12.2 Answers
Further A-Level Pure M athematics, Core 2
Hyperbolic Functions

Answer 1

j cos5 xdx = f COS X cos4 x dx

= fcosx (coszx)2 dx

2
= fcosx(l — sinzx) dx

2

= fcosx(l - 2sSn°X + sin4x) dx

2x + cosxsin4x dx

fcosx — 2c0sxXsn

) 2snx sSn°x
sinx + + +C
3 5

[ 3marks]

Answer 2
y = artanh(sinx)

Standard Result

. ) 1
artanh x differentiates to 1 5

% = ERT iinzx X (COSX)
1
= v~ X (COSX)
3 1
~ cosX
= SECX

[ 3marks]



Answer 3

X = 2coshu = ﬁ = 29nhu
du

jmdx =

cosh2 0 +

SUBTRACT cosh?6 —

J\/4cosh% — 4 x 2sinhu du
jzm x 2snhudu
4 f Vsnh?u sinhudu

4 f sinh? u du

sinh29 = cosh 20
snh’o = 1

2sinh? 0 =

jmdx =

cosh26 — 1

2fcoshZu — 1du

jzcoshzu — 2du

snh2u — 2u + ¢

2sinhucoshu — 2u + ¢

B (2] 2aon(z)

[ 5marks]



Answer 4
First to establish a useful identity,

cosh?0 — sinh?0 = 1
Divide through b)cosh2 0
cosh?®  sinh® @ 1
cosh?d  cosh? 6 cosh? 6
1 - tanh®6 = sech®6

tanh?6 = 1 — sech®

2tanh®x — sechx = 1
2(1—sech2x) — sechx = 1
2 — 2sech®x — sechx = 1
2sech®x + sechx — 1 = 0
(2sechx — 1)(sechx+ 1) =0

Either sechx = % or sechx = -1

L = 1 or L = -1

cosh x 2 cosh x
coshx = 2or coshx = —1

Thinking of the graph oly = coshx, it is always positive and so
the equationcoshx = — 1 has no solutions whereasshx = 2

will have two solutions given by = +arcosh 2
x=+in(2+vV22-1)
=+In(2+V3)

Thatis,a = 2 andb = 3
[ 5marks]



Answer 5
y = arsinhx

Standard Result

arsinh x differentiates to;
VX2 + 1

— =({x"+1
dx
3 1
- 1
(x2+1)2
2 3
1 _ 9
% :_?<X2+1) 2 2x
> 3
:—x(x +1)
X
- 3
(x2+1)2

Nl

Y (9 (‘%)(xz S )

dx3
3 3x2 B 1
(412 e+ 1)?
2
LHS:(x2+1)3—Z+3x%+%
_ 3x2(x2+1)_1x(x2+1))+(_ 3x2 )+ 1
(x2 +1)2 (x2+1)2 (x2+1)% (x2+1)%
_ 3 1 o3 1
(x2+1)% (x2 +1)2 (x2 +1)2 (x2 +1)2
=0
= RHS O

[ 7marks]



Answer 6

(i) x=snh’u = % = 2sinhucoshu
2
Jﬂ/ X dx=f %stinhucoshudu
X+ 1 sinh“u + 1
sinh? u
= —_— 2sinhucoshu du
-[V o2y

sinhu
- -[ coshu

x 2coshusinhu du

= J'Zsinhzudu

cosh2 0+ d nh2 0 cosh 20

SUBTRACT cosh?6 — sinh?0 = 1

2sinh?0 = cosh26 — 1

X dx = | cosh2u — 1du
J J

%fZCOShZUdU — f 1du

1 .
Esmh2u—u+c

snhucoshu — u + C

sinhuvsnh2u+1 —u+c
VXVx+ 1 —arsinh(vVx) + ¢

[ 6 marks]

(ii) jol\/ Xi‘ldx= [VXVX+1 - arsnh(vX)]

= [VxVx+1vVx —In{Vx +Vx+1}]

=VIVI+I -In{VI +V1+1}
~VOVO+1 +In{vO+VO+1]}

=v2 -In{1+v2}-0+In{1}

=vV2 —-In{1+v2)}

1
0

[ 4 marks]



Answer 7

. 1
(H) jydx:j\/xz+2X_3dx

1
:'[\/(x2+2x)—3dx
1
:f\/((x+1)2—1)—3OIX

:j ! dx
J(x+ 17222

Standard Result

. X
integrates toarcosh(—), X > a
X2 — & a

X+ 1
2

In{x+ 1+ (x+12-22}

In{x+1+\/x2+2x—3},x>2

arcosh( ) X > 2 < Full marks from here on

[ 3marks]



4 J.jy2 dx

<
I

3 1
= —dx
nfz X2 + 2x — 3

dx

N L
2 (Xx+1)%2-22

Standard Result

Lt integrates to L In’ x-a ‘
X2 — a? g 2a X+ a
_£n|x+1—23
4 x+1+22
i ’X—l 3
= —1In
4 X+ 31,
T 2 1
= Lol 5] -ml5 ]
4 6 5
T |l><5
= —In
4 3x1
(3
4 3
1 5
“p=—andq= —
P ) q 3

[ 4 marks]
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