Year FM
Further Pure Mathematics Examination Revision
Health Check N° 9

Answer 1
y = 6arcsin(2x)
dy 12
dx J1 - (20?2
When x = —, ﬂ — 1—2
4" dx 1 - (1)2
2
_12x 2 o V3
IRVE) V3
= 83
Thatis, m= 8 andn = 3
[ 4 marks]
Answer 2
METHOD 1

Use the fact thaRsin(6 + a) = Rsinf cosa + Rcosf sina

sSn@ + a) = SN x 2 + cosh x 1

Rsina
tana =
Rcosa
1
=< R=1+v224+12

The maximum value afis thusy'5 a

which occurs wheno + arctan(%) = %
7 1
S0 = — — arctan(—)
2 2
Requested polar coordinates are.236a, 1.107)
[ 7 marks]



METHOD 2
At a place on the curve where the distance from the origin stops increasii

ahead of starting to decreasge;— =0

r =a(cosf + 2sno)
dr
do

a(-sinéd + 2cosf) = 0

=0

—sné + 2cosh® = 0 (Astoldais a positive constant)
sSnf = 2cosO *
sné

=2
cos 6
tand = 2 = 6 = 1107
Insert* into cos® 0 + sin’0 = 1to get...
cos” 6 + (20056)2 =1

00320 + 4c0529 =1

500520 =1
1
cosf = —
V5
= g and so, from *,sin@ = @

r = a(cosé + 2sin6)

V5 25
=al —+2x —

5 5
=+v5a

Requested polar coordinates are2.236a, 1.107)
[ 7marks]



(b) r = a(cos6 + 2sno)

multiply through byr

r2

a(rcosf)+ 2a(rsné)

x2+y2:ax+2ay
xz—ax+y2—2ay:0
2 2
a a 2 _ .2
—_ — - _ _ :O
(X 2) 4 Ty-ay-a
2 2
a 2 ba
(x- 2] v y-ap =22
which is recognizable as a circle with rad'ru\/s?1

[ 6 marks]

(c) The question is set up so that you realise the part (b) radius is half of
the part (a) answer, which must have been the diameter of the circle.
So the direction to the circle's centre is the same as that found in (a).

Thus the polar coordinates of the circle's centrg are

V5 a
2

, 1107
[ 1mark ]



Answer 3
b

(1) An integral j f (x) dx is described as being improper if either one
a

or both of the limits are infinite or if (x) is undefined at some point

inthe intervala < x < b

[ 1mark ]
(ii) Due to a division by zerd,(x) is not defined wher = 0
The integral has an upper limit ef
[ 1mark ]
(1) Using the hint given...
y = arctany/x
_1
&1 1
dx 1+ (Vx) 2
B 1
- 2vx (1 + x)
limit
il 1 v 1
dx =2 oo d
Js (x+1)vx X el 2 vx
limit v
= 2V - = [arctany/x |
u— ot u

limit limit
=2 [arctanvv] - 2. 0Jr[arctan\/_u]

JU
2x ——-—2x%x0
2

7 (Convergent)

[ 5marks]



Answer 4
2x3+px2+qx—3:0
3, P2, 9 3

X+EX +EX_E:O
(i) B=1-ivV2
(i)  “Product of the roots”
3
aﬁ)’—?
(1+iV2)(1-ivZ)y =2
3
1+2)y = —
(1+2)y =3
_ 1
Y7

(iii ) (x—l—iﬁ)(x—1+i\/7)(x—%):0

((x—1)2+2)(x—%)=0

multiply both sides by 2
(®-2x+3)(2x-1)=0
2x — 4% +Bx - X +2x-3=0
2x3 - 5% + 8x -3 =0

Thus,p = -5andq = 8

[ 1mark ]

[ 2marks]

[ 2marks]



(iv)

a=1+iVZ = |a| = V3
1 V2
=V3|— + —1
=3 F e
1 1 V2
= 32(cosfh +isnfd) wherecosd = —andsinfd = —
( : V3 V3
~a" = 3%(cosh +isnB)"  Notecos?6 + sin?6 = 1 as it should
= 3%(cosn0 + isinnd) by De Moivre's Theorem
Similarly,
B=1-iVv2 = |p| =V3
1 2 .
B =vV3|[— - vz
V3 W3
1 . 1 . V2
= 32(cosf — isnd) wherecosf = — andsingd = —
( : V3 V3
B = 3%(cose —ising)" Notecos? @ + sin®# = 1 as it should
= 3%(cosn0 —isnnd) by De Moivre's Theorem
LHS = " + 8" + )"
n o n . 1\"
= 32(cosnfd +isnnd) + 32(cosnf —isnnb) + (7)
n n . n n o, 1
= 32 cosnfd + 329nnfd + 32 cosnd — 32snnd + o
2 1
=2x3 xcosn¢9+?
= RHS O
Note thatan o = Sno
cos6
V2 o1
V3 W3
= V2 X —ﬁ KOF
V3 1
= /2 asrequired

[ 4 marks]



Answer 5
Let aroot of (=77 — 36i) bea + bi with a, b € R, in which case,

(a+bi)’=—77- 36

2
a® + 2abi + b%i° = 77 - 3@

a2 -b?=-77 and 2ab = —36
ho 18
a
2
az—(—ﬁ) = 77
a
2—224 =77
a

multiply through b>a2
at + 77a% - 324
(a2 - 4)(a® +81) =

Either a2 =4 or a2 = -81

| Il
o O

a==*2 asae R
~b=7%F9

Thusy-77- 36 = +(2 - 9)

[ 6 marks]
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