Further Pure A-Level Mathematics
Compulsory Course Component

Core 2

HYPERBOLIC
FUNCTIONS

The Catenoid is an example of a minimal surface.

It occupies the least area between the two boundary circles,
one at the top and one at the bottom.

It is formed by rotation of the hyperbolic cosine curve abouy-des.



HYPERBOLIC FUNCTIONS

Lesson 1
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
1.1 Building With Exponentials

When a chain is hung between two fixed points the curve that naturally occurs
due to gravity is called a catenary. Mathematicians call this curve “hyperbolic
cosine” and as a function it has the abbreviatiosh

Photograph by Martin Hansen

The catenary is minimising the forces within and upon it's individual parts which
is clearly going to give it some interesting features. Surprisingly, it turns out
that thecoshfunction is built from a couple of exponential functions.

Definition of cosh x

e+ e X
coshx = ———

Some calculators have buttons for the hyperbolic functions, others tuck them awe
in a menu. On the CASIO fx-991EX Classwiz, access them via the OPTN button.

CASIO
fx-881EX

Photograph by Martin Hansen



Although superficially similar to a parabola, the catenary is not the same curve.

In red, the catenaryy. = coshx  In gold, the parabolay. = X

When inverted, a catenary arch is formed which has been used in the constructic
of bridges and buildings for hundreds of years. It's of interest to architects becaus
of an ability to withstand the weight of the material from which it is constructed.
Catenary arches feature in Barcelona's famous Masia Freixa, built in 1896.

Catenary arches and Parabolic arches feature in the Gaudi inspired Masia Freixa



An interior door of the Masia Freixa withcatenary arched door inside a parabolic arched frame

Definition : The Six Hyperbolic Functions

— X
coshx = ex% Xx e R
a4 X
sinhx = ex—e x e R
2
sinhx e _ 1
tanhx = = R
X = ohx e + 1 X €
1 2
sedhx = = x e R
cosh X e+ e X €
1 2
= = R 0
csch x pr. pr—— xe R, x#
X
cothx = 1 :e2+1 xeR x#0

tanhx e — 1




1.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
Use your calculator to solve these equations, correct to 3 decimal places,
(1) cosh2 =x

[ 1 mark]
(i) sinh(0.7) = X
[ 1mark]
(iii)  tanh(-1) =x
[1mark]
(iv) coshx=4
[ 1 mark]
(v) sinh x=5
[ 1mark]
(vi) tanh3x= 0.9
[ 1 mark]
Question 2
Prove the following;
(1) Thatcosh xis an even function
[ 2 marks ]
(ii) Thatsinh xis an odd function
[ 2 marks ]

(1ii)  Thattanh xis an odd function

[ 2 marks ]



Question 3
(1) Complete the following table;

X 0 0.5 1 15 2 2.5

sinh x

[ 3 marks ]
(ii) Taking care over the differertaxis andy-axis scales, add a plot of
y =sinh xto the graph below of = cosh xusing the results from the
part (i) table and the fact that= sinh xis an odd function

[ 3 marks ]
Question 4
(1) Using the definitions ofosh xandsinh xexplain why, for large positive
values ofx, the graph of = sinh xis effectively the same gs= cosh x

[ 2 marks ]
(i) Using the definitions ofosh xandsinh xexplain why, for large negative

values ofx, the graph o = sinh xis effectively a reflection in the-axis
of y = cosh x

[ 3 marks ]



Question 5
(1) Working to two decimal places, complete the following table;

X 0 0.5 1 15 2 2.5 3 3.5

tanh x

[ 3 marks ]

(i) Ploty =tanh xon the graph below using the results from the part (i)
table and the fact thgt=tanh xis an odd function

Question 6
Using the definition ofanh xto explain why, for large positive valuesxf
the graph o¥ = tanh xis effectively the same gs= 1

[ 2 marks ]
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1.3 Answers to 1.2 Exercise
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions

Answers 1
(1) cosh2 =x = Xx=23.762

[ 1 mark]
(i) sinh(0.7) =% = x=0.379

[1mark]
(ii) tanh(-1)=x = x=-0.762

[ 1 mark]
(iv) coshx=4 = x=2.063

[ 1 mark]
(v) sinh x=5 = x=2.312

[1mark]
(vi) tanh3x= 09 = x=0.491

[ 1mark]

Answer 2
(1) Let f (x) = cosh(x) in which case,
f(=Xx) = cosh(-Xx)

e(_x) + e_(_x)

2
&+ eX

2

= cosh(X)

= f(x which is the definition of an even function [
[ 2 marks ]

(i) Let f (X) = sinh(x) in which case,
f (—Xx)

sinh(—x)
=% _ (=X
2
- (&-e%)
2
—sinh(x)

—-f (X which is the definition of an odd function O
[ 2 marks ]



(i)  Let f(x) = tanh(x) in which case,

f (—x) = tanh(-x)
20 _ 1 e
N T e
e —
R P
1
1+ e
_ -1
e 41
= —tanh(x)
= -f(x which is the definition of an odd function O
[ 2 marks ]
Answer 3
(i)
X 0.5 1 15 2 2.5
sinh x 0.52 1.18 2.13 3.63 6.05
[ 3 marks ]
(i)

*********

**************************************

**************************************

**************************************

************************************

***************************

************************

*******************

I I
o i ] | ]
om0
| |

,,,,,,

[ 3 marks ]



Answer 4

(1) Firstly, for sinh x
As x becomes large positive;, * becomes insignificant in comparisonetb
. -eX . e
Thussinhx = B — becomes, in effect?
Secondly, forcosh x
As x becomes large positive;, * becomes insignificant in comparisoneb
— X
Thuscoshx = ex% becomes, in eﬁect%
. The two functiongosh xandsinh xare effectively the same for
sufficiently large enough values of positve
[ 2 marks ]
(ii) Firstly, for sinh x
As x becomes large negative’ becomes insignificant in comparisoneid®
_ e_X — X
Thussinhx = B — becomes, in effect;
Secondly, foicosh x
As x becomes large negativ& becomes insignificant in comparisoneic®
— X — X
Thuscoshx = ex% becomes, in effect,eT
. Each of the functionsosh xandsinh xis effectively a reflection
of the other in the-axis for sufficiently large enough values of
negativex
[ 3 marks ]
Answer 5
(i)
X 0 0.5 1 15 2 2.5 3 3.5
tanh x 0 0.46 0.76 0.91 0.96 0.99 1.00 1.00
[ 3 marks ]

[ 2 marks ]



Answer 6

limt -1 _ limt € limit

— oo X > o0 X411 X o0 eX X oo
For large positive values gfthe graph of/ = tanh xis effectively the same
asthe graphof =1 O

1=1

[ 2 marks ]
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Lesson 2
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
2.1 ldentities
The hyperbolic functions have identities that resonate with those already known
for the trigonometric functions. For example there are hyperbolic addition
formulae, hyperbolic double angle formulae and relationships between the
squares of the hyperbolic functions that have echos with their trigonometric
counterparts. Initially, hyperbolic identities are proven from the definitions in

terms of exponentials but as a repertoire of relationships is built up many short
cuts become available.

2.2 Example

Prove thatcoshzx - sinhzx =1

Teaching Video:http://www.NumberWonder.co.uk/v9102/2.mp4

=

2.3 Exercise

[ 4 marks ]

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1

Prove thatcosh2 X + S nh2 X = cosh 2x

[ 4 marks ]


http://www.NumberWonder.co.uk/v9102/2.mp4

Question 2

Prove that2 sinhx coshx = sinh2x

Question 3

[ 4 marks ]

Given thatsinhx = %and by using the identities proven in the example and

guestion 1 and question 2, find the exact value of,

(i)

(i)

(i)

(iv)

cosh x

tanh x

sinh 2x

cosh2x

sinh4x

[ 2 marks ]

[ 1 mark]

[ 1 mark]

[ 2 marks ]

[ 1 mark]



Question 4
Prove the following identities using the definitionscoth xandsinh x
Top Tip : Start with the RHS and work towards the LHS

(1) cosh(A + B) = coshAcoshB + snhAsnhB

[ 5 marks ]

(i) cosh3A = 4cosh°A — 3coshA

[ 5 marks ]



(i) snhA — sinhB = 23inh(¥)cosh(¥)

[ 5 marks ]
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2.4 Answers
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
2.4.1 Solution to 2.2 Example (Teaching Video)

Prove thatcosh?x — sink?x = 1

LHS = cosh®x — sinh®x

_(eX+e—X)2 (eX-e—X)2

=\ -\=

X p2ee X+ e X X _2ge X4 g
- 4 B 4
24X X2 g X

- 4

4

T4

=1

= RHS 0

[ 3 marks ]
2.4.2 Solutions to 2.3 Exercise

Answer 1

Prove thatcosh2 X + S nh2 X = cosh 2x

LHS = coshzx + sinhzx

_(e"+e‘x2+(e"—e"‘)2
2 2
X 2de X+ e X .\ X - 2e8e X 4+ g
4 4
X r2r e X X2 e X
4

B 26X + 2g~

4
_2(e&+ e %)

4

e 4 g X

=—F
= cosh 2x
= RHS O

[ 4 marks ]



Answer 2

Prove that2 sinhx coshx = sinh2x

Answer 3

(i)

(i)

(i)

LHS

2 sinhx cosh x
2(e?‘— e‘X)(ex+ e‘x)
2 2
1 X — X X —X
E(e —e N)(e+ e
1 _ .
?(ezx — e ?)  Difference of two squares
e2x _ e—2x
2
sinh2x
RHS O

[ 4 marks ]
cosh®x — sinh?x = 1
2
cosh® X — (i) =1
4
2 9
cosh™Xx = 1 4+ —
X 16
_
- 16
5 . 5
coshXx = 7 (coshx > 1 so rejected- 7
[2 mark ]
tanhx = sinhx

~ coshx

- [2)- (3]

~\4) \4

- [2)x[5) Ko

4 5

_ 3

-5
[ 1 mark]

sinh2x = 2 sinhxcosh x
- 2(3)(3)
4/\ 4

[1mark]



(iv) cosh?2x — snh?2x = 1
2
cosh? 2x — (E) =1
8
cosh®2x = 1 + 225
64
_ 289
64
17 . 17
cosh2x = ry (coshx > 1 so rejected- ?)
[ 2 marks ]
Alternatively:cosh (2x) = cosh’ x + sinh®x
25 9
= — 4+ —
16 16
_
-8
[ 2 marks ]
(V) sinh4x = 2 sinh2x cosh 2x
15\/ 17
- 255
8 8
255
)
[1mark]
Answer 4
(1) cosh(A + B) = coshAcoshB + snhAsinhB
RHS = coshAcoshB + snhAsinhB
[+ e‘A) B + e‘B) .\ (eA— e‘A)( B - e‘B)
- 2 2 2 2

eA+B + eA—B + e—A+B + e—A—B + eA+B _ eA—B _ e—A+B + e—A—B

2eATB L 2 A-B
4
2(eA+B + e—(A+B))
4
A+B | o (A+B)
2
cosh(A + B)

LHS O

4

[ 5 marks ]



(i) cosh3A = 4cosh°A — 3coshA
RHS = 4cosh®>A — 3cosh A

3
f+eh e eh
—g4=—"= ) _3l===_
2 2
3

:i(eA+e_A) —i(eA+e_A)

2 2
_ 1 3a PAA L 3 A A, o 3A ieA 3 -A
—(e+3ee+3e +e)— - —e€

2 2 2

1 350 3 3 _A 3a 3 A 3 _a
= —¢ — —e€ —e v - —€' - —¢€

2% TR TS 2 2 2

1 _
=—e3'°‘+ie3A

2 2
3 Ay g A
B 2
= cosh 3A
= LHS O

[ 5 marks ]
. . . A-B A+ B
(i) smhA—sth:ZSmh( > )cosh( al )
RHS:ZSinh( _ )cosh(AerB)
A-B  _A-B A+B _AsB
=2xi(e2—e 2)><i(e5+e 5)
2 2
:i(eA§B+A+B+eA£B_A42—B_e_A§B+A42_B_e_%_%)
2

%(eA+ eB_ P e_A)

e A_BieB

2
_ - S-gB
2 2
= sinhA - snhB
= LHS |

[ 5 marks ]
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Lesson 3
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
3.1 arsinh x
Any one-one function, such agh x has an inverse that, graphically, is a reflection
in the liney = x. The inverse o$inh xis calledarsinh x.

Red:y = sinhx Greeny = x Gold:y = arsinhx

Given thatsinh xis defined in terms of exponentials, the expectation would be
that the inverse functiomysinh x involves logarithms and this is the case.

The Inverse Ofsinh x : arsinh x

arsinhx = In(x + VX2 + 1) x e R

A proof of this is written out on the next page which the following eight minute
excellent video fronExam Solutionsvill talk through.

Teaching Video:http://www.NumberWonder.co.uk/v9102/3.mp4



http://www.NumberWonder.co.uk/v9102/3.mp4

3.2 The Proof

y = arsinhx

= sinhy
_ ey

= eyTe From the definition ofinh

2x =& - e

2
xe = (&) -1 From multiplying through b’
2
(&) —2x(&)-1=0 Which is a “quadratic in disguise
2x + 202 - 4 (=)
& —
2(1)
X EVAxX2 + 4
- 2
X EVAYR + 1
- 2
=x+xyVx2+1
Now, & > Osincevx2 + 1 > x
= x+ Vx4l
y=In(x+vVx@+1)

Thatis, arsinhx = In(x + Vx2 + 1) O

3.3 Example
Determine the exact value of
(1) arsinh(2) (i) arsinh(— 3)
[ 2 marks ]
Solution :
(i)  arsinh(2) = In(2 ++5) About 1.44
(i) arsinh(-3) = In(-3 +/10) About — 1.81

This example is also covered in the teaching video.



3.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
Express each of the following as a natural logarithm,

(i) arsinh(1)

[1mark]
(i)  arsinh(v/3)
[ 1 mark]
(i)  arsinh(2v/2)
[ 2 marks ]
Question 2
Find the exact value odrsinh(%) in as simple a form as possible
[ 2 marks ]

Question 3

Find the exact value (aisinh( ) in as simple a form as possible

L
V3

[ 2 marks ]



Question 4

With the aid of the identit)coshzx _ sink’x = 1 solve the following equation,
giving exact answers as natural logarithms.

2005h2x — 59nhx =5

[ 6 marks ]

Question 5
Further A-Level Examination Question from June 2015, FP3, Q1 (Edexcel)
Solve the equation

2 cosh®x — 3sinhx = 1
giving your answers in terms of natural logarithms

[ 6 marks ]



Question 6
Further A-Level Examination Question from June 2013, FP3(R), Q7(a) (Edexcel)

The curves have equationg,= 6coshx andy = 9 — 2sinhx

Using the definitions aéinhx andcosh x in terms ofe”, find exact values for the
x-coordinates of the two points where the curves intersect.

[ 6 marks ]



Question 7
Further A-Level Examination Question from June 2002, P6, Q1 (Edexcel)

Prove thasinh(iz — 6) = sinh@

[ 4 marks ]
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3.5 Answers to 3.4 Exercise
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions

Answer 1
(i) arsinh(1) = In(1++v2)
[1mark]
(i) arsinh(v3) = In(V3 + 2)
[ 1 mark]
(ii)  arsinh(2v2) = In(2v2 + 3)
[ 2 marks ]
Answer 2
. (3 3 3\2
arsmh(Z):ln Z+ (Z) +1
3 9 16)
=In{— +/ ==+ ==
4 16 16
w2, =
R R T
3 5
= in( 3+ 7
=1n2
[ 2 marks ]
Answer 3
. 1 1 1 \2
arsmh(ﬁ):ln(ﬁ+ (W) +1
_|(L /1 3)
= In \/?+ 3+3
(L 2
V3 V3
I - B
"”(ﬁxﬁ)
= InV3 or%lns

[ 2 marks ]



Answer 4
2 cosh’x — 5snhx = 5
2(1 - sinhzx) — 5snhx =5
2sink®x — 5sinhx — 3 = 0
(2sinhx + 1)(sinhx - 3) = 0

Either sinhx = —% or snhx = 3
From which is deduced that
X = arsinh(— %) or x = arsinh(3)
1 1 4
X_ln(_EJ”,ZJFZ) x = In(3++10)
( 1 \/€)
=Inl-— + —/—
2 2
[ 6 marks ]
Answer 5

Zcoshzx — 3sinhx

2(1 + sinh®x) — 3sinhx

Zsinhzx — 3sinhx + 1

(2sinhx — 1)(sinhx — 1)

1
1
0
0

Either sinhx = % or snhx =1

From which is deduced that

X = arsinh(%) or x = arsinh(1)
x:In(%+\/%+%) x=In(1++v2)
2

[ 6 marks ]



Answer 6
The graphs will intersect when,

6 cosh x

e+ e‘X)

o =5
2

3¢ + 3¢ %

4 -9+ 26X

9 — 2sinhx
ek —gX
{2
2
9-¢g+¢e*
0

Multiply through bye”

4(ex)2 — 9+ 2
(4€°-1)( = 2)

Either

Answer 7
Prove thasinh(iz — 6)

LHS

sinhé

(ein—ﬁ

NP Nk N N e

- €

[ 6 marks ]

sinh(iz — 6)

—in+t9>

—ig 0)

(g ? — gimg

(cnpe?-(né)

[ 4 marks ]
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Lesson 4
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
4.1 Osborn's Rule

There are obvious similarities between identities involving the circular
trigonometric functions dos, sin, tan, sec, csand cof) and the hyperbolic
functions ¢osh, sinhtanh, sech, csch, cgth

: T .
Previously the following where proven,

Hyperbolic Circular

cosh®x — sinh?x = 1 cos?X + sin’x = 1

cosh?x + sinféx = cosh 2x cos?X — sin®x = cos2x

2sinhxcoshx = sinh2x 2siNXCOSX = Sin2x

cosh(A + B) = coshAcoshB + snhAsinhB | cos(A + B) = cosAcosB — snAsinB
cosh3A = 4cosh®A — 3cosh A cos3A = 4cos’A — 3CosA

snhA — sinhB = ZSinh(%) cosh(AszB) SnA - sinB = ZSin(%) cos(AJZfB)

Given that the circular trigonometric identities are already known, it would be
ideal if the hyperbolic identities could be obtained from them. In some of the
comparisons in the above table the hyperbolic identity is identical wi=is
replaced withcoshand sin replaced withsinh However, in other comparisons
when the same swap is made, the odd sign needs changing. Exactly when a sic
needs changing is given by Osborn's Rule. It allows any circular trigonometric
identity to be taken and the corresponding hyperbolic identity easily written
down.

Osborn's Rule
e Replacecosby cosh: cosA — cosh A
e Replacesin by sinh: SSnA — sinhA
However ...
e Replace any product (or implied product) of tsmterms by minus the
product of twasinhterms
e.g.snAsnB — —snhAsnhB
sn?A

tarP A — —tantf A an implied product aar’ A =
cos? A

T In Lesson 2, Example 2.2 and Exercise 2.3



4.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
(1) Use Osborn's Rule to write down the hyperbolic identity corresponding tc

1+ tanzx = seczx

[ 2 marks ]

(i) Prove that your part (i) answer is correct using the facts that,

X_
¢ L and sedx = 2

tanhx = ——— -
e + 1 e + g X

[ 6 marks ]

Question 2
Use Osborn's Rule to write down the hyperbolic identity corresponding to,

cos2x = 1 — Zsinzx

[ 2 marks ]



Question 3

Further A-Level Examination Question from June 2010, FP3, Q3 (Edexcel)

(a)  Starting from the definitions @&inh xandcosh xin terms of exponentials,
prove that,

cosh2x = 1 + 25inh2x

[ 3 marks ]

(b) Solve the equation

cosh2x — 3sinhx = 15
giving your answer as exact logarithms

[ 5 marks ]



Question 4
Use Osborn's Rule to write down the hyperbolic identity corresponding to,
tanA — tanB

tan(A - B) =
( ) 1 + tanAtanB

[ 3 marks ]

Question 5
Further A-Level Examination Question from June 2011, FP3, Q5 (Edexcel)

CurveC1q has equatiory = 3sinh2x, and curveCy has equatiory = 13 — 3%

(a) Sketch the graphs of the curv@sandC, on one set of axes, giving the

equation of any asymptote and the coordinates of points where the curve
cross the axes

[ 4 marks ]



(b) Solve the equatiorBsinh2x = 13 — 36X giving your answer in the

form % Ink, wherekis an integer

[ 5 marks ]
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4.3 Answers to 4.2 Exercise
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
Answer 1

(1) 1 - tanif x = sech®x
[ 2 marks ]
(i)
RHS = sech® X

- [ o)

_(#Xﬁ)
Tl rex X

- (@)
4%
(e + 1)

LHS = 1 - tantx
_(&
e+ 1
(e2X+1 ? (ezx—l
e+ 1) \exX+1
X 2 X 2
- (¢ +(1e)2 _(1‘3)22 - 1) Difference of two squares
X+
(e +1+e®-1)(e®+1-e*+1)
(e + 1)

2

2

_4e
(e 4+ 1)°
= RHS O
[ 6 marks ]

Answer 2

cosh2x = 1 + Zsinhzx
[ 2 marks ]



Answer 3
(a)
RHS = 1 + 2sinh®x

2
et — e‘x)
=1+ 2(—
2
_ 2, X -2+ e
2 2
e 4 g X
- 2
= cosh 2x
= LHS O
[ 3 marks ]
(b)
cosh2x — 3sinhx = 15
1 + 2sink®x — 3sinhx = 15
2sink®x — 3sinhx — 14 = 0
(2sinhx — 7)(snhx +2) = 0
) ) 7 .
Either sinhx = > or snhx = =2
7 7\2
x:In?+ (?)+1 oo x=In(=2++5)
( 7 v 53 )
=Inl = +
2 2
[ 5 marks ]
Answer 4
tanh (A — B) = tanhA — tanhB

1 - tanhAtanhB
[ 2 marks ]



Answer 5

passes throughO, 0)

Red curvey = 3sinh2x

C

= 13

In(

Asymptotey

3 e2x

Gold curvey = 13 -

C2

IS

and crossesax

9

)

is(0, 10

Ccrosseg/-axis

[ 4 marks ]



(b)

3sinh2x =
3 2X — 2X
— e —e =
= )
3e2x _ 3e—2x _

9e™ _ 26— 3¢ X =

13 — 3%
13 — 3%
26 — 66
0

Multiply through bye®

2

9(e®) — 266> -3=0

(96 +1)(e®-3) =0

) 1

Either e = -5 o e -3

No solutions 2Xx = In3
X = iIn3
2
Thatis,k = 3

[ 5 marks ]
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Lesson 5

Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions

5.1 arcosh x

Before the inverse of theosh function can be found, the domain must be
restricted to obtain a one-to-one function. On the graph below the curve
y = cosh xis coloured green and red, the green part being excluded by the
restriction on the domaix> 0. The red part is then reflected in the §ne xto
obtainy = arcosh x coloured gold.

The Inverse Ofcosh x : arcosh x

arcoshx = In(x+Vx2-1) xeR x>1

A proof is on the next page and talked through in the teaching vided=xam
Solutions It's similar to thearsinh proof but with a few extra technicalities.

Teaching Videohttp://www.NumberWonder.co.uk/v9102/5.mp4



http://www.NumberWonder.co.uk/v9102/5.mp4

5.2 The Proof

y = arcoshx
- X = coshy
Y
= ey% From the definition otosh
x =& +eY
2
2xe = (&) +1 From multiplying through by’
2
(&) —2x(&)+1=0 Which is a “quadratic in disguise
2 + (=202 - 4(1)(1)
e =
2(1)
X EVaAx2 - 4
- 2
X EVAYXR -1
- 2

=x+yx2 -1

In(x+vx2 - 1)

y
Now, as thearcosh function is one-to-one only one of these two possibilities

can apply. The one to select, corresponding to the gold curve that in turn came

from the red half of theoshcurve is the following,

arcoshx:ln(x+ x2—1) xeR x>1 O
( The other solution would correspond to the inverse of the green half of
thecoshcurve, and would be a reflection of the gold curve inxtagis )

5.3 Example
(1) Determine the exact value afrcoshi4)
(i) Solve, to three decimal placespsh w= 2
[ 3 marks ]

Solution :
(i) arcosh(4) = In(4 +V15) About 2.06
(i) w = arcosh(2) Le.x = 2
—In(x+vVx2-1)
= In(2++v3)

= +1.316
This example is also covered in tEgam Solutionseaching video.



5.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
Express each of the following as a natural logarithm,

(i) arcosh (3)

[1mark]
(i) arcosh(v3)
[ 1 mark]
(ii)  arcosh(3v2)
[ 2 marks ]
Question 2
Find the exact value osﬁrcosh(l??’) in as simple a form as possible
[ 3 marks ]

Question 3
Solve the equatiortoshw = 12 giving both solutions to 3 decimal places

[ 3 marks ]



Question 4
Further A-Level Examination Question from June 2017, FP3, Q3 (Edexcel)
(a) Using the definitions focosh xin terms of exponentials, show that

cosh 2x = 2coshzx -1

[ 3 marks ]

(b) Find the exact values affor which

29coshx — 3cosh2x = 38
giving your answers in terms of natural logarithms

[ 6 marks ]



Question 5

Further A-Level Examination Question from June 2008, FP2, Q2 (Edexcel)
Find the values af for which

8coshx — 4sinhx = 13
giving your answers as natural logarithms.

[ 6 marks ]



Question 6
Further A-Level Examination Question from June 2004, P5. Q1(b) (Edexcel)
Solve,

cschx — 2cothx = 2
giving your answer in the forikIn awherek anda are integers

[ 5 marks ]
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5.5 Answers to 5.4 Exercise
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
Answer 1

(i) arcosh(3) = In(3+2V2)

[1mark]
(i) arcosh(vV3) = In(vV3 +V2)
[ 1 mark]
(ii)  arcosh(3v2) = In(3vV2 + V17)
[ 2 marks ]
Answer 2
arcosh(l—s) = In(l—3 + (1—3)2 - 1)
5 5 5
( 13 169 25 )
=In|l—+\—=— - =
5 25 25
NENE-
- 5 25
13 12
- in( 5+ )
25
= ()
= In5
[ 3 marks ]
Answer 3
coshw = 12

w = arcosh(12) e.x = 12
—In(x+vx@-1)
= In(12 = V143)

= +3176
[ 3 marks ]



Answer 4
(a) Prove cosh2x = 2cosh®x — 1
RHS = 2cosh®x — 1

X2
_z(ex+_) 1

2
eX 4 2eXe X 4 @ XX 2
2 2
Xy 24X 2
2
X 4 g X
= #
= cosh 2X
= LHS O
[ 3 marks ]
(b)
29coshx — 3cosh2x = 38
29coshx — 3(2cosh®x — 1) = 38
29cosh x — 6coshzx + 3 =38
6cosh’x — 29coshx + 35 = 0
(3coshx — 7)(2coshx —5) = 0
Either coshx = 1 or coshx = E
3 2
7 49 5 4
X=Inl— =%, — = In|—= = -
3 9 2 4 4
7 2410 5 V21
=Inl - * =In| =+
3 3 2 2

[ 6 marks ]



Answer 5
8coshx — 4sinhx = 13

ex+e‘x) (ex—e‘x)_
8(—2 —4—2 = 13
A(f+eX)-2(ef-e”) =13

4+ 4eX -2 +2e % = 13
2 - 13+ 6 =0
Multiply through bye”

|
o

2(&f—1ﬂ&)+6—
(2ef-1)(e-6) =0

[ 6 marks ]
Answer 6
cschx — 2cothx = 2
1 2coshx _ 5
sinhx snhx
Multiply through bysinhx
1 - 2coshx = 2snhx
2sinhx + 2coshx —1 =10
X — X
z(ex_e)”(exi)_l 0
2 2
2 -1=0
&= L
2
2)
X = Inl—
2
[ 5 marks ]
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Lesson 6
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
6.1 Differentiation

The hyperbolic functions and their inverse functions are differentiable. As no
new ideas are involved this provides a welcome opportunity to refresh the
various differentiation techniques of A-Level and Further A-Level mathematics.

6.2 Table of standard derivatives (Hyperbolic Functions)

f (X) f'(x) In Formula Book ?
sinh x cosh x Yes
cosh x sinh x Yes
tanh x sech? X Yes

: 1
arsinh x N Yes
1
arcosh x 1 x> 1 Yes
1
artanh x T2 Ix| < 1 Yes
6.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1

Differentiate with respect to,
(i) y = sinh(5x)

[ 1 mark ]
N X
(i) y = tanh(g)
[ 1 mark]
(i) y = arcosh(2x)
[ 1 mark]

(iv) vy-= arsinh(%)

[ 2 mark ]



Question 2

If y = acosh(nx) + bsinh(nx) whereaandb are constants, prove that,

d?y 2
2 ny

Question 3

Given thaty = (arcosh x)2 prove that

[ 4 marks ]

[ 5 marks ]



Question 4
Differentiate with respect to,

(i) vy = sinh(2x) cosh(3x)

[ 2 marks ]
N cosh X
(i)  4x
[ 2 marks ]
(i) y= xZ ar cosh x
[ 2 marks ]

Question 5

Further A-Level Examination Question from June 2012, FP3, Q5(a) (Edexcel)
Differentiate y = x arsini(2x) with respect tx

[ 3 marks ]



Question 6
Differentiate with respect to,

y = sech(2x)

[ 3 marks ]

Question 7

Further A-Level Examination Question from June 2014, FP3, Q5 (Edexcel)

: X dy 1
Given thaty = artanh|——=| show that— = ———
Y ) X~ Vi:a

[ 4 marks ]
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6.4 Answers to 6.3 Exercise

Further A-Level Pure Mathematics, Core 2

Hyperbolic Functions
Answer 1

(i) y = snh(5x) = % = 5cosh(5x)

[1mark]
[ 1 mark]
dy 2
= sh (2x — =
(i) y = arcosh(2x) = o s
[ 1 mark]
. o X dy 1 1
(iv) y_arsmh(E) = 3—(1>2+1
3
_ 1 3
3 X2 + 9
3 1
X2 +9
[2 mark ]
Answer 2

y = acosh(nx) + bsinh(nx)

% — ansinh(nx) + bncosh(nx)
2
% = arf cosh(nx) + br? sinh(nx)

= n?(acosh(nx) + bsinh(nx))

= n2y (]

[ 4 marks ]



Answer 3

y = (arcosh x)2
% = 2(ar(:oshx)1 X ﬁ
multiply both sides by/ x2 — 1
x2 -1 ay _ 2 arcosh x
dx

square both sides

2
2 dY) 2
-1)==) =4
(x )(dx (arcosh x)
2
2 dY)
<X )(dx Y
Answer 4
(i) y = sinh(2x) cosh(3x)
% = 3sinh(2x)sinh(3x) + 2 cosh(2x) cosh(3x)
. cosh x
(i) y=—p
dy _ 4xsinhx — 4coshx
dx 16 x2
_ Xsinhx — coshx
B 4 x2
(i) y= x?arcoshx
2
dy - X 4 2xarcoshx
dx x2 -1

Answer 5
y = xarsinh(2x)
@y

= —————— + arsinh(2x
dx Vax2 + 1 (2

[ 5 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 3 marks ]



Answer 6
y = sech(2x)

(cosh(2x))"*

'S% = (= 1)(cosh(2x))” 2(sinh(2x)) 2
__2snh@
~ cosh?(2x)
= —2sech(2x)tanh(2x)
[ 3 marks ]
Answer 7
y = artanh(;)
V1+x2
1
dy _ 1 L VIR x1-F (1) F X 2xx x
& = X 2 1+ x2
L- (e
~ 1 o 1+x2 - %
- X2 2 2
1- 225 " (1+@)V1+x
1+ y 1
14 X2 — X2 (1+x2)V1+x2
1+ « 1
1 (1+x2)V1+x2
o1 O
V14 x2
[ 4 marks ]
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Lesson 7
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
7.1 artanh x
Like sinh x the functiontanh X is one-to-one on an unrestricted domain
although, unlikesinh xit has horizontal asymptotes gt==* 1. Like any one-to-
one function, it has an inverse that, graphically, is a reflectigrrin.
The inverse oftanh x is called artanh x.

Red:y = tanhx Blue:y = x  Gold :y = artanhx

Like sinh xand cosh xthetanh xfunctionis defined in terms of exponentials, and
its inverseartanh x involves logarithms.

The Inverse Oftanh x : artanh x
1+ x)

—_— xe R, |x|] <1
1-x

1
artanhx = —In(
2

A proof of this is written out on the next page.
An excellent video fronExam Solutiongalks through the proof



Teaching Videohttp://www.NumberWonder.co.uk/v9102/7.mp4

7.2 The Proof

y = artanhx
= tanhy
_sinhy
~ coshy
e
- dreV T
_(&)r-1
()P +1
x(&)F +x= (&) -1
14x= (&) —x(&)
1+x:(ey)2(1—x)
o 1+ X
- 1-x
Now, sincee’ > 0, & = 1+ X
1-x
_(1+x)%
Sl 1-x
1
1+ x\2
y:m(l—x)
That is, artanhx = iIn( 1+ x ) O
2 1-X

The domain of the inverse function is the range of the original function
Thatisx € R,

x| <1


http://www.NumberWonder.co.uk/v9102/7.mp4

7.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 35
Question 1
Further A-Level Examination Question from June 2018, FP3, Q1 (Edexcel)
Solve the equation

15sech®x + 7tanhx = 13
Give your answers in terms of simplified natural logarithms

[ 6 marks ]



Question 2
Further A-Level Examination Question from June 2009, FP3, Q1 (Edexcel)
Solve the equation

7sedhx — tanhx = 5

Give your answers in the form awhereais a rational number

[ 5 marks ]

Question 3

Find the equation of the tangent at the point wikete % on the curve

with equationy = artanhx

[ 3 marks ]



Question 4
Further A-Level Examination Question from June 2006, FP2, Q5 (Edexcel)
The curve with equation

y=—-x+tanh(4x) x>0
has a maximum turning poiAt
(a) Find, in exact logarithmic form, thecoordinate oA

[ 4 marks ]

(b)  Show that thg-coordinate ofAis %{2\/_ —In(2++v3)}

[ 3 marks ]



Question 5

Given that,
artanhx + artanhy = Iny/3
prove that
ox-1
Y= %2

[ 6 marks ]



Question 6
Further A-Level Examination Question from June 2008, FP2, Q1 (Edexcel)

Show that %[In(tanhx)] -~ 2csch() x>0

[ 4 marks ]

Question 7
Further A-Level Examination Question from June 2004, P5, Q1(b) (Edexcel)

Solve cschx — 2cothx = 2 giving your answer in the forrkIna where
k anda are integers

[ 4 marks ]
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7.4 Answers to 7.3 Exercise
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
Answer 1

coszx+ sinzx =1
seczx

sech? x (Osborn's Rule)

o1+ tanzx

sl - tanhzx

15sedh®x + 7tanhx = 13

15( 1 - tanhzx) + 7tanhx = 13

15 — 15tantf x + 7tanhx = 13
15tanif x — 7tanhx — 2 = 0

(5tanhx + 1)(3tanhx — 2) = 0

Either tanhx = —% or tanhx = %
1 2
X = artanh(— —) or X = artanh(—)
S 3
_1 2
—iln 1+(5)) —iln 1+3
= — _ —
2 \1- (_ 5) 2 1-35
= i|n(£) = i|n5
2 3 2

[ 6 marks ]



Answer 2

7sechx — tanhx = 5
[ sinhx _ 5
coshx  coshx
7 — sinhx = 5cosh x
5coshx + sinhx — 7 =0
5 x g+ eX N g —-eX 720

2 2
multiply through by 2

5 +5e +e -eX-14=0
6€ +4e*-14=0

divide through by 2
3¢ +2e ¥ -7=0

multiple through bye*

ﬂ&f—7é+2:o
(3 -1)(ef-2)=0

EithereX:% or €=

1
X = In(—) or X =1n2
3

[ 5 marks ]



Answer 3

y = artanhx
12 1 1+% 13
whenx = —, y= —In| ——=55 X —
13 2 1- 412 13
13
—iln( 13+12)
2 13- 12
1
= —In(25
> In(25)
= Inb5
d _ 1
dx 11— x2
12 dy 1 132
whenx = —, — = 5 X
137 dx 1 (43) 1%
13
a1
Co1FP - 122
_ 169
- 25

Tangent: y=nmx+c

169 12
In5 = — x — + ¢C
25 13
In5 = 1—56+c
25
Cc = InS—E
25
169 156
The t th tigh= —— In5 — ——
e tangent has equatign 5 X + In o5

(y = 6.76x — 4.63)

(16% — 25y + 25In5 — 156)
[ 3 marks ]



Answer 4

(a)
y = —X + tanh(4x)
dy 2
2L -_-1+4 4
"~ + 4sech” (4x)
For a turnin ointﬂ =0
gp ax
4
0O=-1+ ————
" cosh? (4x)
multiply through bycosh? (4x)
0 = —cosh®(4x) + 4
cosh®(4x) = 4
cosh(4x) = 2 becausecosh x is always positive
4x = arcosh(2)
= In(2 +v3)
X = %In( 2+4V3)
[ 4 marks ]
(b)

cosh® (4x) — sinh?(4x) = 1
snh?(4x) = cosh?(4x) — 1
4-1
=3
sinhx = V3

As X = %In( 2 + +/3) the other possibility afinhx = —/3 is rejecte<)!

y = —X + tanh(4x)
N sinh(4x)
cosh (4x)
1 V3
= —Zln(2+\/§)+ T

%{2\/_—|n(2+\/§)}

[ 3 marks ]



Answer 5

artanhx + artanhy = Iny/3
1 (1+x) 1 1+y 1

= —In + —In = —|n3
2 1-x 2 1-vy 2

multiply through by 2

In( 1+X)+|n(ﬂ)= In3

1-x 1-vy

In( (1+x)(1+y) ): In3
(1-x)(1-y)
(1+ x)(1+vy) _3
(1-x)(1-y)

(L+x)(1+vy)

3(1-x)(1-y)
l1+X+y+xy=3-3x—-3y+ 3y
1+X-3+3=-3y+3Xy—-y—-Xxy
-2+ 4x = -4y + 2xy
divide through by 2

-1+ 2X=-2y +Xxy
2X—-1=y(x-2)
2x -1
X -2

y:

[ 6 marks ]

Answer 6

LHS

d
a[ln(tanhx)]

= L X sed12x
tanhx

cosh x o 1
snhx = cosh?x
1
sinhx cosh x
2
2sinhx coshx
2
sinh(2x)

= 2csch(2x)
= RHS O

[ 4 marks ]



Answer 7

cschx — 2cothx = 2
1  2coshx _
sinhx snhx

multiply through bysinhx
1 - 2coshx = 2snhx
1-(f+e*) = (=€)

1-e-—egX=¢e"-¢e*

1-¢& = ¢
268 =1
&= L
2

3)

X = Inl—

2

= In2?t

=(-1In2

Thatis,k = —=1 and a = 2

[ 4 marks ]
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Lesson 8

Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
8.1 Integration (Chain Rule Backwards)

In principle, given we've alreadipoked at differentiation questions, tackling

an exercise on integration is just a case of using the following, previously
supplied, table backwards, and remembering that if it's an indefinite integral
(one without limits) to put in the constant of integratian,

f(x) f'(x) In Formula Book ?
sinh x cosh x Yes
cosh x sinh x Yes
tanh x sedh? x Yes
: 1
arsinh x N Yes
1
arcosh x ] x> 1 Yes
1
artanh x = |x| < 1 Yes

As with any non-trivial integration, always scan straight away for a possible
“Chain Rule Backwards” before reaching for the much bigger weapons in the
armoury; Integration by Substitution and Integration by Parts.

8.2 Example
Find [ ———— 2+ X

Vv X2 +

Teaching Video http://www.NumberWonder.co.uk/v9102/8.mp4

EX0E

L

[ 6 marks ]

T Hyperbolic Functions, Lesson 6


http://www.NumberWonder.co.uk/v9102/8.mp4

8.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

Question 1
Integrate the following with respect xp
1
i sinh(5: ii - -
(i) (5%) () 7@
[ 2, 3 marks ]
Question 2

Marvin is thinking of using integration by parts twice to find the following integral,
f xzcosh(x3 + 4) dx

but Giles points out that it can far more easily be done as a “chain rule backward
Following Giles' advice, carry out the integration.

[ 2 marks ]

Question 3
By setting up a “chain rule backwards” find

(i)  [sinh(5x) cosh®(5x) dx

J- sinh(5x)

(i) cosh® (5x)

[ 4 marks ]



Question 4

Frederic wishes to integrate ttah xfunction and has begun by setting up a
“chain rule backwards”.

(1) Complete Fredric's solution,

sinhx

tanhxdx =
_[anxx cochx

dx

= j sinhx(coshx)_1 dx

[ 2 marks ]
(ii) Justify why no modulus signs are needed in the final result.

[1mark]
Question 5
(1) Use the approach outlined in question 4 to f[nmbthxdx

[ 2 marks ]
(ii) Are modulus signs are needed in the final result ?

[1mark]

Question 6

_ V2
Find the exact value OfJ.o

6
— dX
Vi1+4x2

[ 5 marks ]



Question 7
1+ x
The graph is of the functioh(x) = ———— (in red ) along with the vertical line
grap ®=Tert ( ) along

(in gold) with equatiorx = v/3. Show that the exact value of the area bounded

by this vertical linef (x), and thex-axis is,

In((V3+2)(V2+1))+2-V2

The techniques of example 8.2 will be useful !

[ 8 marks ]



Question 8

In3
By replacing thecosh x function with exponentials, findJ'O e cosh(2x) dx

[ 4 marks ]

Question 9
FM A-Level Examination Question from June 2014, Paper FP3, Q3(b) (Edexcel)

1
Using calculus, find the exact value (ﬁo e snhx dx

[ 4 marks ]



Question 10
FM A-Level Examination Question from June 2013, Paper FP3, Q7 (Edexcel)

The curves shown arg = 6coshx (red) andy = 9 — 2sinhx (gold).

(a) Using the definitions ofinhx and coshx in terms of ", find exact
values for thex-coordinate of the two points where the curves intersect.

[ 6 marks ]



The finite region between the two curves is shown shaded.
(b) Using calculus, find the area of the shaded region, giving your answer

in the formalnb + ¢, wherea, bandc are integers.

[ 6 marks ]
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8.4 Answers
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
8.4.1 Solution to 8.2 Example

VX2 + 1 VX2 + 1 VX2 + 1
1 2 -5
=2|———dx +5 x(x +1) dx
J“/X2+ 1 J‘
= ZI;dx+ 5 x i’|.2x(x2 + 1)_% dx
VX2 + 1 2
1
. 5 2(x%+1)?
= 2arsinhx + — x + C
2 1
= 2arsinhx + 5V x2 + 1 + ¢
[ 6 marks ]
8.4.2 Solution to 8.3 Exercise
Answer 1
(i)  [sinh(5x) dx = 1 [ 5sinh(sx) dx = 2 coshsn) + ¢
5 5
[ 2 marks ]
(i) J'; dx = L f 4sed12(4x) dx = itanh(4x) + C
cosh? (4x) 4 4
[ 3 marks ]

Answer 2

jx%osh(xg + 4) dx = %Iszcom(XS + 4) dx = %sinh(x3 + 4) +C

[ 2 marks ]
Answer 3
(1) fsinh(Sx) coshG(Sx) dx = % szinh(Sx) coshG(Sx) dx
Y {
= 3 cosh’' (5x) + €
[ 2 marks ]
. sinh(5x) _ 1 : -6
(i) -[—coshe(5x) dx = z szmh(Sx) (cosh(5x) ) ~ dx

__ 1 -5
= -2 (cosh(5x)) ~ + ¢

1
—— 4+ ¢
25 cosh® (5x)

[ 2 marks ]



Answer 4
sinhx

d
cosh x X

(i) ftanhxdx =

= J sinhx(coshx)_1

In|coshx| + ¢

In(coshx) + ¢
[ 2 marks ]
(i) The modulus signs were removed from the end result because the
cosh xfunction is always positive, easily seen from its graph or
from its definition in terms of exponentials.

[ 1 mark]
Answer 5
(i) [eothxdx = | conX
sinhx
= fcoshx (sinhx)_1 dx
= In|sinhx| + ¢
[ 2 marks ]
(ii) This time the modulus signs are needed becaussrthefunction
is negative fox < 0
[ 1 mark]

Answer 6

V2 2
x=3| ————d
f V1+ 4x2 fo J 1+ (2%2 "

3 [ arsinh(2x) ]\/07

3[in(2x + Vaxe+1)]V2

3[In(2v2 +3) - In(0++v1)]
3In(2v2 + 3)

[ 5 marks ]



Answer 7
J>\/_ 1+ X

dx = J’ﬁ;dx + J‘ﬁ;dx
V2+1  r2e -1 Yx2+1
Ve 1 1 V3, (2, .y2
_J'_l—mdx+3.[_12x(x +1) ? dx
=[arsinhx+\/x2+1]\f

If not convinced by the preceding line, differentiate it

to check it goes back from whence it came !

[In<x+\/x2+1)+\/x2+1]f

=In(vV3+2)+2-In(-1+v2)-v2
(\/_+2 V2 +1 42T
In(

= In

2 -1 V2 +1
(V3 +2)(V2+1))+2-V2
(It's about 2.784...)

[ 8 marks ]
Answer 8
In3 In3 X — 2X
f e*cosh(2x) dx = f ex(ezi)dx
0 0 2
1 ,In3 In3
:EJ' e3xx+2f e Xdx
1 ,In3 _ 3 In3 X
:EJ' 3e dx——J'0 (-1) e "dx
[1 3x 1 :‘In3
=|—€" - —¢€
6 2 0
e3|n3 e—ln3 1 1
= —_ —_ — + —_—
6 2 6 2
eln27 eln?l 1 1
"6 2 6 2
_ e 1 1.3
6 6 6 6
_ 14
-3

[ 4 marks ]



Answer 9

1 1 X
f e sinhx dx f ezx(ex—e)dx
0 0

2
= % f > dx ; f:exdx
= %J' 3e¥dx — fl e dx

[ 4 marks ]



Answer 10

(1) 6coshx = 9 — 2sinhx
e+ e X e —gX
(25 ool £

2 2

3¢ +3e*=9-€&+¢e*

4 +2e-9=0
Multiply through bye®

2
4(e) —9e*¥+2=0
(4 -1)(ef-2)=0

Either & = % in which casex = In(%)

Or € = 2 in which casex = In2

[ 6 marks ]
B In2 ]
(i) J.| 0259—25|nhx—6005hx dx
no.
: In2
= [9x — 2coshx — 6sinhx], "~

- 9ln2 — eInZ _ e—ln2 _ 3€|n2 n Se—InZ

—9In0.25 4 N025 | IN025 4 .n025 _ 5 -In0.25

:9In2—2—i—6+§+18ln2+i+4+£—12
2 2 4 4

= 27In2 - 14
[ 6 marks ]
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Lesson 9

Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
9.1 Integration of Quadratic Denominators
The adsorption of the hyperbolic functions into the body of knowledge with
which we are familiar has put us in a position to be able to integrate any function
that is the reciprocal of a quadratic, even when that quadratic is square rooted
That is, functions of the forms,

1

ax2 + bx +c’ vax2 + bx + ¢

This has become about because the hyperbolics have allowed us to have th
following “complete list” of standard integrations.

f(x) = g =

f(X) f'(x) In Formula Book ?
i 1
arcsin x e Ix| < 1 Yes
1
arccos x e Ix|] < 1 Yes
1
arctan x T Yes
arsinh x 1 Yes
Vx2+1
1
arcosh x 51 x> 1 Yes
1
artanh x 150 Ix| < 1 Yes

9.2 The Better Version “Completed List”

In fact, the examination formulae book provides an even better list of standard
integrations that may be quoted without proof. Proving these results is
reasonably straight forward, should you be asked to do so, using “integration by
substitution” where the substitution involves a trigonometric function.

f (X) [ f (x) dx (Constant of integration omitted) In Formula Book ?
ﬁ arcsin%) |x| < a Yes

aZ}-XZ L arctan(X) Yes
ﬁ arcosh(X), In{x+vVx2-a2} x> a Yes
ﬁ arsinh(%), In{x + vVx2 + a2 } Yes
ﬁ Lln|%§§| = Lartanh(¥) |x| < a Yes

x2E32 2a In| %55 Yes




9.3 Example #1

1
Find | ————= dx
I V22 + 12
The strategy is to, in the denominator, pull out a 2, then complete the square, ahe
of using one of the standard results from the previous table.

[ 4 marks ]

9.4 Example #2

T 16 18 X

. . 13 100
Find the area indicated by evaluatlnﬁ% 7 1o — 11 dx

[ 6 marks ]



9.5 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

Question 1
: 1 - : . :
Find f dx giving an answer in terms of tlaesinh function.
VX2 — 2x + 10
[ 2 marks ]
Question 2

4
Find the area indicated by evaluating 73 10x = 169 dx
X& + +

Give your answer in term of a natural logarithm.

[ 7 marks ]



Question 3

3 1 - . :
Evaluate -[1 N > dx, giving your answer as a single natural logarithm.
Xé — 2X +

[ 5 marks ]

Question 4
(i) Write4x2—12x—7intheform(ax—b)2—cz, a,b,0eZJr

[ 3 marks ]

(ii) Hence, or otherwise, fin‘fi\/4 > 112x > dx
X —_ —_

[ 4 marks ]



Question 5
(1) Write 16x% — 40x + 9 in the form (ax — b)2 - cz, ab ce Al

[ 3 marks ]

1
25 16Xx2 — 40x + 9

0
(i) Hence, or otherwise, find the exact value_fo(f) dx

[ 5 marks ]



Question 6

FM A-Level Examination Question from June 2011, Paper FP3, Q3 (Edexcel)
Show that,

8 1 . .
(a) J'S 7 1o+ 34 dx = ks, giving the value of the fractiok

[ 5 marks ]
(b) js ! dx = In(A + v/n ) giving the val f th
X = In +4vn Iving the values of the
5 /x2 — 10x + 34 gving
integersA andn

[ 4 marks ]



Question 7
FM A-Level Examination Question from June 2016, Paper FP3, Q4 (Edexcel)

5
(1) Find, without using a calculatoj', 1 dx
3 4/15+ 2x — X2
giving your answer as a multiple of
[ 5 marks ]
X
(i) (a) Showthat5coshx — 4sinhx = %
[ 3 marks ]
(b) Hence, using the substitution= €" or otherwise, find
1
-f 5coshx — 4sinhx dx
[ 4 marks ]
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9.6 Answers
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
9.6.1 Solution to 9.3 Example #1

1
S s N
'[\/2x2+ 12x

dx

1 J- 1
V2 x4 ex
1

! f dx
V2 S (x+ 372 -3

Standard Result

: X
integrates toarcosh(z), X > a

1 X+ 3
= —— arcosh( ) +cC
V2 3
[ 4 marks ]
9.6.2 Solution to 9.4 Example #2
13 100 13 1
dx = 100 dx
J‘5 x2 + 10x — 11 J.5 (X + 5)2 — 62
Standard Result
Lt integrates to L In’ x-a ‘
X2 — a2 g 2a X + a
_ 13
- 100xi[|n (Xx+5) -6 H
12 (X+5)+6 5

25 [ |12 4
L2l
3 24 16

%[InZ_1 — In2_2]

%[—Inz +2In2]

25In2

[ 6 marks ]




9.6.3 Solutions to 9.5 Exercise

Answer 1
1 1

dx =
I\/x2—2x+10 § J‘\/(x—l)2+32

dx

Standard Result

1 X
——  integrates toarsinh(—), Iny X + VX2 + a2
VX2 + &2 ) a { /
= arsinh(—x_ L ) +cC
B 3
[ 2 marks ]
Answer 2
4 52 4 1
[ dx = 52 dx
0 /x2 + 10x + 169 0./ (x+5)2—25+ 169
4
= 52| 1 dx
0./ (x+5)72+ 144

52 ) ! d
IO J (X +5)2 4+ 122 X

Standard Result

1 inh[ X J2 & 32
m mtegratestoarsmh(a), In{x+ X4 + a }

4

52 [In{x+5+(x+572+12}]
0

s2[In{o+ V2 +12} —in{5+V2+122}]

52[In{9 + 15} — In{5 + 13} ]
52'”(%)

£

[ 7 marks ]



Answer 3
3 1 1

3
dx = d
J‘l\/x2—2x+2 X J-1\/(x—1)2+12 §

Standard Result

1 X
. . 2 2
—x2 2 integrates toarsmh(—a), In{ X+ VX + a }

:[In{x—1+\/(X—1)2+12}]j

In{2++5} - In{fo+ 1}

=In(2++V5)
[ 5 marks ]
Answer 4
(i) 4x°-1x-7=4(x*-%)-7
2
(-3 -3)-
2 4
2
_22(x—§) ~9-7
2
= (2x - 3)% - 4
Sga=2 b=3andc = 4
[ 3 marks ]
1 1
ii dx = dx
() I\/4x2—12x—7 I\/(Zx—3)2—42

= 2
2 (2x-3)2 - 42

Note the need to set up a “chain rule backwards” because &f the

dx

Standard Result
X

1 ,
—————— Integrates toarcosh , X > a

1
= — arcosh

(2x—3
2

),x>a

[ 4 marks ]



Answer 5

(i) 16x° - 40x + 9 = 16(x2—§x)+9

2
el (x-S - B s
4 16
2
- 42(x— E) ~ 2549
4
= (4x — 5)° — 42
Sga=4 b=5andc =4
[ 3 marks ]
} 1 0 1
(i) -[—0.25 16x2 — 40x + 9 dx = J’—0.25 N

4

1 .0
—f 5 5 dx
4 7-025 (4X — 5)° — &

Note the need to set up a “chain rule backwards” because 4f the

Standard Result

x—a‘

1 1
——— integrates to In|
2 _ a2 g 2a X + a

X

A3l a2,
4] 8 (4 —5)+ 4 | ] g

i|n| 4x -9 ©
32 1 4x— 11 gy

é[lng —In5]

fx=-H81EX

[ 5 marks ]



Answer 6

8 1 8 1
a dx = dx
(a) -[5 x2 — 10x + 34 fs (x —5)2 — 25+ 34

8 1 g
_J.s (X — 5)2 + 32 X

Standard Result

1. 1 X
———5 integrates to— arctan( —)
+ X a a

a2
[ w252 ]
= | = arctan
3 3 5

= %[arctan(l) — arctan(0) |
1 =

_if=z _ o]
3L 4
T 1

=1z kT

[ 5 marks ]

8 1 8 1
b dx = dx
(b) J‘5\/x2—10x+34 "‘5\/(X—5)2+32

Standard Result

1 X
1 (X 2 1 o2
—— integrates toarsmh( a)’ In{x +v>@+a }

[In{(x—5)+\/(X—5)2+32}]8
5

|n{3+\/m}—ln{o+\/m}
In{3+3v2}-1In3

m(M)
3
In(1+v2) +~A=1n=2
[ 4 marks ]



Answer 7

(i) L

5 1 5

Js Tos o2 0~ Js J15— (3@ — 2x) o
5 1

213 J15- ((x-1)2-1)

dx

5 1 q
_Ig\/42_(x_1)2 X

Standard Result

. [ X
integrates t(arcsm(—), x| < a
aZ — x a

Il
1
£
(9]
D,
=
—_—
x
N
~———
| I
&)

Il
2
Q
N,
S

=

|
2
Q.
S

Sl

[ 5 marks ]

(ii) (a) LHS = 5coshx — 4sinhx

() e

2
_(ex+9e‘x xi
2 ex
e+ 9
T 2¢
= RHS O

[ 3 marks ]



dx

(b) f 1 dx f 2 e

5coshx — 4sinhx eX + 9

el

I—z > dx
(eX)° + 3

Notice that this is already set up as a “chain rule backwards”

because the derivative efis € but by all means use

the suggested substitution if you find this hard to see.

Standard Result

1 ) 1 X
—— integrates te— arctan(—)
ac + X a a

= 3arctan(£)+c
3 3

[ 4 marks ]
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Lesson 10
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions

10.1 By Parts and Substitution
This lesson is a revision of the two topics Integration by Parts and Integration by
Substitution but with an emphasis on situations that involve the hyperbolic
functions and their associated trigonometric identities.
Keep in mind that carrying out an integration using parts (LIDI) or a substitution
can be a lot of work and there is a definite time saving in opting for a “chain rule
backwards” if a question is amenable to that approach. However, an examinatior
qguestion may prescribe that the solution method has to be “by parts” or “by
substitution”, or the parts or substitution methods may genuinely be the easier
method of doing the question.

10.2 Example #1 (By Parts)

Use integration by parts to finﬁlxsinthdx

[ 3 marks ]

10.3 Example #2 (Trigonometric Odd Powers)

In general to integrate a trigonometric function raised to an odd power the
following simple manoeuvre can be very effective.

Trigonometric Odd Powers Integration
For small odd values af, use the cunning moves,

f sinh™ x dx f sinhxsinh™ 1 x dx

fcosr1nxdx = J'coshxcoshn_lxdx

Find jsinh3xdx

[ 3 marks ]



10.4 Example #3 (Substitution)
When carrying out an integration involving a substitutionf(u) remember that

three items need attending to:
¢ Making the substitution into the function being integrated

¢ Replacing thelx with du having first worked ou%

¢ Replacing thex =" limits with “u =" limits
3

6 X
Use the substitutiolx = 3sinhu to find the exact value of —dx
0 \Vx2+9

[ 11 marks ]



10.5 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30

Question 1

The graph is of the functioh(x) = cos’x, 0<Xx<ux

Find the area shaded which is bounded loy) and the positive coordinate axes.

[ 5 marks ]



Question 2

Use integration by parts to finﬁl 252 cosh (5x) dx

[ 5 marks ]

Question 3

Find _[cosh3xdx

[ 3 marks ]



Question 4

X3

18
Use the substitutiorx = 6 coshu to find the exact value of —dx
12 \/x2 — 36

Give your answer in the forra( pv2 — v/ 3 ) wheresis a square number
andp andq are prime numbers.

[ 11 marks ]



Question 5
Using the substitutiorx = secé find,

. 1
R

[ 2 marks ]

[ 4 marks ]
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10.6 Answers
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
10.6.1 Solution to 10.2 Example #1 (By Parts)

J'xsinh3xdx = %J.x3sinh3x

L I D |
1r
= 3 x cosh 3x — flcosthdx}
= %_xcosh3x - %J'Scosthdx}
= %_xcosh3x—%sinh3x]+c
X

cosh 3x sinh 3x

— + C
3 9

Note that if thesinh3x were replaced with exponentials integration

by parts would still be needed on each of two pieces.

[ 3 marks ]

10.6.2 Solution to 10.3 Example #2 (Trigonometric Odd Powers)

J'sinh?’xdx = fsnhxgnhzxdx
= fsnhx(comzx - 1) x dx

= fdnhxcongx — sinhx dx

1
Ecosh?’x — coshx + ¢

[ 3 marks ]



10.6.3 Solution to 10.4 Example #3 (Substitution)

Setting up the substitution...
Differentiating:

X = 3snhu = % = 3coshu
du
Limits:

u

X
arsinh(—)

3
Whenx = 0 thenu = 0,

Whenx = 6 thenu = arsinh2
Making the substitution...
x=6 3 u=arsinh2  275nh3u
IX=OWdX:JU=O V9snhu + 9
arsinh2 27 sinh3u cosh u
B IO VsnrPu + 1
JarSinhZ 27sinh®u cosh u

0 \/ cosh? u

arsinh2
= 27[0

3coshudu

du

du

snh>udu
Using the result from Example #2
1 3 u = arsinh2
= 27[—cosh u — coshu }
3 0
Some clever manipulation of the limits...
From u = arsinh2 we can extract thasinhu = 2
Identity: cosh’u — sint’u = 1
cosh’u = 1 + snh’u
-. whensinhu = 2, coshu = V5
Picking up the main thread...

f:f—\/% dx = 27[ 5Vs s o Ly 1}

:27><%[5\/€—3\E—1+3]

= 9[2v5 + 2]

=18 (V5 + 1)
[ 11 marks ]



10.6.4 Solutions to

Answer 1

10.5 Exercise

The integral for the shaded area will be,

I
2
f 0 cos3x dx

Answer 2

_[ 2552 cosh (5x) dx

Answer 3

J' cosh®

= J? cos x cos? x dx
= J? COS X ( 1- sin2x) dx

T T
2 2 .
= -[o cosxdx — Io cosxsmzxdx

[. 1.3}%
SNX — — 9N X
3 0

= 9n (—) - isin3(£) —sn0 + isin3’0
2 3

2
3

[ 3 marks ]

= 5[ x* (5cosh(5%) ) dx

5[ x> sinh(5x) — [ 2xsinh(5x) dx}

5x% sinh(5x) — zj X (5snh(5x) ) dx

5x2 sinh(5x) — 2[xcosh(5x) — j 1 cosh (5x) dx}

5xzsinh(5x) — 2xcosh(5x) + % f 5cosh (5x) dx

5x25inh(5x) — 2xcosh(5x) + %sinh(5x) + C

[ 5 marks ]

xdx = f coshxcoshzxdx

= J‘ coshx(l + sinhzx) dx

f coshxdx + f coshxsinhzxdx

sinhx + %sinh3x + C

[ 3 marks ]



Answer 4
Setting up the substitution...
Differentiating:

X = 6¢coshu = % = 6snhu
du
Limits:
X
u= arcosh(—)
6

Whenx = 12 thenu = arcosh 2
Whenx = 18 thenu = arcosh 3
Making the substitution...
x=18 3 u=arcosh3 216cosh3 u
IX=12 X2 — 36 - J.U arcosh 2 \/36COS|‘12u - 36
B J»arCOSh3 216cosh3u sinhu du
~HJacos2  /cogPu - 1
B J'afCOSh3 216cosh®usinhu du

arcosh2 Vv snR2u
arcosh 3

6sinhudu

= 216f coshSudu

arcosh
Using the result from Question.2
1 3 arcosh 3
= 216[sinhu + —snh’u }
3 arcosh 2

Some clever manipulation of the limits...

Il
w

From u = arcosh 3 we can extract thatosh u
and fromu = arcosh2 we can extract thatoshu = 2
Identity: cosh’u — sinh’u = 1
snh?u = 1 + snhu - 1
. whencoshu = 3, sinhu = 22 and whencoshu = 2, sinhu = V3

Picking up the main thread...

x=18 3 s/
| X X 216[2\/ + 16 _y3 o 3Vs }
x=12 1/ x2 — 36 3

72[6V2 + 16\/7—3\/§—3\/§]
72[22v2 - 633 ]
144 (11V2 - 3V3)

[ 11 marks ]



Calculator check...
As a decimal44 (11v2 - 3V3 ) = 1491868334..

Getting the calculator to do the integral directly...
53-5911{!

s -
Beser

i

1491 . 868373

Answer 5

(1) X = secld = —— = sechtand

de

1 secOdtand
I dx:jsecex/secze—l
:J- tané

——d
V tark 0 o

jlde

=60 +cC
= arcsecx + ¢, wherec is a constant
[ 2 marks ]

N d
(i) X = sechd = d_; = sechdtand

J‘ x2 -1 :J‘\/SeCZO—l
seco

x dx X secf tang do

= f\/ tar? 0 tano do

= f tan” 6 do

jsecze—lde

= tanfd — 0 + C

vV X2 — 1 — arcsecx + ¢, wherec is a constant

[ 4 marks ]
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Lesson 11
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
11.1 Revision
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Provided : Examination Mathematical Formulae Book

Question 1

Find j sin®x dx

[ 3 marks ]

Question 2
Given thaty = artanh(cosx) find a simplified expression f(}%

[ 3 marks ]



Question 3
Use the substitutiolx = 5sinhuto show that, for some constant

j\/ X2 + 25dx = %X\/ X2 + 25 + %arsinh(%) +C

[ 5 marks ]



Question 4
FM Examination Question from June 2021, Paper 1, Q4 (AQA)
Show that the solutions to the equation,

3tanifx — 2sechx = 2
can be expressed in the form,

x = +In(a+vb)

wherea andb are integers to be found.

You may use without proof the reswtcoshy = In{ y+ Y- 1 }

[ 5 marks ]



Question 5
Given thaty = arcoshx, show that forx > 1,

2_ )9y g 0y dy
(x 1) dx3+3xdx2+ x =0

[ 7 marks ]



Question 6

(1) Use the substitutiox = cosh® uto show that, forx > 1,

jwleldx:mﬁ + arcosh(vVx ) + ¢

for some unknown constart,

[ 6 marks ]

4
(i) Hence, or otherwise, determine the exact valuq‘zof\/ < X 1 dx
You may use without proof the resutcoshy = In{ y+y -1 }

[ 4 marks ]



Question 7

3 1
Show that fl \/3 > dx =
X

1
——1n
—6X+ 7 V3

[ 7 marks ]
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11.2 Answers
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions

Answer 1
f§n5xdx = fﬁnx§n4xdx
. .2 2
= fsmx(sm x) dx

= fsinx(l - coszx)2 dx

= fsinx(l — 2cos’X + cos4x) dx

fsinx + 2(—sinx)coszx — (—=snx) cos*x dx

2 cos3 x cos® X
—COSX + - +C

3 5

[ 3 marks ]

Answer 2
y = artanh(cosx)

Standard Result

. ) 1
artanhx differentiates to 1

dy 1 .
dx 1 - cos?x X (=8inx)

1 .
= — X (—sinx
sin? x ( )

1
sin X

—CSCX

[ 3 marks ]



Answer 3

Preparationx = 5snhu < % = sinhu

Use the identity

cosh2 u-— sinh2 u

cosh2 u

coshu

X =

f\/ X2 + 25dx

coshze + sinh20
ADD coshze - sinh20

=1

=1- sinhzu

2
X " . .
1+ ( E ) Positive axosh u is never negative

5sinhu = % = 5coshu
du

= f\/ZSSinhzu + 25 x 5coshu du

_[5 siniPu + 1 x 5coshudu

= 25 cosh? u coshudu
I

= 25 J' coshzudu

= cosh 20
=1

2 cosh2 0

f\/ X2 + 25dx

= cosh29 + 1

2
—5 _[coshZu + 1du
2

2
= —5 f200§12u + 2du

4
:%(sinh2u+2u)+c
2
= 75 (2sinhucoshu + 2u) + ¢
:E( X l 1+2arsmh )+c
4 5
25(2 X2 + 25 ()
= —| — ——— + 2arsinh +C
4 5 25 5
1
2

X\ X2 + 25 +—arsmh(x) +cC
5

[ 5 marks ]



Answer 4
First to establish a useful identity,

cosh?0 — sinh? o = 1
Divide through b)cosh2 0

cosh? 6 B snh? o 1
cosh? cosh? 6 cosh?
1 - tantf 6 = sech’ 6

tanif o = 1 — sech? 9

3tantfx — 2sechx = 2
3(1 - sech®x) — 2sechx = 2
3 - 3sedh®x — 2sechX = 2
3sedh’x + 2sechx — 1 = 0
(3sechx — 1)(sechx+1) =0

Either sechx = % or sedhx = -1

t _ 1 or 1 -1

cosh x 3 cosh x

coshx = 3or coshx = -1
Thinking of the graph oly = coshx it is always positive and so
the equationcoshx = —1 has no solutions whereasshx = 3

will have two solutions given by = +arcosh 3
x=+In(3+vV3x2-1)
= +In(3++8)

Thatis,a = 3andb = 8
[ 5 marks ]



Answer 5
y = arcoshx

Standard Result

) ) 1
arcosh x differentiates to——= x > 1
X2 — 1

dx
3 1
- 1
(x2—1)2
2 _3
% :——(x2—1) % 2x
_3
:—x(xz—l) °
_ X
(x2-1)2

Nojwo

3—3 = (- x (‘%)(xz S s cn(@-1)

LHS:(x WJFBXW O
B 3x2(x2—1) 1 ><(X2—1) 3x2 1
oe-nf T te-nf U oe- ) ot
~ 3x2 1 3x2 1
Te-n? Ge-1f (- (R-uf
=0
= RHS 0

[ 7 marks ]



Answer 6

(i) x = cosPu = X = 2coshusinhu

du
[ x cosh? u .
J. X—ldx:J. mXZCOShUthU du
2
- '[,/ C_OSh Y« 2coshusinhu du
snh?u

coshu
- -[ sinhu

x 2coshusinhu du

= J.Zcoshzudu

coshze + sinh20 = cosh 20

ADD cosh?6 — sinh?6 = 1

2cosh26 = cosh26 + 1

'f X dx=jcoshZu+ldu
= %J'ZCoshZUdu+ j ldu

1 .
:Esmh2u+u+c

= sinhucoshu + U + C

v cosh?u — 1 coshu + U + €
= vVx - 1+x + arcosh(vVx) + ¢

[ 6 marks ]

(i) j:,/ X’_‘l dx = [VX - L VX + arcosh(vx) ]

= [Vx=1Vx +In{Vx +Vx=-1}]
Va-1vV4 +In{2+vV4-1}
—V2-1v2 -In{v2 +v2-1}

2v3 +In{2+v3}-v2 -In{v2 +1}

NI ETS I STy

2V3 - vZ + In{(2+v3)(VZ - 1)}

[ 4 marks ]

4
2




Answer 7
3 1

J; V3x2 — 6x + 7 =, J3(@_2x)+ 7 ax
_fl J3((x—12-1)+7 X
1
_J.l J3(x—12-3+7 i
1
= dx
l J(VZR(x -1+ 4
1 I3 V3 dx

L (VEx- V3 )P+ 22

Standard Result

1 i inh(X Jx2 + a2
N mtegratestoarsmh(a), In{x+ X4 + a }

:%[In{(ﬁx—\/@)+\/(\/§x—\/§)2+22}}j
%[m{zrwm}_m{ NI
1

- ﬁ[In{2\/§+4}—ln{2}]
1

:W[In{2+\/§}]

[ 7 marks ]
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Lesson 12
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions
12.1 Test
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Provided : Examination Mathematical Formulae Book

Question 1

Find '[ cossxdx

[ 3 marks ]

Question 2

Given thaty = artanh(sinx) find a simplified expression fo%

[ 3 marks ]



Question 3
Use the substitutiorx = 2 cosh u to show that, for some constant

f\/ X2 — 4dx = %X\/ X2 — 4 — 2arcosh(%) +cC

[ 5 marks ]



Question 4
Show that the solutions to the equation,

2tantfx — sechx = 1
can be expressed in the form,

x =+In(a++vb)

wherea andb are integers to be found.

You may use without proof the reswtcoshy = In{ y+4y2 -1 }

[ 5 marks ]



Question 5
Given thaty = arsinhx, show that

2
(x2+1)3—)3()3/+3x%+1:0

[ 7 marks ]



Question 6

(1) Use the substitutiox = sinh? uto show that, forx > 0O,

J,/Xi(ldx:ﬁ\/x+l — arsinh(v/x ) + ¢

for some unknown constart,

[ 6 marks ]

. . . 1 X
(i) Hence, or otherwise, determine the exact valuq‘gf\/ T+ 1 dx

[ 4 marks ]



Question 7
FM A-Level Examination Question from June 2015, Paper FP3, Q4 (Edexcel)
1

Vx2 + 2x — 3

The curveC has equatiory = x> 1

(a) Find [ydx

[ 3 marks ]

The regiomR is bounded by the cun@ thex-axis and the lines with equations

x =2 andx = 3. The regiorR is rotated throughs2radians about theaxis.

(b) Find the volume of the solid generated. Give your answer in the form
prz In g, wherep andq are rational numbers to be found.

[ 4 marks ]
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12.2 Answers
Further A-Level Pure Mathematics, Core 2
Hyperbolic Functions

Answer 1

j cos5 xdx = f COS X cos4 x dx

= fcosx (coszx)2 dx

2
= fcosx(l — sinzx) dx

2

= fcosx(l - 2sSn°X + sin4x) dx

2x + cosxsin4x dx

fcosx — 2c0sxXsn

) 2snx sSn°x
sinx + + +C
3 5

[ 3 marks ]

Answer 2
y = artanh(sinx)

Standard Result

. ) 1
artanhx differentiates to 1 5

% = ERT iinzx X (COSX)
1
= p—E X (COSX)
3 1
~ cosX
= Secx

[ 3 marks ]



Answer 3

X = 2coshu = ﬁ = 2s9nhu
du

jmdx =

cosh2 0 +

SUBTRACT cosh?6 —

J\/4cosh% — 4 x 2sinhu du
jzm x 2snhudu
4 f V'snr?u sinhudu

4 f sinh? udu

sinh29 = cosh 20
snh’o = 1

2sinh? 6 =

jmdx =

cosh26 — 1

2fcoshZu — 1du

jzcoshzu — 2du

ssnh2u — 2u + ¢

2sinhucoshu — 2u + ¢

B (2] 2aon(z)

[ 5 marks ]



Answer 4
First to establish a useful identity,

cosh?0 — sink? o = 1
Divide through b)cosh2 0

cosh?®  sintPo 1
cosh? cosh? 6 cosh? 6
1 - tantf o = sech’ 6
tanif o = 1 — sech? 0

2tanhzx— sech X
2(1 — semzx) - sedhx
2 — 23ed12x— sech x

23ed12x + sechx — 1
(2sechx — 1)(sechx + 1)

Il
O O kB B B

Either sechx = L or sechx = -1

2
L = S or L =-1
cosh x 2 cosh X
coshx = 2 or coshx = -1

Thinking of the graph oly = coshx, it is always positive and so
the equationcoshx = — 1 has no solutions whereasshx = 2

will have two solutions given by = +arcosh 2
x=+in(2+vV22-1)
=+In(2+V3)

Thatis,a = 2 andb = 3
[ 5 marks ]



Answer 5
y = arsinhx

Standard Result

arsinhx differentiates to;
VX2 + 1

— =({x"+1
dx
3 1
- 1
(x2+1)2
2 3
1 D
% :_E<XZ+1) ® 2x
> 3
:—x(x +1)
X
-~ 3
(x2+1)2

Nl

Y (9 (‘%)(xz S )

dx3
3 3x2 B 1
S e+1)2 @+ 1)?
2
LHS:(x2+1)3—Z+3x%+%
_ 3x2(x2+1)_1x(x2+1))+(_ 3x2 )+ 1
(x2 +1)2 (x2+1)2 (x2+1)% (x2+1)%
_ 3x2 - 1 3% . 1
(x2+1)% (%2 +1)2 (x2+1)2 (x2+1)2
=0
= RHS O

[ 7 marks ]



Answer 6

(i) x=sntu = % - 2sinhucoshu
f X dx=f ﬂxzsnhucoshu du
V x+1 \ sinlu + 1
sink? u
= —_— 2sinhucoshu du
-[V o2y

sinhu
- -[ coshu

x 2coshusinhu du

= J'ZSinhzudu

coshze + sinh2¢9 cosh 20

SUBTRACT cosh?6 — sinh?0 = 1

2sinh?6 = cosh26 — 1

X dx = | cosh2u — 1du
J J

%fZCOShZudU — f 1du

1 .
Esmh2u—u+c

sinhucoshu — u + ¢

sinhu VsnPPu+1 —u+c
VX yx+1 —arsinh(vVx) + ¢

[ 6 marks ]

(ii) jol\/ Xi‘l dx = [VX VX + 1 —arsinh(\/Y)](l)

= [VxVx+1vVx —In{Vx +Vx+1}]

=VIVI+I -In{VI +V1+1}
~VOVO+1 +In{vO+VO+1]}

=v2 -In{1+v2}-0+In{1}

=vV2 —-In{1+v2)}

[ 4 marks ]



Answer 7

. 1
(1) jydx:j\/xz+2X_3dx

1
:'[\/(x2+2x)—3dx
1
:f\/((x+1)2—1)—3OIX

:j ! dx
J(x+ 17222

Standard Result

. X
integrates toarcosh(—), X > a
X2 — & a

X+ 1
2

In{x+ 1+ (x+12-22}

In{x+1+\/x2+2x—3},x>2

arcosh( ) X > 2 < Full marks from here on

[ 3 marks ]



4 J.jy2 dx

<
I

3 1
= —dx
nfz X2 + 2x — 3

dx

N L
2 (Xx+1)%2-22

Standard Result

Lt integrates to L In’ x-a ‘
X2 — a? g 2a X+ a
_£n|x+1—23
4 x+1+22
i ’X—l 3
= —1In
4 X+ 31,
T 2 1
= Lol 5] -ml5 ]
4 6 5
T |l><5
= —In
4 3x1
(3
4 3
1 5
“p=—andq= —
P ) q 3

[ 4 marks ]
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