are irractional constants to be found.

[ 3 marks ]



Question 3
The curve below is a Trifolium (three-loop) and has Cartesian equation

(x® + y?)(y? + x(x + 10)) = 40xy?

(1) Show that the Trifolium has polar equation= 10cos 6 (4sin2 0 — 1)

[ 5 marks ]

(i) Find the value of when 6 = 60°
[1mark]

(iit)  Find the value of when 6 = 30° and deduce the equation of the
tangent to the curve for this valuef

[ 3 marks ]



Question 4
The curve below is The Cissoid of Diocles and has Cartesian equation

fo X

72 — X

10~

(1) Show that The Cissoid of Diocles has polar equatioa 72tan6 sin 0

[ 4 marks ]



(i) Show that the point with Cartesian coordinat@ 2v/2 ) is
on the curve

[ 2 marks ]

(iiit) By means of implicit differentiation of the Cartesian equation show that

dy _ 3x2+y2
dx 144y — 2xy

[ 4 marks ]

(iv)  Find the equation of the tangent to the curve at the pot2v/2 )

in the formy = av'2 x + by/2 where aandb are rational numbers.

[ 3 marks ]
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2.4 Answers to 2.3 Exercise
Further A-Level Pure Mathematics, Core 2
Polar Coordinates

Answer 1
2
(x2+y2) = 100(x2—y2)
2
(rz) = 100(r200320 - rzsinze)
4 = 100r2(00520 - sin20)
r> = 100cos(26) O
[ 3 marks ]
Answer 2
(1)
y2(8+x) = x2(8—x)
r’sin’ 0 (8 +rcosh) = r? cos? 6 (8 —rcosé)
sn’ o (8 +rcosh) = cos” 6 (8 —rcosé)
8sn°0 + rsin®Hcosfd = 8cos” O — rcosf
rcos’d + rsn®0cosd = 8cos” O — 8sin’ 6
rcose(cosze + sinze) = 8(00326 - sinze)
rcosd = 8cos(20)
_ 8 cos(260) 0
coso
[ 6 marks ]
(i)

LHS = y*(8 + x)

2
(—4v3)(8+(-4) when(-4,-4v3) isinserted
=16x3x4
= 192

RHS = x° (8 — x)
= (-4%x (8- (-4) when(-4,-4v3) isinserted
= 16 x 12
= 192
= LHS

- (-4,-4/3) is onthe curve O
[ 2 marks ]



(i ) V(8 + x) = ¥ (8 - x)
V(8 +x) = 8x° - X
Differentiating Implicitly

V(1) + Zy% (8 +x) = 16x — 3%

%(16y+ 2xy) = 16x — 3x2 —

dy 16x—3x2—y2
dx 16y + 2xy

[ 4 marks ]
(iv)
dy  16(-4) — 3(-4° - (-4V3)

dx  16(-4v3) + 2(-4)(-4V3)

_ —64-48 - 48
643 + 32V3
_ _-160 V3
- —32¢/3 T /3
_ 5V3
3
y =nmMX+C
_4V3 - 5\5 x (=4) + ¢
C__12\/§ . 20V3
B 3 3
_ 8V3
-3
. 5vV3 8V3
- Tangentisy = TX+T

[ 3 marks ]



Answer 3

(i)
(x® + ) (% + x(x + 10)) = 40xy?
(x2 + yz)(y2 + 3% 4+ 10x) = 4Oxy2
rz(r2 + 10rcos¢9) = 40r coso r25in20
r3(r + 10cos6) = 40r3cos6 sin? 6

r + 10cosé 40cos @ sin20

r = 40cosesin2¢9 — 10cosé@

r = 10cosé (4sin20 - 1) O
[ 5 marks ]
(i) When 6 = 60,

r = 10c0560(4sin260— 1)

10 % (4[] -1}

:10><i(4><§—1)
2 4

1
=10x — x 2
2

= 10 This is the tip of the loop in the first quadrant
[ 1mark]

(i)  Wheno = 30,
r = 10cos30 (4sn?30 - 1)
2
= 10 x £(4x (i) - 1)
2 2

=0
The implication is that this is the angle of the slope as the curve makes
one of its passes through the origin.

m = tané
= tan 30
V3

3

. The tangent would bg = gx

[ 3 marks ]



Answer 4

(i)
7= o
72 — X
_ 3
y2(72— X) = X
r?sin®0 (72 - rcosd) = ricos’o
sn’0 (72 - rcos6) = rcos’o
72sin%0 — rsin® 6 cosf = rcos 9
rcosS @ + rsn®0cosd = 72sn° 0
rcose(cosze + sinze) = 72sn°0
rcosg = 72sn°6
r=72x SN0 Ging
cos 6
r = 72tan6sno O
[ 4 marks ]
(i)

PR

72 — X
y2(72—x) =3

LHS = V?(72 - x)

2
(2v2)(72-8) when(8, 24/2) isinserted
4x2x 64
= 512

RHS = x°
=8 when (8, 2v/2 ) is inserted

= LHS

. (8, 2v/2) isonthe curve O
[ 2 marks ]



(i)

R

72 — X
yz( 72 — X) = X
Differentiate Implicitly
dy

V(-1) + 2y =2 (72 - x) = 3%

dx
%(1445/—2xy):3x2+y2
ﬂ_ 3x2+y2
dx 144y — 2xy
(iv)
dy 382+ (2vZ )
dx  144(2v2) - 2(8)(2vV2)
3 192+ 8
- 288Y2 - 32V2
_ 20 V2
- 256V2 T V2
_ 25V2
64
y=mM+¢cC
2V2 = 252 x (8) + ¢
64
2v2 = 25;’/7 +c
o . 16VZ  25V2
B 8 8
__9%V2
B 8
. Tangentisy = 25\/7x— V2
©orangentisy = ey 8

[ 4 marks ]

[ 3 marks ]
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Lesson 3

Further A-Level Pure Mathematics, Core 2
Polar Coordinates

3.1 Old Friends in New Clothes
To properly understand a polar curve, there is no substitute for going to the effort
of plotting it by hand. Thought should be applied to focussing on any parts of the
curve where it's less predictable, and on any transitions wifigre sign, which
can be the result of— * < or r — 0.
In many situations it will be desirable to insist thae non-negative. However, on
looking back at the polar plot of the first lesson, excluding the short piece of curve
wherer became negative would have destroyed the symmetry and flow of the cur
Many text books, internet articles and videos on polar curves are not clear if wha
being discussed applies only for 0, or for all real values of This is a source of
muddle and confusion as is often makes no difference but sometimes does !

3.2 Exercise

Marks Available : 50
Question 1
Here is a polar equation which is to be graphed.

8

re = -
®) 2cos@ + sinf

(1) Explain why r (90) andr (270 yield the same point on the graph

[ 2 marks ]

(ii) Complete the following table.
Notice the table is “intelligent” with a focus on key features.

Work to 1 decimal place (and with your calculator in degrees mode !)

0 (in degrees) 0 45 90 100 135 165
r 8

2c0s6f+9n6
0 (in degrees) 180 225 270 280 315 345
r 8

2c0sf+9n6

[ 4 marks ]



(iit)  Plot the polar coordinates from the table onto the graph below,

90°
105° 75°

120° RS 60°

150°

165°

00—
195°

210°

255° o700 285°

[ 4 marks ]
(iv)  This is an example of a polar curve of the form

c
r = - wherea, bandc are constants
acoséd + bsnao

“Reverse Engineer” this general equation to obtain the Cartesian equival

[ 4 marks ]



Question 2

(1) For the polar equation(6) = % complete the following table,

0 (in degrees) 90 180 270 360 450 540
- 0
F'= 90
[ 2 marks ]
(ii)  Plotthe graph of (9) = 9
90
[ 3 marks ]
Question 3
Here is a polar equation which is to be graphed.
r(@ = 6cosd + 8sno
(1) Explain whyr (0) andr (180) yield the same point on the graph
[ 2 marks ]
(i) Complete the following table.
Notice the table is “intelligent” with a focus on key features.
( Plot extra points if you need to )
Work to 1 decimal place.
6 (in degrees) 0 10 20 30 45 75 90
r =6cosf + 8sné
0 (in degrees) 100 110 120 140 180 210 270
r = 6cos6 + 8sné

[ 5 marks ]



(iit)  Plot the polar coordinates from the table onto the graph below,

90°
105° 75°

120° RS 60°

150°

165°

00—
195°

210°

255° o700 285°

[ 5 marks ]
(iv)  This is an example of a polar curve of the form

r = 2acosf + 2bsiné  whereaandb are constants
“Reverse Engineer” this general equation to obtain the Cartesian equival

[ 5 marks ]



Question 4
4

i C lete the following table forr (6) =
(1) omplete the following table forr (6) Y,

Work to 1 decimal place.

0 (in degrees) 0 15 30 45 135

r- 4
1-sné6

0 (in degrees) 150 165 180 225 270 315

r = 4
1-sn6

[ 4 marks ]

(i) Plot the polar coordinates from the table onto the graph below,
90°

180° —

255° 270° 285°
[ 4 marks ]



(i)  This is an example of a polar curve of the form

r = P wherepis a constant

1-sno
“Reverse Engineer” this general equation to obtain the Cartesian equival

[ 6 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



3.5 Answers

Further A-Level Pure Mathematics, Core 2
Polar Coordinates

3.5.1 Solution to 3.2 Exercise

Answer 1
(i) 190 = °
~ 2c0s90 + sin90
=8 yielding the polar coordinat¢ 8, 90°)
r(270 = 8 -
2c0s270+ sn270
= —8 yielding the polar coordinaté— 8, 270°)
However, (8, 90°) and (-8, 270°) are the same point O
[ 2 marks ]
(i)
0 (in degrees) 0 45 90 100 135 165
_ 8 _ _
' = 56080 +9N0 4 3.8 8 12.5 113 4.8
0 (in degrees) 180 | 225 270 | 280 315 345
_ 8
r = 2c0sO+Sno -4 -38 -8 -125 11.3 4.8
[ 4 marks ]

(i)

(iv)

See the graph on the following page
The graph looks suspiciously like a straight line which the next part
of the question will prove is indeed the case.

[ 4 marks ]
c
r= ,
acosf + bsiné
r(acosf + bsing) = ¢
arcosfd + brsnéd = c
ax + by = ¢
The Cartesian equation of a straight line
Dividing through byb
a . ,_c
b YT b
__a . ¢
Y 2T
y=mx+k withm= -2 k=% 0

[ 4 marks ]



NSV
"OQ

‘: S0
S

AN

T

s

%
X
\\&
.
O\

AN

180°

Answer 2

(i)

/)
%
i

e
%%"

i
i

7
i,

g
A7

U,

\
I
M

0 (in degrees)

450

540

6

[ 2 marks ]

[ 3 marks ]



Answer 3
(i) r() = 6cos0+ 8sn0
=6 yielding the polar coordinat¢ 6, 0°)
r (180 = 6cos180 + 8sin180
= —6 yielding the polar coordinaté— 6, 270°)
However, (6, 0°) and (-6, 180°) are the same point O

[ 2 marks ]
(i)
0 (in degrees) 0 10 20 30 45 75 90
r = 6cosf + 8sno 6 7.3 8.3 9.2 9.9 9.2 8
6 (in degrees) 100 110 120 140 180 210 270
r = 6cosd + 8sno 6.8 5.5 3.9 0.5 -6 -9.2 -8
[ 5 marks ]

(i)  See the graph on the following page.
The graph looks suspiciously like a circle which the next part of the
question will prove is indeed the case.

(iv) risthe variable in the polar equation
Ris the constant radius of a given circle

r = 2acosd + 2bsiné

Multiply both sides by

2

r 2ar cosf + 2brsng

x2+y2:2ax+2by
x2—2ax+y2—2ay:0
(x—a)z—a2+(y—b)2—b2:0

(x—a)2+(y—b)2:a2+b2
(x—al+(y-by’ =F

which is the Cartesian equation of a circle, cefiie b), RadiusR
[ 5 marks ]



120°

90°

75°
60°

45°

30°

15°
— Oo
345°
330°
[ 5 marks ]
Answer 4
(i)
0 (in degrees) 0 15 30 45 135
— 4
0 (in degrees) 150 165 180 225 270 315
— 4
= J9—ang 8 5.4 4 2.3 2 2.3

[ 4 marks ]



(i)

120°

75°

60°

150° 30°
165° 15°
180°=——— ===
195° 345°
2100 3300
240° 300°
255° 270° 285°
[ 4 marks ]

This looks suspiciously like a parabola.
The next part of the question will prove that this is indeed the case !



(i)

P
1-snéo
r(1-sn6)=p
r—-rsnd =p
r-y=p
r=p+y
square both sides
r? = (p+y)°
x2+y2:p2+2py+y2
x2=p2+2py
2py = % - p°
_ 1l b
Y= 20 72

Which is the form of a parabola
[ 6 marks ]
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Lesson 4
Further A-Level Pure Mathematics, Core 2

Polar Coordinates
4.1 Key Polar Curves |

In much the same way that it is useful to know the graph that goes with a few
Cartesian equations, it's useful to know the graph that goes with a few Polar
equations. The interest is in trying to get “a lot from a little”, and so the desire is
to find simple Polar equations that yield graphs that would need formidable
algebra to be described in Cartesian form. In this lesson the focus is on graph:
that are familiar, but recast in polar form.

4.1 The Line
(1) Generalised Lines
Cartesiany = mx + ¢ cax+ by =c
C C
Polar r = — Tr o= -
sSné — mcoso acosd + bsno

(i) Half Lines through the pole at an anglepato the polar axis
Cartesiany = tan( ¢ ) x (Whole line)
Polar 0 =¢ r > 0 (Halfline)

3 >
Polar Axis

Half lines¢ = 135 (red) and® = 250° (green)

(i)  Vertical Lines
Cartesian x

Il
o]

Polar r aseco

(iv)  Horizontal Lines
Cartesiany = b

Polar r = bcscé



4.2 The Circle

(1) Centre origin, radiuR : Cartesian X + y2 = R
: Polar : r=R

z >
Polar Axis

A circle centre (0, 0) and radius 4 has polar equation4 (red)

(i) Centrg(a, 0), radiusa(.. passing through the pole
Cartesian (x — a)2 + y2 =% with r = a

Polar r = 2acosé

(i) Centrg 0, b), radiusb (.. passing through the pole)
Cartesianx® + (y - b)2 =12 with r = b

Polar r = 2bsné

(iv) Centre(a, b), radiusr (.. passing through the pogle
Cartesian(x — a)2 + (y - b)2 =12 with r? = & + b°

Polar r = 2acosé + 2bsin®

r = 6cosf + 8sinéb



4.3 The Spiral
(1) The Archimedian Spiral

Cartesiany = xtan(\/ X2 + YZ)

Polar r=20, r>0

The triskelion, a symbol dating back over 6000 years of three interlocking
Archimedian spirals, often associated with Ireland, where it adorns many graves

(i) The Equiangular Spiral (also called Logarithmic Spiral, Bernoulli's Spiral)

. Cartesiany = xtan(ln(\/ X2 + Y2 ))

Polar r = e‘9



3.4 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 50

Question 1
(1) On the graph, sketch the polar equations,

r=6 and r = 3v/3 seco

[ 2 marks ]

(i) Use algebra to find the polar coordinates of the points of intersection
of the two graphs sketched in part (i)

[ 4 marks ]



Question 2
(1) On the graph, sketch the polar equations,

r, = 6snd, and r, = 63 cosé,

[ 2 marks ]

(ii) Use algebra to find the polar coordinates of the point of intersection
of the two graphs sketched in part (i)

Is the pole whem; = r, = 0 an additional point of intersection ?

[ 4 marks ]



Question 3
On the graph is plotted the polar equation,

(i)

(i)

(iv)

r = 8coso

To the graph add the points with the following polar coordinates;

A(4V2, 45), B(8, 0°), c(4v2, 313)
[ 3 marks ]

Add the circler = 4 to the graph.
[1mark]

Use algebra to find both points of intersection of the two graphs.
Give your answer in polar coordinates.

[ 4 marks ]



Question 4

Consider the curve with polar equation = 4cos(6 — 30°)
(1) Prove that this equation can be written as,

r = 2+/3 cosO + 2sin6d

[ 2 marks ]
(ii)  Hence, sketch the curve = 4cos( 9 — 30°)

[ 3 marks ]
(i)  Write down the Cartesian equation of the curve.

[ 2 marks ]

(iv)  What transformation would result from replach@ the polar equation
equation r = 4cos6® with (6 — 30°) ?

[ 2 marks ]



Question 5
Consider the polar equation = 5sec( 6 — 60°)

(1) Prove that this equation can be written as,
10

cosf + /3 sno

[ 2 marks ]
(ii)  Hence, sketch the graph of= 5sec( 6 — 60°)

[ 3 marks ]
(iii)  Write down the Cartesian equation of the curve.

[ 2 marks ]

(iv)  What transformation would result from replach@ the polar equation
equation r = 5sec6d with (6 — 60°) ?

[ 2 marks ]



Question 6
Starting with the Cartesian equation of a circle, centre (5, 12 ), radius 13, and
using the relations
e X = rcosé ey =rsné or2:x2+y2
prove using algebra that the polar equation of the circle will be
r = 10cosé + 24sin6

[ 6 marks ]

Question 7
Starting with the Cartesian equation of the Archimedian spiral, prove that its
polar equation isr = 6

[ 3 marks ]
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4.5 Answers to 4.4 Exercise
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
Answer 1

(i)

r = 6 is a circle, centre origin, radius 6
r = 3V 3 secd is the vertical linex = 3V 3

(i) At points of intersection,

3vV3secH =6
1 6
cosd  3vV3
V3
cosf = ——
2
0 = 30° or 33

So the polar coordinates of intersection G6e 30°), (6.330°)
[ 4 marks ]



Answer 2

(i)

r, = 6sin6, is acircle, centré 0, 3) radius 3
r, = 67/ 3 cos6, is a circle, centre{ 3v/3, 0) and radiug8y'3

(ii) At the point of intersection,
6sind = 64/3 cosh

sné _J3
cos6
tand = V3

0 = 60°, 240°

When 6 = 60°, r; = 6sin(60)
=3V3 . (3V3, 60)
Whené = 240, r, = 6sn(240
= —-3V3 - (-3/3, 240)
But (—3V3, 240°) = (3V3, 60°) so this is the same point twice

However, there is another point of intersection at the pole !

Note: At the pole the graphs intersect, not becatise= 6, but because

r, = r, = 0; Always check if the pole is a point of intersection

The pole can be written as the polar coordifide ¢° ) whereg
is any angle at all !



Answer 3

(i), (ii) and (iii)

[ 3,3, 1marks)

(iv)
4 = 8coso
1
0 = —
cos >
6 = 60°, 300

The polar coordinates of intersection are;

(4, 60°), (4, 300)
[ 4 marks ]



Answer 4

(i)

4cos( 6 — 30°)

4cosf cos30 + 4snHsn30

V3

) 1
4co0s0 —— + 49n6 x —
2 2

q
Il

2+/3 cosO + 2sno O
[ 2 marks ]

(ii) It is known that a circle,

Centre(a, b), radiusr (.. passing through the pogle

2 2

Cartesian(x — a)2+ (y - b)2 = 12 with 12 = & + b?

Polar r = 2acosf + 2bsiné

Thus r = 24/3 cos® + 2sin6 has centrd v/3, 1), radius 2

[ 3 marks ]

[ 2 marks ]

(iv) Rotation about the pole of 3Qanticlockwise)
[ 2 marks ]



Answer 5
(i) r = 5sec(6 - 60°)
5
cos (6 — 60)
5

cosO cos60 + sn® sn60
_ 5 < 2
cosO X (%) + snd x (%) 2
10

- : M
cosf + /3 sno

[ 2 marks ]
(ii) It is known that for lines,

Cartesiany = nx + ¢ c ax+ by =c
Cc c

Polar r - : -
ssnf® — mcosf acosf + bsno

Thus r = 10 is the line x + V3 y = 10

cosf + V3 sno

[ 3 marks ]

[ 2 marks ]
(iv) Rotation about the pole of 6Qanticlockwise)
[ 2 marks ]



Answer 6

(X - 5)% + (y - 12)° = 169
X% — 10X + 25+ Y2 — 24y + 144 = 169
X2 — 10k + Y2 — 24y = 0
X2 + Y = 10X + 24y
r2 = 10r cosé + 24rsiné
r = 10cos6 + 24sin6 O
[ 6 marks ]
Answer 7
J - xtan(FF)
y = xtan(+/r2)
rsin® = rcoso tan(r)
sné = cosétan(r)
cosg = )
tand = tan(r)
0 = =xr
If r is restricted to being positive
0 =r O
[ 3 marks ]
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Lesson 5
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
5.1 Areas and Polar Curves
Integration can be used to find the area bounded by a polar curve and the half
lines & = a and@ = S radiating out from the pole to the curve. A diagram to
keep firmly in mind and the formula to apply are given below;

Polar Area Formula

JT
2A
N

>

Polar Axis

Notice the importance of the pole in the areas being found, and also the
similarity between the Polar Area Formula and the formula for the Area of a
Sector.

Here is a reminder of that previous formula from the Year 2 course;

Arc Length and Sector Area
Arclength = r6°

Sector area = %rzf)c

Given that integration is a summation process, it should not come as a surprise tl
what is being summed by the Polar Area Formula is an infinite number of infinitel
thin sectors, all radiating out from the pole.

Hence the similarity of the Polar Area Formula with the Sector Area formula.

It goes without saying that anglesandp need to be in radians.



5.2 Example

Previously it was shown that the famous curve graphed below, The Lemniscate

of Bernoulli, had the polar equatiarf = 100cos(26)

What is the total area of the region enclosed by the two loops ?

Teaching Videohttp://www.NumberWonder.co.uk/v9101/5.mp4

ol R
o)

[ 6 marks ]

5.3 The Rose Graphs

The Lemniscate of Bernoulli is an example of a “Rose Graph” with two petals.
Also called “flower graphs”, they increasingly resemble a flower as the multiple
of # is increased and more and more petals occur.

Another rose graphs is explored in the exercise (Question 4)

T In Lesson 2, Exercise 2.3, Question 1


http://www.NumberWonder.co.uk/v9101/5.mp4

5.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 70
Question 1

The graph is of the curve with polar equatior= 104/ sin# and the three

half-lines with polar equations® = % 0 = % and 0 = —

(1) Calculate the exact value of the are® bfy means of the integratipn

-5 2
AreaP = % Ji (10Vsne ) do

Sl

N

[ 4 marks ]

(i) In a similar manner, show that,

AreaQ = 25(V/3 - 2)

[ 4 marks ]



(iii)  Explain why the domain fa?is 0 < 6 < x ratherthan0 < 60 < 27

[ 2 marks ]

(iv)

777777777777777777

,,,,,,,

,,,,,,,,,
'
I
I

0 = 0

Keeping in mind the domain feridentified in part (iii), find the exact
total area within the loop, mark&lin the above graph.

[ 3 marks ]

(v) Show that the Cartesian equation for the curve is,

(x2+y2)3= 10000y, y > 0

[ 3 marks ]



Question 2

The graph is of the curve with polar equatimﬁ = 36 (Sn® — cosh)

(i)  Showthatifl = — jznrzde then| = 0
-5 s _

[ 4 marks ]
Stay Positive !
The reason for the failure dfto be the total area within the two loops is because
the upper left loop correspondsrtdeing positive yielding a positive area, and
the loop lower right corresponds tdbeing negative, yielding a negative area.
Notice that, unlike with Cartesian integration, the quadrant the curve is in is not
what determines whether or not the integral is positive or negative; from the
polar point of view there is neaxis for a curve to be below and thus negative.

The A-Level course recommends that limits should be chosen carefully such that
r >0 for all values within the domain of the integral.



(i) Let a andp be the solutions to the equatio% = 0 with a < 8.
Find the value o and the value @8 for O<a <27, 0<f<2rn

[ 3 marks ]

(i) Use your part (ii) values to find the exact area on the upper leftRoop,

[ 4 marks ]
(iv)  Hence state the total exact area enclosed within the two loops

[ 1 mark]



Question 3

The graph is of the polar curve? = 25sec/ and the half-lined = %

(1) Find the exact value of the area of the redgpahown shaded.

[ 7 marks ]

(i) Find a Cartesian equation for the curfe= 25sec ¢

[ 4 marks ]



Question 4

Smasm-am--a

——a---a---a

Smas--as--a

SmAs--am--a

B R

Ca__a___a

Cd__a___a

4sin(36)

By first finding the area of one petal of the polar cumie
find the total area enclosed by the six petals of this rose.

(1)

[ 6 marks ]



(i) Prove that,
sn(39) = 3sing — 4sn°0

[ 3 marks ]

(iii)  Hence, or otherwise, find a Cartesian equation for the rose curve.

[ 4 marks ]



Question 5

The graph is of the polar equatim% = 64(sin(40) — cos(26) )

(1) Find the area enclosed by the four loops.
(i) Find a Cartesian equation for the curve.



[ 18 marks ]
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5.4 Answers
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
5.4.1 Solution to 5.2 Example (Teaching Video)

Integrations tend to be less work when the lower limit is zero, so a good tactic to
get started on this problem is to work out where on the curve the point
corresponding t@ = 0 is.

As we have the graph, this is easy; simply look along the polar axis.
As there is only one point on tlkeaxis (not at the originh = 0is ( 10, 0)
which is easily confirmed by puttiry= 0 into the polar curve's equation.
With, along with the graph, the equation of the curve in mind,
r? = 100cos(26)
it's reasonably obvious that the curve proceeds anticlockwise until at an angle

of % radians it's passing through the pole.

So one way of getting the required area is to do the following integration,
Area = 4 x AreaQ

1 7
4 x > fo 100cos(26) do

200 | OT cos(20) do

100 [ 072 cos(26) do

I
4

100 [ sin(20) ]
0

100[sin(%) _ sin(o)}

= 100

[ 6 marks ]



5.4.2 Solutions to 5.3 Exercise

Answer 1

(1)

(i)

(i)

5 2
AreaP = = [2 (10vsng ) do
4

[l
al
S
|
| =
+
s
| I |

[ 4 marks ]

QO
1l
'—\
—_—
ol .l;|.§1
—
H
o
Q.
>
>
SN—"
N
o
>

Il

a1
(@)

—_—
o sl

n.
>

>
o
>

Il
(o)
o

f|_1
(@]
o
n
)

d

I
al
(@)
|
Q
o
2]
—_—

Over the intervalr < 6 < 27, sin 6 is negative, so if that interval

were part of the domain, the taking of a square root of a negative
number would be an issue.

Had the equation beerf = 100siné the graph would have had

a second petal that was a mirror reflection of the first in the polar
axis.
[ 2 marks ]



(iv)
2
AreaR = % jg (10vsn6 ) do
JT
= 5oj sno do
0

JT
50 [—cos¥é |
0

50[— cosz + cos0]
50[—(-1) + 1]
= 100

[ 3 marks ]
(v)
r =10y sné
Square both sides

(This will make the second 'ghost' loop visible)

r* = 100sin6
Multiply both sides by
r3 = 100r sin g

3= 100y

Square both sides
(r3)2 = 10000y°
(r2)3 = 10000y?
(x® + y2)3 = 10000y?

Add in a restriction to stop the 'ghost' loop being visible

3
(x® +y?) = 10000y, y >0

[ 3 marks ]



Answer 2

(i) | = j
Iy

36 (snf® — cosh) do

N N

2
18 [-cosO — sinéd |

0
18[- cos(27) — sin(27) + cos0 + sn0]
18 -1 -0+ 1+ 0]

=0 O
[ 4 marks ]
(i) 2 =0
36 (sn® —cosf) =0
sn® — cosd =0
sn® = cosé
sno
cosf
tang =1
7 b
0= — —
4" 4
7T 5
a= =
[ 3 marks ]
1 F
(iii ) AreaR:?J'n 6(sin® — cosh) do
4
St
4
= 18[-cos6 — sino |
%
57 5 7
= 18[— cos(—) - sm(—) + cos(—) + sm( ) }
4 4 4
V2 V2 N2 V2
= 18 + + +
2 2 2 2
= 36V2
[ 4 marks ]

(iv) Total Area= 72+ 2
[ 1 mark]



Answer 3

(i)
T
3

1
AreaR:—j 25sec 6 db
2 Jo

JU
_ 25 (% wcodo
2 Jo

3
[In|seco + tano| ]
0

25
2

E In L +tan(£) —In| !
2{ cos(%) 3 ‘ cos0
§[|n|z+ﬁ|_m|1+o|]

= %In(2+\/§)

+ tanOH

[ 7 marks ]
(i)

r2

25sec O
2 25
"~ cosf

rrcosf = 25
rx =25
Square both sides
*x% = 625
(x2 + y2) X2 = 625
[ 4 marks ]



Answer 4
For the petal highlighted in a peach colour,

(i)

(i)

(i)

1 F
Area = - fo 4sin(36) do

3

2
3
4

2 %5 . . .
3 f; 3sin(39) d¢  Setting up a “chain rule backwards

T

2 3
3 [- cos(36) ]

0

% [~ cosm + cosO]

[-

(-1) + 1]

. Total area of all six petals is 8

LHS

[ 6 marks ]
sn30
sin (20 + 6)
Sn26 cos® + cos20sin6
2sin6 cosO cosé + (00529 — sin29)sin9
2sin0cos” 6 + cosOsind — sin> o
3sngcos’f — sn° 0
3sno (1 — sin20) — §n0
3sng — 3sin6 — sin>¢
3sng — 4sin®0
RHS O
[ 3 marks ]
2 = 4sn(39)

2 = 4(3sn6 - 4sn°0)
Multiply both sides by3

= 12r2rsin0 - 16r3sin36

(x2 + yz)% = 12(x2 + yz)y— 16y3

x
N

+
<o

I

12x2y — 4y3
[ 4 marks ]



Answer 5
(1) To get the limit lines,

2 =
64(sn(40) — cos(20) )

0
0
sin(46) — cos(20) = 0
0
0

2sin(26)cos(20) — cos(20) =
cos(20)(2sin(20) - 1) =

. . 1
Either cos(26) = 0 or sin(20) = 5

7 3t Sz Tn
For cos(20) = 0O 20 = —, , )
(29) = 2’ 2 2 2
0—£ 3rn 57 Tn
47 47 40 4
) 1 7 5t 137« 17n
For sin(20) = — 20 = —, , ,
(20) = 5 = 6 6° 6 6

So the areas sought are,

1 % - 1 &,
—frd@ and —f r-dée
2 g 2%



Area of loop wholly in 1st Quadrant:

Area =

1 4

— de

2 J%r

1 Zﬂ 64(sin(40) — cos(20) ) do
1o

2

N

32

—_—

sin(40) — cos(20) do

T
4

T
12

8% 4sin(40) do - 16 [° 2cos(26) do
12

S

T
4

8[-cos(40)] - 16[sin(20) ]

T T

12 12

o[ oo +on(2)] - e n[3] sz
foned]-da- 1]

ENE

3 1
8x = —16x —
3 * 3
12— 8

4

For the larger loop, mostly in the 2nd Quadrant

Area

T2
= — rede
2%
%
= 32 sin(49) - cos(20) do
12

3
4 . 4
= sjM 4sin(46) do — 16j% 2 cos(26) do

¥ ¥
= 8[-cos(49)] - 16[sin(26) ]

~ 8[ cos3r + coS( )] - 16[ (%) - Sin(%)]

P[RS PR

= 36

N |-

. Total Area= 2(4 + 36)

= 80
[ 12 marks ]



(i)

r? = 64(sin(40) — cos(20) )

= 64 (23n(26)cos(20) — cos(20) )

= 64c0s(20) (2sn(20) — 1)

= 64(00520 — sinze)(4sin6cose -1)
% = 64( r2cos’ 6§ — rzsinze)(4rsin6rcose - r2)
3

(x* +y*) = 64(x° — y*)(4yx — X - )

[ 6 marks ]
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Lesson 6
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
6.1 Exam : Bring It ON

Polar equations, by their predominantly circular nature, are awash with
trigonometric functions. In consequence, the resulting integrations will often
involve squares of those functions especially when finding sector areas.

B
That's because of tméin the formulaArea = % f r2d9
a

Rather than memorising lots of results the prevailing wisdom is that it is better
to focus on a few that are key, from which others are easily obtained when
required.

6.2 Cosine
How to find j cos® 0 do

The two key results to use are cos? 9 + sn’f = 1

cos? @ — sin’0 = cos(20)

Combine by addition; 2cos’ 0 = 1 + cos(20)

f cos? 9 do = %J' 1 + cos(20) do

6.3 Sine

How to find f sin2 0 do

The two key results to use are cos’ + snf = 1
cos’§ — sn 6 = cos(26)
Combine by subtraction: 2sin’0 = 1 — cos(26)

[sn*ode = %jl — cos(20) do




6.4 And Some...

_[sec2 do = tanx + ¢ : Told this in examination formula booklet
jtanzede . Use the identityl + tan 6 = sec’ 0
j csc?0dd = —cot 6 + ¢ : Told this in examination formula booklet
fcotzede . Use the identitycotZH +1=csc?0

6.5 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 42
Question 1
Further A-Level Examination Question from June 2019, Core Paper 1, Q3 (Edexcel)

< 1.2m >
A B

Diagram no
to scale

D C

The diagram shows the design for a table top in the shape of a re&Bafe
The length of the tabl&B, is 1.2 m.

The area inside the closed curve is made of glass.

The surrounding area, shown shaded, is made of wood.

The perimeter of the glass is modelled by the curve with polar equation

r = 0.4 + acos?20 00 < 2n
wherea is a constant.

(a) Showthata=0.2

[ 2 marks ]



Hence, given thalAD = 60 cm,
(b) find the area of the wooden part of the table top, giving your answer in
m? to 3 significant figures.

[ 8 marks ]



Question 2
Further A-Level Examination Question from June 2009, FP2, Q4 (Edexcel)

Initial Line

The sketch is of the curve with polar equation,
r=a+3cosfd, a>0 0<960<2n

The area enclosed by the c:ur\fl%CE T

Find the value o&

[ 8 marks ]



Question 3
Further A-Level Examination Question from June 2015, FP2, Q1 (MEI)

(1) A curve has polar equation = 2acosé + 2bsné,

wherea > 0and b > 0

Show, by considering the Cartesian equation, that the curve is a circle
which passes through the origin.
Find the centre and radius of the circle in terra ahdb

[ 5 marks ]

(i) For the casea =b = 1, use integration to show that the region bound by a

minor arc of the circle and lings = % and 9 = T has ared + %

[ 5 marks ]



Question 4
Further A-Level Examination Question, Paper O, FP2 (Madas Maths)

JU
0=
A 2 r = V3 cos6 + sin®
>
O Initial Line

The diagram above shows the curve with polar equation

——<0<2—n
3 3

By using a method involving integration in polar coordinates, show that the

r = /3 cos + siné,

area of the shaded regionirl% (47 — 3V/3)

[ 7 marks ]



Question 5
Further A-Level Examination Question from Summer 2000, Mock P4, Q7 (Edexcel)

3
The curveC is given by r = 2cos? 0 —% <0< —

Find the area of the region enclosed®y

[ 7 marks ]
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6.6 Answers to 6.5 Exercise
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
Answers 1
(a) Clearly the pole is at the centre of the diagram in which case, also from tl
diagram, it would seem thais 0.6 m wherd = 0

r = 0.4 + acos20
0.6 = 04 + acosO

a=202 O
[ 2 marks ]
(b)  The area of the table top will be,

AreaRectangle = 1.2 x 0.6

= 0.72m?
For the glass, this is a forgiving question in that there is no issue with
a negative value afas the curve would have to go through the pole
to change sign which it clearly does not.
So any suitable pair of limits will do, although it'll be easier to use
the polar axis witl® = 0 as the lower limit,

Sensible upper limits would be = %or 0 =moré =2n

Area

1
> j(o.4 + 0.2c0s20 ) do

%j(o.Z(z + c0s26))° do

%O.ZZI(Z + C0s 26 )2 de

1
_ _j4+4cosze+coszzed0
50
= i_ _[4d0+2f2c0520d9+ifl+cos46d0}
50L 2
17 ) 0 1
= —| 40 + 29n20 + — + — 4cos49d0}
50 L 2 8f
17 0 1
= — 48+25in2¢9+—+—sin46}
50 L 2 8

1 ) .
—— 320 + 169n260 + 40 + Sn40
400[ ]

i[sae + 16sin20 + sin49 ]
400



I'll use limits of 0 and 2,
Area = ——[ 727 + 168in47 + SnBx — 0 - 0 - 0 ]

400
2%
400
97
50
) 9
.. The area of the wood i8.72 — )
36 — 97

50
9(4-m)
50

0.155m?

[ 8 marks ]

Answer 2

| = %frzde

1 2
> f(a+ 3cosh )" do

%f a2 + 6acosé + 900320d0

1 9 9
— _[ a’ + 6acosd + — + — 2c0s20 do
2 2 4
= i[aze + 6asnd + % + gsinZG} + C
2 2 4
With lower limit 0 and upper limit2this will become,

=%[a22n+0+9n+0—0—0—0—0]

= %(2a2+ 9)

Using the given area,

7 2 _ 107x
E(Za +9)_ >

2a2+9-107= 0
2a% = 98

a=7 as a>_0
[ 8 marks ]



Answer 3
(i)
r = 2acosfd + 2bsing
Multiply through byr

2 = 2ar cosf + 2brsné

x2+y2:2ax+2by
x2—2ax+y2—2by:0
(x—aY -a+(y-b¥2-b>=0
(x—a)2+(y—b)2:a2+b2

Which is recognized as a circle, cenfre b ) and radiusy a2 + b?
[ 5 marks ]

(i)
R = %f(20030+23in6)2d6 as a=b=1

2f(cos¢9+sin6)2d0 as a=b=1

Zf sin20 + 29n6cosf + coszede

2f1+ sin26 do

20 — cos260 + c

With the lower limit of% and an upper limit of% this becomes
2(2) - cos(ﬁ) — 2(2) + cos(ﬁ)
3 3 6 6

21 1 1
_+_ J—
3 2 2

JT
— +
3

1+ O

T
3
[ 5 marks ]



Answer 4

A circle with centre(a, b), radiusr that passes through the pole has equation

Cartesian(x — a)2 + (y - b)2 =12 with r? = & + b°

Polar r = 2acosé + 2bsin®
-1 =+3cosh + sno has centre( g %) and radius 2

Whenr = 0, V3 cosh + snp =0
sin® = —+/3 cos6

sné _ V3
cos 0
tang = —\/3
T 27
0= -=, =
3 3

Which the question pretty much told us anyway !

2
| = % f (V3 cos6 + sing) do

% J'(Bcosze + 23 cos@sng + sn’6) do

%J' (2cof?6 + V3sn20 + 1) do

%f(1+00320+ v3'sn20 + 1) do

% I(2+ cos20 + V3 sin20) do

1 V3 .
= 'flde + 7 jZCoszede + 1 j23m20d9
=0 + %sinze - %00529 + C

With lower limit — % and upper limitO this becomes,
1 . V3 7 1 . 2 V3 21
O+ —sn0 - ——cos0 — (——) — —sm(——) + —cos(——)
4 4 3 4 3 4 3
V3 = V3 V3

= -t —+ — - —
4 3 8 8

1

[ 7 marks ]



Answer 5

Area = %J.rzde

1 % 3
2 X — 4
X 2'|'0 cos” 0 do

J?4cos¢9 00329 de

4&%%0(1—9&0)%

4_[070050 do — 4_|'07(cos¢9)(sin0)2 de

sn3o }%
3

- () - sn0] - A ar(3) - o]

4
3

4[dn0]%-—4[
0

4 —
8
3

[ 7 marks ]
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Lesson 7
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
7.1 Area Problems, Taken Further
Here is a recap of the type of problem tackled in the previous lesson,

The segment shaded is in the circle= 16cos® and bounded by = %

o 1 %
It's areais givenhy P = 5 Jf 16 cos? 0 do
®

16° 1 %
= — X — 2 + 2c0s260) do
X j%( )

32[20 + sin26 ]

ol N

32[;1 + snm — % - sin(%) }
32[ 7 ﬁ}

+o0- X _ N2
T 3 2

= %‘” - 16V3  (About 39.3)

With this in mind, a related problem is considered next.



7.2 Area of Overlap
Find the area of the overlap between the two circles with polar equations,

r = 16cosf andr = v/ 192
This area is the total areas of the green, blue and red shaded regions below,

To find where the circles intersect,

3
16cosf = V192 = cosf = £2 = 0 = i%

Thus the gold lin@ = % is added to the graph

Half of the area sought is the green aReglus the blue are&.
But the green are®, is the same as that worked out in the previous problem.

1%
Q = 2j0192de

= 167
. Area of overlap= 2 x (P + Q)
_ 2(% _ 16V3 + 167
22471

== - 327/3  (About 179)



7.3 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 21
Question 1
Further A-Level Examination Question from June 2018, FP2, Q8 (Edexcel)

>
Initial Line

Th sketch is of the curves with polar equations
r=2sné 00 <ax

r=15-snd 0<60 < 2n
The curves intersect at the poiRtendQ

(a) Find the polar coordinates of the pdihand the polar coordinates
of the pointQ

[ 3 marks ]



The regiorR, shown shaded, is enclosed by the two curves.

(b) Find the exact area &giving your answer in the formr + qv'3,
wherep andq are rational numbers to be found.

[ 8 marks ]



Question 2
Further A-Level Examination Question from June 2016, FP2, Q8 (Edexcel)

Y

P>
Initial Line

Q

The sketch is of the curv& with equation
JT JT
r=7c0s6 —— <6< —
2 2

and the curv&; with equation

r=3(1+ cosh) -1 <60 <7

The curve<C; andC; both pass through the pole and intersect at the point
and at the poin®

(a) Find the polar coordinates Bfand the polar coordinates Qf

[ 3 marks ]



The regions enclosed by the cuf@eand the curv€; overlap, and the common
region is shaded in the sketch.

(b) Find the area dR

[ 7 marks ]
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7.4 Answers to 7.3 Exercise

Further A-Level Pure Mathematics, Core 2

Polar Coordinates
Answer 1

(a)  When the curves intersect,
2sind = 15— sn6

3snd =15
. 1
0 = —
sin >
w57
0= —, —
6 6
With the diagram as a guidé’,( 1, %) Q( 1, %)
[ 3 marks ]
(b)
2

1 % ) 1 %(3 . )
Area = 2 X — 29n0) do + 2 x — — —sno | do
2-[0( ) ZJ% 2

x| 19 . .
4j6sm29d9+j2 Z _3sn60 + sn?6do
0 z 4

X3 ) 2 1
f62—200520d6+f 3—3sm¢9+———>< 2cos26 do
0 4 4

4

o Ny

1F 711 1
=[20 - sn26] +[T(9 + 3cos6 — Zsmze}

0 +
_7 N8 1lr  1x 3W3 1 V3
3 2 8 24 2 4 2
5 15
= —g--—4+3
27" 8

[ 8 marks ]



Answer 2
(a)  When the poles intersect,

7cosf = 3(1+ cosh)
4cosf = 3
CcosfH = i
4

0 = £0.7227..
. . . 21 21
With the diagram as agwdé’,( 0 0.7227...), Q( X -0.7227..
[ 3 marks ]
(b) Let ¢ = arccos(%) = CO0S¢ = % sng = g

Area

1.9 2 2 1% 2

2 x 2Jo F(1+cos0)"do + 2 x j(p 7% cos” 0 do
¢ T

= QIO 1+ 2cosé + c0520d6 + 49‘|'¢2 coszede

¢ 1 1 1 1
:9f 1+20036+—+—><200326d0+49f2—+—><200526d0
0 2 4 ¢ 2 4

¢ 7
=9[3—9+25in6+isin29} +49[£+isin29}
2 4 2 4
0 ¢
27¢ . 9 . 497 49 49 .
= —— 4+ 18sn¢ + —sN2¢p + — — —— — —sSin2
2 8sng + sn2p + — 2 T g N
_ % 119 + 18sing — 10sin2¢
4 : :
= %—11¢+ 18sin¢ — 20sin¢ cos¢
= ﬂ—llarccos(i)Jrlsxﬂ—mx—?xi
4 4 4 4 4
_ A 11arccos(i) + V7 * The exact answer *
4 4 4
= 325187...

[ 7 marks ]
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Lesson 8
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
8.1 Tangents

A curve in polar form is typically given as, = f (0)

Using the relationships thak = r cosé and y = r sin6 such a polar curve
can immediately be recast as a parametric curve in Cartesian form,

x = f(0) coso

y = f(6) sné
All of our existing knowledge about parametric curves can then be applied.
For example, the gradient of the curve can be found using the chain rule written
in the form,
dy _dy odo
dx de dx

Of particular use is the following immediate consequence;

Parallel and Perpendicular Tangents Theorem

e To find a tangent parallel to the polar axis, sohad% =0

e To find a tangent perpendicular to the polar axis, se(%ge =0

It may help to think of ofj—z = 0 as “no change in height” (@schanges)

and, similarly,% = 0 as “only change in height” (#schanges) where

there's a fudge in which the polar axis is being viewed as a horizontal axis.

Note thatthe polar axis is also often callethe initial line.

8.2 Polar Curve Sketching

When asked to sketch a polar curve that's not immediately recognised, working
out points where there is a tangent parallel or perpendicular to the polar axis may
helpful especially if it's quick and easy to do so.

Another short cuts is to spotting if the curve is an odd or an even function.

. dr . . O
Points whereg = 0 correspond to a “stationary point” possibly indicating

the tip of a loop where the distance from the pole has stopped increasing and is
about to start decreasing (or vice versa).



8.3 Example

The graph shows the polar equatior= 2(1 + snf), 0 < 6 < 2x,
and a half-line that meets the curve at the g@)@nd at the poirf

The tangent to the curve Rtis perpendicular to the polar axis.
The polar coordinates éfare (R, ¢ ). Determine the exact values®andg¢
[ 6 marks ]

The Solution : X = rcosé
2(1 + snH) cosH Asr = 2(1 + sné)

2cos6O + 2sin6 coso

= 2C0s6H + sin26 Trigonometric Identity
% = —2sin6 + 2cos26
But % = 0 for a tangent to be perpendicular to the polar axis
. cos20 —snh =0 After dividing through by 2
1-2sin°0 — sné = 0 Trigonometric Identity

Zsin20+sin0—1: 0

| =
S|

= 0 = —

|

(2snfd —1)(sn+ 1) =0 = Pcorrespondstand =

Substitution this back into = 2(1 + sn@) gives P| 3,

- SN

ol s

[ 6 marks ]



8.4 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 21
Question 1

The graph shows the polar equation= 7 + 2cosf, 0 < 6 < 27,
and a half-line that meets the curve at the @@Je&nd at the poir®.

The tangent to the curve @tis parallel to the polar axis.
The polar coordinates € are (R, ¢ )

(i) Show thatcos¢ = %

[ 5 marks ]

(ii) Find the exact value &®

[ 1mark]



Question 2
Further A-Level Examination Question from June 2014, FP2, Q8 (Edexcel)

>

O Initial Line

The sketch is of part of the cur@with polar equation
JU

r=1+ tana@, 0<9<7

The tangent to the curg@at the poin® is perpendicular to the initial line
(a) Find the polar coordinates of the poiiht

[ 5 marks ]



The pointQ lies on the curv€, wheref = %

The shaded regioR is bounded byDP, OQ and the curv€, as shown in the sketch.
(b) Find the exact area &, giving your answer in the form

%(Inp+\/ﬁ+r)

wherep, g andr are integers to be found

[ 7 marks ]



Question 3
Further A-Level Examination Question from June 2013, FP2, Q8 (Edexcel)

|
Initial Line

The diagram shows a cur@with polar equatiomr = asin20, 0 < 0 < %

and a half-lind. The half-linel meetsC at the poleD and at the poir®.
The tangent t&€ atP is parallel to the initial line.
The polar coordinates éfare (R, ¢ )

1
a Show thatos¢p = —
(a) w thabos = —=

[ 6 marks ]

(b) Find the exact value &

[ 2 marks ]



The regionS, shown shaded, is bounded®yndl.
(c) Use calculus to show that the exact are& isf

% az(gmccos(%) + \/7)

[ 7 marks ]
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8.5 Answers to Exercise 8.4
Further A-Level Pure Mathematics, Core 2
Polar Coordinates
Answer 1

(i)
y =rsné
= (7 + 2cosf) sno
= 79n6 + 2sn6 cosH

= 79n60 + sn20

a = 7cosf + 2cos26

de

dy ‘
But Fri 0 for a tangent to be parallel to the polar ax

s 7C0SO + 2C0s20 =

7cos6 + 2(c0329 - sin20) =

0

0

7cos6 + 2(200329 -1)=0
4c0s%0 + 7c0s0 — 2 = 0

0

(4cosf — 1)(cosf + 2) =

. 1
Either cosg = 7 or cosf = -2

. L 1
As cos6 = —2has no solutions, the only solutiondssf = 7 O
[ 5 marks ]
(i)
r =7+ 2cos6
=7+ 2X L
4
=75

[ 1 mark]



Answer 2

(a)

X = rcosé

(1+ tan@) coso

= Cc0sO + siné
dx .
—— = —9Nn@ + cosb
do
dx . .
But P 0 for a tangent to be perpendicular to the polar axis

. —8Sn@ +cosd =0
snf = coso
tang = 1

9=i:>r=2:>P(2,i)
4 4

[ 5 marks ]

(b)  Without worrying about the limits to begin with...

1
AreaR = Ef(l+tan0)2d0

1
?f1+ 2tan 9 + tan20d0

1 2
E'fl+2tan0+sec 0 -1

[tanodo + %jseczede

= In|seco| + %tane +c

With a lower limit of% and an upper limit of% this becomes,

AreaR =

1 1

—= | + —tan(i) —In
cos(%) 2 3

v 3 1
In2+ — —Inv2 - —

2 2

1 1 1
In2 - —In2+ —v3 - —
n 2n +2 >

%(mz+¢§—1)

1
==

In — —tan|{—
2 4

Thatis,p =2, q =3 andr = -1

[ 7 marks ]



Answer 3
(a) y

=rsno

= a(snz20sné)

do

dy
But —-
P

= a(sn20cosh + 2cos20snb)

= a(25in000526+ 2(c0526—sin20)sin0)
= a(23in000520 +2sinfcos f — 23in30)
= a(4sin000320—23in39)

= 2asin«9(200528— sinze)

= 2asin6(200520—(1—00520)

= 2asin9(300329— 1)

= 0 for a tangent to be parallel to the polar axis

. 2asiné (300329 — 1) =0

Either sn® = 0 or 3cos?d — 1 = 0
The sin# = 0 result shows that the initial angle of the loop at the origin is O

For 3(:0320 -1=0

1
cos?H = —
3
1
cosO = £
V3
The cosf = — % result corresponds to a loop not shown in the diagram that
is for values ob outside of the domain specified.
1
For the angle of interest, whefe= ¢, cos¢p = ——— O
g ¢ ¢ 73
[ 6 marks ]
. . 1. V2 V3
b r=asn20with 6 = ¢, cOSp = —, SN = ———
(b) wi b, COSp = —=, sin¢ 3
r = 2asin¢g cos¢
1 \2 1
=2ay/l1-|(—= —
(\/§) V3
_2vZ |
-3

[ 2 marks ]



(c) Preparation...
cos? 20 + Sn20 =

I
=

Subtract 0052 20 — sin2 20 cos 49

23in26 = 1 - cos46

sin20 = %— %cos40
(0]
AreaS:i_[ azsin22(9d0
270
2
ac ¢
= TIO 1 — cos46 do
2
a (0]
= 1—6f0 4 — 4cos40 do
2
= 2 (40 - snao]
16
0
3 a2¢ B a25in4¢
4 16
3 a2¢ B a223in2¢cosz¢
4 16
_ ¢  a4sngcosg (cos’gp — sin’g)
4 16
a2p a2 V23 1 (1 2
= —— - — X X — - =
4 4 3 v3\13 3
_ &y & ﬁ(_i)
4 4 3 3
1 2
= —a (9% ++Vv2
% (99 +V2)
5@ (9o 5 +v2 )
= = — ++/2
36 & (9arccos 73 +vV2

[ 7 marks ]
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Lesson 9

Further A-Level Pure Mathematics, Core 2
Polar Coordinates

9.1 Revision
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1

On each grid, sketch the graph of the polar equation given,

cosf + 2sné@

[1, 1 marks ]



Question 2

The curve in the graph is of the hyperbola with polar equa@oa 9sec 20
3V6

Also shown is the vertical line with polar equation= — sec 6

(1) Show that the curve and vertical line intersect wihea + %

[ 4 marks ]



(i) The sloping straight line has polar equatidn= %

Show that the area shaded and madesal% In(2 + V3) by

evaluating the following integral,

AreaP = i J'F 9sec 260 do
270

[ 5 marks ]

(iii)  Hence, or otherwise, find the exact area between the hyperbola and
the vertical line which is shaded blue and mar®ed

[ 4 marks ]



Question 3
Further A-Level Examination Question from October 2020, FP1, Q3 (Edexcel)

P>
@) Initial Line

The sketch is of two curvés; and C, with polar equations,
Ci:r=(1+sdn0) 060 < 2n
C,:r=3(1-4dg9n0) 060 < 2n

The regiorR lies insideC; and outsidéC, and is shown shaded in the sketch.

Show the area d®is pv/3 — gz wherep andq are integers to be determined.

[ 9 marks ]



Question 4
Further A-Level Examination Question from November 2021, FP2, Q6 (Edexcel)

The curveC has polar equation = a(p + 2cos6), 00 <2n

wherea andp are positive constants apd> 2. There are exactly four points
on C where the tangent is perpendicular to the initial line.
(a) Show that the range of possible valuesges 2< p< 4

[ 5 marks ]

(b) Sketch the curve with equatian= a(3 + 2cosf), 0 < 0 < 2xn
wherea> 0

[1mark]



John digs a hole in his garden in order to make a pond.
The pond has a uniform horizontal cross section that is modelled by the curve
r =20(3+ 2cosf), 0 < 6 < 2m, withr measured in centimetres.
The depth of the pond is 90 centimetres.
Water flows through a hosepipe into the pond at a rate of 50 litres per minute.
Given that the pond is initially empty,
(c) determine how long it will take to completely fill the pond with water
using the hosepipe, according to the model.
Give your answer to the nearest minute.

[ 7 marks ]

(d)  State a limitation of the model.

[ 1 mark]
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9.2 Answers to

Answer 1

***********************

************************

9.1 Revision

77777777777777777777777
************************
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Further A-Level Pure Mathematics, Core 2
Polar Coordinates

[ 2, 2 marks ]

r = 42 sn (0 — 45)

[ 2,2 marks ]



Answer 2
(1) The curve and the line will int

ersect when,

2
(gsece) = 9sec 26
9x6 9
4co?X  C€0S26
cos20 3
cos® 3
cos?H — sin? 0 _ 2
cos? 6 3
2 2
l1-tan"6 = —
3
2 1
tan“ 0 = —
3
1
tanf = —
V3
6 = +—
6
[ 4 marks ]
(i) AreaP = %jf 9sec 20 do
= % Jf 2sec20df  (Setting up a chain rule backwards)
= % [In]|sec20 + tan20 | ]f (from formulae booklet)
= 3[In|sec(ﬂ)+tan(ﬁ)‘—In|secO+tan0|}
4 6 6
—3 In;+tan(£) —In| ! +tan0|
4 cos(%) 3 cos0
= %[In|2+\/§|—ln1]
= %In(2+ v3)  which is about 2.963...

[ 5 marks ]



3V6 T . . .
— Sec (E) (using equation of line)

3\/?\/§X2
2 V3

= 3v2 (hypotenuse of triangle)

(i) Wheno = %, r

absnC

X —3\/?2\/§ x 3vV2 x sin(%)

3

4

© Nk N|R

2 x ((Area of right angled triangle AreaP)

% - %In(z +V3) )
(V3 —In(2++3)) about 1.8679..

[ 4 marks ]

AreaQ

Njo N



Answer 3
To get the angles associated with the points of intersection,

(1+snfd)=3(1-sndb)

4s8nfh = 2
) 1
Ing = —
2

7 b

0 = —, —

6 6

The same limits work on both curves,

1 % . .
2x7f§(1+sm9)2 ~9(1-sn6@) do
6

1+ 2sné + sin2¢9 — 9+ 18sn6 - 95in20

Il
—_—

20sin6 — 8 — 8sin®6 do

Il
—, —

20sng — 8 -8 %— %00526 do

20sin6 — 12 + 2(2cos20) dé

oy Ny o MR ol NR ool N

Il
—

[-20cos® — 120 + 2sin26 ]

ofs MR

=[0-6x+0] -[-10V3 - 27 + V3]
= 9vV3 - 4n
Thatis,p=9 andg =4
[ 9 marks ]



Answer 4

: . ax
(a) We require there to be four solutlons{aae— =0

X = rcosé
= a(p+ 2cosf) cosb

= apcose + 2a cos’

% = —apsn® — 4acosd sno
apsiné + 4acosfsnf = 0

Divide through bya as we knowa #0
psnd + 4snécoséd = 0
sno (p+ 4cosf) =0

Either sn# = 0 giving two solutionsg ={ 0, 7 }
or (p+4cosf) =0
As there are four solutionsp + 4cos6f ) = 0must yield two more solutions

SO Ccos6 = —E

4
Keeping in mind thap is a positive constant greater than 2 and

-1 <cosh <1

gives2 < p< 4 O
[ 5 marks ]

Graph Plotting :
Out of interest, to plot the limacon = 3 + 2cosé on a graph plotter you may
need to convert it into Cartesian form (ths an enlargement scale factor);

r = 3+ 2cosé

r2 = 3r + 2r cosé

X+ ¥
¥ yf—2x = 3 X2+ y2

(x2+y2— 2x)2 = 9(x2+y2)

3y X2 +y2 + 2



(b)

Part (a) has provided hints on how to draw this limagon.

Two of the four perpendicular tangents are when wher® orz

which is on thec-axis. Putting those values @into the curve's equation
gives the Cartesian points (5, 0) anrdl 0).

With p = 3, the other two perpendicular tangents occur when,

cosf = —% from which sin6 = ig
The associated points are given by,
(x,y) = (rcosO, rsno)
X = rcosé y =rsné
= (3 + 2cosH) coso = (3 + 2cosf) sind
(- 233 (-2
4 4 4 4
__2 _ L 37
8 8
(- 1125) (about+ 0.992..)

All four of these points are plotted above and as there are no other points
with a perpendicular gradient, the simplest curve through those four poin
is what is required.

[ 1 mark]



(c) Realising the shape has mirror symmetry inxtta&is suggests using
limits of 0 andr and doubling the area found from that.

1 2
Area = 2 x ?j:(zo(3+ 2cos0))? do

J.Z 400(9 + 12cosO + 400320) de

JT
4OOJ‘ 9+ 12cosé + 4(i + i00520) do
0 2 2

JT
4OOJ'O 11 + 12cosO + 2cos26 do

400[ 116 + 12sin6 + sinze]g

400[ 117 + 0+ 0-0-0- 0]
44007 cn?

So the volume 44007 x 90 = 396000r cm?

396000r
50000

25minutes (as requested, to the nearest minute)

Time

[ 7 marks ]

(d) In practice, John may not want the pond to be filled to the brim
and even if he did, it would need to have a perfectly built with,
for example, a perfectly horizontal brim.
Lots of other answers are possible and acceptable.
Anything sensible gets the mark.
[ 1 mark]
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Lesson 10

Further A-Level Pure Mathematics, Core 2
Polar Coordinates

10.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1

On each grid, sketch the graph of the polar equation given,

2cosf + sino

[ 2, 2 marks ]



Question 2
The curve below is The Trisectrix of Maclaurin and has Cartesian equation

y2(4+x) = x2(12—x)

(1) Show that The Trisectrix of Maclaurin has polar equation
4(2cos(20) + 1)
cos 6

[ 4 marks ]



(i) Show that the point with Cartesian coordinatés 4) is on
the curve.

[ 2 marks ]

(1ii) By means of implicit differentiation of the Cartesian equation show that
dy 24 - 3x% — y2
dx 8y + 2xy

[ 4 marks ]

(iv)  Find the equation of the tangent to the curve at the pdint()
in the form ax+ by + c= 0 wherea, b andc are integer constants.

[ 3 marks ]



Question 3
Further A-Level Examination Question from June 2017, FP2, Q6 (Edexcel)

Initial Line

The sketch is of a curve with polar equation,
r==6+ asné

where0 < a< 6 and0 < 0 < 27

7
The are enclosed by the curve—gszi

Find the value of the constamt

[ 8 marks ]



Question 4
Further A-Level Examination Question from June 2015, FP2, Q6 (Edexcel)

A
C
R
» Initial Line
O 6a
The curveC has polar equation,
r =3a(l+ cosh), 06O <=m

The tangent t&€ at the poinfA is parallel to the initial line.

(a) Find the polar coordinates Af

[ 6 marks ]



The finite regiorR, shown shaded, is bounded by the c@yéhe initial line
and the lineDA

(b) Use calculus to find the area of the shaded reBjajiving your answer

in the form a2( pr + gV 3 ), wherep andq are rational numbers

[ 5 marks ]
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10.2 Answers to 10.1 Test

Further A-Level Pure Mathematics, Core 2
Polar Coordinates

Answer 1

[ 2, 2 marks ]



Answer 2
(i) Y (4+x) = X(12 - X)
r’sin®0 (4+rcos6) = r? cos’ 0 (12 —rcosé@)

sn’ o (4 +rcosf) = cos’ 0 (12 - rcosé)
4sin®0 + rsin@cosf = 12cos? O — r cos O
12cos’ 0 — 4sin’ 0
4(300520—sin20)
4(00520+sin26+200520—25in20)
4(1 + 2cos(20) )

- 4 (2cos(20) + 1) 0
cos

r cos30 + rsin26)0059

rcose(cosze - sinze)

r coso

I cosé@

[ 4 marks ]
(i) LHS = y*(4 + x)
- 4°(4+4) when(4, 4) isinserted
= 16 x 8
= 128

RHS = x° (12 - x)
= 42 x(12-4) when(4, 4) isinserted
=16 x 8
= 128
= LHS

. (4, 4) isonthe curve O
[ 2 marks ]

(i ) V(4+x)=x (12 - x)
V(4 +x) = 12x° - x5

Differentiating Implicitly with respect ta

V(1) + Zy% (4+x) = 24x — 3%°

%(8y+ 2xy) = 24x — 3X° — V?

dy 24x—3x2—y2
dx 8y + 2xy

[ 4 marks ]



2 2
(iv) dy _ 244 - 3(4° - (@

dx 8(4) + 2(4)(4)
_ 96-48-16
32+ 32
_ 3
6
_ 1
2
y=nmMX+C
1
4 = — 4) + c
> % (@
c=2
) 1 )
.. Tangentisy = ?x+2, thatis,x -2y +4 =0
[ 3 marks ]
Answer 3
_ 10
I—?Jr do

1 : 2
EI(6+ asin® ) de

1 } .
> _[ 36 + 12asné@ + a29n20d9

2 2

1 a a
= — | 36 + 12ashf® + — — — 2c0s26 do
Zj 2 4
2 2
= i[36(9 — 12acosf + a_f) - a—sinze} +C
2 2 4

With lower limit 0 and upper limit:2this will become,

1
=E[72n—12a+a2n—0—0+12a—0+0]

= %(72 - &)

Using the given area,

%(72— 2) = 2T

2
& +97-72=0
a = 25

a=>5 as 0<ax<6é

[ 8 marks ]



Answer 4

(a) y =rsné
=3a(1l+ cosf)sno
= 3asnéd + 3asindcoso

= 3asno + 3a%sin20

% = 3acosf + 3acos20
= 3a(cose + cof 0 — sinze)
= 3a(0050 + 0o -1+ cosze)
= 3a(2c052¢9 + cos6 — 1)
= 3a(2cos® — 1)(cos6 + 1)
But % = 0 for a tangent to be parallel to the polar axis

. 1
Either cosd = ) or cosf = -1

The cos# =— 1 result shows that the angle of the curve at the origif is

For cos@ =

- 4 2.3)

[ 6 marks ]



(b) Ignoring limits for the time being....

| = %jrzde

%J(3a)2 (1 + cos6 ) do
2
- gTaj1+ 2cos6 + cos? 0 do

2
= gTafl + 2Cc0s6 + 1? + %2c0529d9
9a2
2

2
gTa[GG +8sind + sin20] + ¢

[3—0 +2sn6 + isinze]
2 4

With lower limit 0 and upper Iimi{% this will become,

2
:gTa[zn+4\/§+ Q—O—O—O}

9a?

1—6[4.7T+8\/3 + \/3]
2

- 91%[4n+9\/3]

a2(2n+§\/§)

Thatis, p = % andg = %

[ 5 marks ]
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