11.2 Answers
Further A-Level Pure M athematics, Core 2
Hyperbolic Functions

Answer 1
f§n5xdx = fﬁnxgn4xdx
. .2 2
= fsmx(sm x) dx

= fsinx(l - coszx)2 dx

= fsinx(l — 2cos’X + cos4x) dx

fsinx + 2(—sinx)coszx — (—=snx) cos*x dx

2 cos3 x cos® X
—COSX + - +C

3 5

[ 3marks]

Answer 2
y = artanh(cosx)

Standard Result

. ) 1
artanh x differentiates to 1

dy 1 .
dx 1 - cos?x X (=8inx)

1 .
= — X (—sinx
sin? x ( )

1
sin X

—CSCX

[ 3marks]



Answer 3

Preparationx = 5snhu < % = snhu

Use the identity

cosh2 u-— sinh2 u

cosh2 u

coshu

X =

f\/ X2 + 25dx

coshze + sinh20
ADD coshze - sinh20

=1

=1- sinhzu

2
X " . .
1+ ( E ) Positive axosh u is never negative

5sinhu = % = 5coshu
du

= f\/ZSSinhzu + 25 x 5coshu du

_[5 sinh?u + 1 x 5coshudu

= 25 cosh? u coshu du
I

= 25 J' coshzudu

= cosh 20
=1

2 cosh2 0

f\/ X2 + 25dx

= cosh29 + 1

2
—5 _[coshZu + 1du
2

2
= —5 f200§12u + 2du

4
:%(sinh2u+2u)+c
2
:TS(Zsmhucoshu+2u +c
:E( x l 1+2arsmh )+c
4 5
25(2 2 + 25 ()
= — | —/——==—— + 2arsinh +C
4 5 25 5
1
2

X\ X2 + 25 +—arsmh(x) +C
5

[ 5marks]



Answer 4
First to establish a useful identity,

cosh?0 — sinh?0 = 1
Divide through b)cosh2 0
cosh?6  sinh®# 1
cosh?d  cosh? 6 cosh? 6
1 - tanh®6 = sech®6

tanh?6 = 1 — sech? 9

3tanh®x — 2sechx = 2
3(1 - sech®x) — 2sechx = 2
3 - 3sech®x — 2sechx = 2
3sach®x + 2sechx — 1 = 0
(3sechx — 1)(sechx+ 1) =0

Either sechx = % or sechx = -1

t _ 1 or 1 -1

cosh x 3 cosh x

coshx = 3or coshx = -1
Thinking of the graph oly = coshx it is always positive and so
the equationcoshx = —1 has no solutions whereasshx = 3

will have two solutions given by = +arcosh 3
x=+In(3+vV3x2-1)
= +In(3++8)

Thatis,a = 3andb = 8
[ 5marks]



Answer 5
y = arcoshx

Standard Result

) ) 1
arcosh x differentiates to——= x > 1
X2 — 1

dx
3 1
- 1
(x2—1)2
2 _3
% :——(x2—1) % 2x
_3
:—x(xz—l) °
_ X
(x2-1)2

Nojwo

3—3 = (- x (‘%)(xz S s cn(@-1)

LHS:(x WJFBXW O
B 3x2(x2—1) 1 ><(X2—1) 3x2 1
oe-nf T te-nf U oe- ) ot
~ 3x2 1 3x2 1
Te-n? Ge-1f (- (R-uf
=0
= RHS 0

[ 7marks]



Answer 6

(i) x = cosPu = X = 2coshusinhu

du
[ x cosh? u .
J. X—ldx:J. mXZCOShUthU du

/ 2
:j % x 2coshusinhu du

coshu
- -[ sinhu

x 2coshusinhu du

= 'choslﬁzudu

coshze + sinh20 = cosh 20

ADD cosh?6 — sinh?6 = 1

2cosh26 = cosh26 + 1

'f X dx:'fcoslw2u+ldu
= %J.ZcoshZUdu + j 1du

1 .
:Esmh2u+u+c

= snhucoshu + U + C

v cosh?u — 1 coshu + U + €
= vVx - 1+x + arcosh(vVx) + ¢

[ 6 marks]

(ii ) j:,/ X)_(ldx= [VX=1+vx + arcosh(vVX) ]

= [Vx=1Vx +In{Vx +Vx=-1}]
Va-1vV4 +In{2+vV4-1}
—V2-1v2 -In{v2 +v2-1}

2v3 +In{2+v3}-v2 -In{v2 +1}

NI ETS I STy

2V3 - vZ + In{(2+v3)(VZ - 1)}

[ 4 marks]
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Answer 7
3 1

J; V3x2 — 6x + 7 =, J3(@_2x)+ 7 ax
_fl J3((x—12-1)+7 X
1
_J.l J3(x—12-3+7 i
1
= dx
l J(VZR(x -1+ 4
1 I3 V3 dx

L (VEx- V3 )P+ 22

Standard Result

—m mtegratestoarsmh(a), In{x+\/x + a }

:%[In{(ﬁx—\/@)+\/(\/§x—\/§)2+22}}j
%[m{zrwm}_m{ NI
1

- ﬁ[In{2\/§+4}—ln{2}]
1

:W[In{2+\/§}]

[ 7marks]
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