10.6 Answers
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
10.6.1 Solution to 10.2 Example #1 (By Parts)

J'xsinh3xdx = %J.x3sinh3x

L I D |
1r
= 3 x cosh 3x — flcosthdx}
= %_xcosh3x - %J'Scosthdx}
= %_xcosh3x—%sinh3x]+c
X

cosh 3x sinh 3x

— +C
3 9

Note that if thesinh 3x were replaced with exponentials integration

by parts would still be needed on each of two pieces.

[ 3marks]

10.6.2 Solution to 10.3 Example #2 (Trigonometric Odd Power s)

J'sinh?’xdx = fsnhxgnhzxdx
= fsnhx(comzx - 1) x dx

= fdnhxcongx — sinh x dx

1
Ecosh?’x — coshx + ¢

[ 3marks]



10.6.3 Solution to 10.4 Example #3 (Substitution)

Setting up the substitution...
Differentiating:

X = 3snhu = % = 3coshu
du
Limits:

u

arsinh(%)
Whenx = 0 thenu = 0,
Whenx = 6 thenu = arsinh 2
Making the substitution...
X=6 XS u=arsinh2 27sinh3u
Ix:O de = Iu:O Josn?u o 3coshudu
arsinh2 27sinh® u cosh u
B IO Vsnh2u + 1
JarsjnhZ 27sinh3u cosh u

0 \/ cosh? u

_ 27J.;aarsinhz

du

du

snh®udu
Using the result from Example #2
1 3 u = arsinh2
= 27[—cosh u — coshu }
3 0
Some clever manipulation of the limits...
From u = arsinh2 we can extract thasinhu = 2
Identity: cosh’u — sinh’u = 1
cosh’u = 1 + snh?u
- whensinhu = 2, coshu = V5
Picking up the main thread...

f:f—\/% dx = 27[ 5Vs s o Ly 1}

:27><%[5\/€—3\E—1+3]

= 9[2v5 + 2]

=18 (V5 + 1)
[ 11 marks]



10.6.4 Solutionsto 10.5 Exercise

Answer 1

The integral for the shaded area will be,

I
2
f 0 cos3x dx

Answer 2

_[ 2552 cosh (5x) dx

Answer 3

J' cosh®

= J? cos x cos? x dx
= J? COS X ( 1- sin2x) dx

T T
2 2 .
= -[o cosxdx — Io cosxsmzxdx

[. 1.3}%
SNX — — 9N X
3 0

= 9n (—) - isin3(£) —sn0 + isin3’0
2 3

2
3

[ 3marks]

= 5[ x* (5cosh(5%) ) dx

5[xzsinh(5x) — [ 2xsinh(5v) dx}

5x% sinh (5x) — zj x (5sinh(5x) ) dx

5x2 sinh (5x) — 2[xcosh(5x) — j 1 cosh (5x) dx}

5xzsinh(5x) — 2xcosh(5x) + % f 5cosh (5x) dx

5x25inh(5x) — 2xcosh(5x) + %sinh(5x) + C

[ 5marks]

xdx = f coshxcoshzxdx

= J‘ coshx(l + sinhzx) dx

f coshxdx + f coshxsinhzxdx

sinhx + %sinh3x + C

[ 3marks]



Answer 4
Setting up the substitution...
Differentiating:

X = 6¢coshu = % = 6snhu
du
Limits:
X
u= arcosh(—)
6

Whenx = 12 thenu = arcosh 2
Whenx = 18 thenu = arcosh 3
Making the substitution...
x=18 3 u=arcosh3 216cosh3 u
IX=12 X2 — 36 - J.U arcosh 2 \/36COS|‘12u - 36
B J»arCOSh3 216cosh3u sinh u du
~HJacos2  /cogPu - 1
B J'afCOSh3 216cosh®usinhu au

arcosh2 J sinh2u
arcosh 3

6sinhudu

= 216f cosh3 udu

arcosh
Using the result from Question.2
1 3 arcosh 3
= 216[sinhu + —snh”u }
3 arcosh 2

Some clever manipulation of the limits...

Il
w

From u = arcosh 3 we can extract thatosh u
and fromu = arcosh2 we can extract thatoshu = 2
Identity: cosh’u — sinh’u = 1
snh?u = 1 + sinh?u - 1
. whencoshu = 3, sinhu = 22 and whencoshu = 2, sinhu = V3

Picking up the main thread...

x=18 3 s/
| X X 216[2\/ + 16 _y3 o 3Vs }
x=12 1/ x2 — 36 3

72[6V2 + 16\/7—3\/§—3\/§]
72[22v2 - 633 ]
144 (11V2 - 3V3)

[ 11 marks]



Calculator check...
As a decimal44 (11v2 - 3V3 ) = 1491868334..

Getting the calculator to do the integral directly...
53-5911{!

-
_ i
i

1491 . 868373

Answer 5
) dx
(i) XxX= sech => — = sechHtand
do
J- 1 _J' secHftan g
XV X2 —1 sechsec26 — 1
_J- tan @

—do
Vtan? 6

jlde

de

=60 +cC

= arcsec X + ¢, wherec is a constant
[ 2marks]

. d
(i) x:secezd—;:secetane

J‘ x2 -1 J‘\/SeCZO—l

dx =
X Sec 0

- f\/tan29 tan 6 do

- ftanzede

X Sec f tan 6 do

jsecze—lde

tand — 6 + c

VX2 — 1 — arcsec X + ¢, wherec is a constant

[ 4 marks]
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