Year FM
Further Pure Mathematics Examination Revision
Health Check N° 10

Answer 1
3 -1 0 4
r = |2| + A|-2]| is perpendicular tor; = | 3| + usz| 3 | and this is proven
0 5 2 2
by showing that the scalar product of the two line directions is zero.
-1 4
Sotheclaimisthaf,—2|e | 3] =0
5 2
-1 4
LHS = [-2| (3
5 2
= ()@ + (=203 +(6(2
=-4-6+10
=0
= RHS ]

[ 3marks]



Answer 2

(i)

Fromz = r,(cos6, + isiné;) we get thal z |

roandarg(z) = 6,

Fromz = r,(cosf, + isind,) we getthal z| = r,andarg(z) = 6,

4

V)

Now

r.(cosé; +isné,) y r,(cosé, — isng,)
r,(cosé, + isng,) r,(cosé, — isné,)

i y Ccosf,cosf, — 1 CcOsSO;SINO, + 1S5NH1CO0SHO, — 1 SINB1SINO,

rar co2 6, — i COSO,SiNB, + i COSO,SNO, — i2SiN2 6,
o y cosf;cosf, + Sn6,SNH, + 1 (SN, cosH, — cosH;SN0O,)
ry cos? 0, + sin2 6,
o o cos(6, — 6,) +19n(60, — 6,)
I 1
r

= x (cos(6; — 0,) +isin(6, — 6,))

referring back to the first two lines of our proof we can write

A= and arg(i) =60, - 6,
Z ) Z
z
- 2r and - arg(z) - arg(z)
2

This answer tidies up the ragged ending to the similar proof in Core Book 1, page

(i)

[ 5marks]
(a) arg(z) = ag(1-+v3i)
- a5
__
3
(b) ag(z) =ag(V3 +i)
- wen{ )
_
6
(c) arg(;—z) = arg(z) - arg(z)
__r _ =
-3 6
__ T
2

[ 1,1, 1marks]



Answer 3

(i)

(i)

(iii )

LHS = tanhx
sinh x
‘coshx
sinhx + cosh x

_e"—e‘x>< 2
B 2 e + g X
st @
&+ eX eX
&1
eyl
= RHS O
AS X — oo, € -1 - e ande® + 1 —
e -1 e
and sotanhx = ——— —» —— =1
e+ 1 e2x

ASX = —oo, -1 > -1 ande® +1 — 1

-1 -1
e + 1 1

and sotanhx =

[ 3marks]
er

[ 2 marks]

[ 2marks]

(v)

From 3sinhx = pcoshx we get that,tanh x

From the graph,— 1 < tanhx < 1

—1<£<1
3

-3<p<3

[ 2marks]

[ 2marks]



Answer 4

Let x = r cosé
= (1 + sn@) coso
= C0S6H + sSinf cosé
1 .
= ?sn(ze) + cos6
dx .
—— = co0s(20) — sn6
5 (26)
: dx
For a vertical tangen{@ =0
cos(20) — sno = 0
cos’§ — s —sind = 0
1-2sin0 —sng = 0
250’0 +snf — 1 = 0
(2sno —1)(snd +1) =0
Either sn® = —1in which cas® = —% (in the specified interval)

Or sno = %in which case® = % (which is30°)

When 6 = l, r=1+ sin(i) givingr = 3
6 6 2
Thus there could indeed be a vertical tangent to the curve that touches it at

the point with polar coordinate(s%, %) O

[ 6 marks]



Answer 5

(i) y = arccosx = X = COSYy
X = —s8n
dy y

Now use the trigonometry identitgoszy + sinzy = 1 to get..

—:); +,/1 - cos?y

dy 1

o A SR 1
dx Vi-x2 s

(Need to remove: 1 to avoid a division by zero)

From the graph of = arccosx it can be seen that the gradient is always negative

l1<x<l1 O

The graph ofy = arccos x
It is the inverse of a one-to-one piece ottisex function

[ 4 marks]
(i) (a) The functiong(x) = arccosx is only defined on domain

— 1 < x < 1so the related functiofi(x) = arccos(€")
requires tha€* be constraineduch that - 1 < € < 1.

As €'is always positive (and an increasing function) there is
no issue at the left end of this interval. To premixceeding

the maximum value of +1 requires the constraing O.
[ 2marks]



(b)

f(x) = arccos(e)  x <0

1 e by the chain rulex < 0
J1-(e?

At a stationary point” (x) = 0.

f'(x) = -

However, we havex < 0or, more usefully0 < € < 1
from which it is cleaf’ (x) cannot equal zero.

.. There can be no stationary points. O
[ 2marks]



Answer 6

= +
[ (x+2)(x2+4)] (x +2) (x2 + 4)
Multiply through by the red bracket...

(i) 4%% + 3x + 14 A Bx + C

4x2+3x+14:A(x2+4)+(Bx+C)(x+2)
Let x = —2inwhich case,24 = 8A = A =3
Let x = 0 inwhichcase,14 = 12+ 2C = C =1
Let x = 1 inwhichcase,21 = 15+ (B+ 1)(3)
6=3(B+1)=>B=1
Conclusion:

4%%2 + 3x + 14 3 X+ 1

(x+2)(x2+4) (x+2) " (x2 + 4)

[ 3marks]

(i)

1 4%% + 3x + 14
f dx
o (

X+ 2)(x2 + 4)

1 1 1 1 2X 1 1
-3 X+ = [ —=——d S S
-[o X+ 2 X+2-[o (x2 + 4) X+-[o 2+ 22)

_ 1012 1 (1”1
_[Sln|x+2|+ 2In|x + 4] + > arctan| > i

1 1 1 1
= 3] | — (—)— In2 — —In4
3n3+2n5+zarctan2 3In 2n

1 1
In27 + Inv/5 — In8 = In2 + ?arctan(—)

2
= In( 27V5 )+ iarctan(i)
B 16 2 2

[ 5marks]



Answer 7

(i)

(i)

(iii )

Z1—22| =

|(4+2i)-(-3+1i)]
|4+ 2+ 3-i]

|7 + i

V50

5V2

[ 2marks]
4
Z
4 + 2i -3 -
— X -
-3+ -3 -1
. . .2
-12 -4 - 6 - 2i
9 i°
-10 - 10i
10
-1 -
[ 2marks]
arg(-1-1i)
arctan(i)
-1
arctan(l)
4 4 .
-n + — or — (Reject
™+ 4( ject)
_ 37
4
[ 2marks]

This document is a part ofMathematics Community Outreach Project initiated by Shrewsbury School

It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was voledi€pendent School of the Year 2020”

© 2023 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



