7.4 Answersto 7.3 Exercise
Further A-Level Pure M athematics, Core 2
Hyperbolic Functions

Answer 1
cos’x + snex = 1
.1+ tan’x = sec’x
.1 - tanh®x = sech®x (Osborn's Rule)

15sech’x + 7tanhx = 13
15(1 - tanh®x) + 7tanhx = 13
15 — 15tanh®X + 7tanhx = 13
15tanh®x — 7tanhx — 2 = 0
(5tanhx + 1)(3tanhx —2) = 0
Either tanhx = 1 or tanhx = 2
5 3
1 2
X = artanh(— —) or X = artanh —)
S 3
1 (1+(-1) 1 [1+%
1-(-%) 1-5
= i|n(£) — i|n5
2 '\ 3 2

[ 6 marks]



Answer 2

7sechx — tanhx = 5
[ sinh x _ 5
coshx  coshx
7 — sinhx = 5cosh x
5coshx + snhx — 7 =0
5 x g+ eX N g —-eX 720

2 2
multiply through by 2

5 +5e +e -eX-14=0
6€ +4e*-14=0

divide through by 2
3¢ +2e ¥ -7=0

multiple through bye*

ﬂ&f—7é+2:o
(3 -1)(ef-2)=0

EithereX:% or €=

1
X = In(—) or X =1n2
3

[ 5marks]



Answer 3

y = artanhx
12 1 1+% 13
whenx = —, y= —In| ——=55 X —
13 2 1- 412 13
13
—iln( 13+12)
2 13- 12
1
= —In(25
> In(25)
= Inb5
d _ 1
dx 11— x2
12 dy 1 132
whenx = —, — = 5 X
137 dx 1 (43) 1%
13
a1
Co1FP - 122
_ 169
- 25

Tangent: y=nmx+c

169 12
In5 = — x — + ¢C
25 13
In5 = 1—56+c
25
Cc = InS—E
25
169 156
The t th tigh= —— In5 — ——
e tangent has equatign 5 X + In o5

(y = 6.76x — 4.63)

(16% — 25y + 25In5 — 156)
[ 3marks]



Answer 4

(a)
y = —x + tanh(4x)
dy 2
— = -1+ 4sech”(4
"~ + 4 sech”(4x)
For a turnin ointﬂ =0
gp ax
4
0=-1+4—>—
" cosh? (4x)
multiply through bycosh? (4x)
0 = —cosh?(4x) + 4
cosh®(4x) = 4
cosh(4x) = 2 becausecosh x is always positive
4x = arcosh(2)
= In(2 +v3)
X = %In( 2+4V3)
[ 4 marks]
(b)

cosh® (4x) — sinh?(4x) = 1
snh?(4x) = cosh®(4x) — 1
4-1
=3
sinhx = V3

As X = %In( 2 + +/3) the other possibility afinhx = —v/3 is rejecte<)!

y = —X + tanh(4x)
N sinh (4x)
cosh (4x)
1 V3
= —Zln(2+\/§)+ T

%{2\/_—|n(2+\/§)}

[ 3marks]



Answer 5

artanhx + artanhy = Iny/3
1 (1+x) 1 1+y 1

= —In + —In = —|n3
2 1-x 2 1-vy 2

multiply through by 2

In( 1+X)+|n(ﬂ)= In3

1-x 1-vy

In( (1+x)(1+y) ): In3
(1-x)(1-y)
(1+ x)(1+vy) _3
(1-x)(1-y)

(1+X)(1+y) = 3(1=-x)(1-y)
l1+X+y+xy=3-3x-3y+ 3y
1+X-3+3X=-3y+3Xy-y—-Xxy
-2+ 4X = -4y + 2xy
divide through by 2
-1+ 2X=-2y+xy
2X—-1=y(x-2)

2x —1
X -2

y:

[ 6 marks]

Answer 6
d

LHS
dx

[In(tanhx) ]

= L X sechzx
tanh x

cosh x o 1
snhx = cosh?x
1
sinh X cosh x
2
2sinh x cosh x
2
sinh(2x)

= 2csch(2x)
= RHS O

[ 4 marks]



Answer 7

cschx — 2cothx = 2
1  2coshx _
sinhx sinhx

multiply through bysinh x
1 - 2coshx = 2sinhx
1-(f+e*) = (=€)

1-e-—egX=¢e"-¢e*

1-¢& = ¢
268 =1
&= L
2

3)

X = Inl—

2

= In2?t

=(-1In2

Thatis,k = —=1 and a = 2

[ 4 marks]
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