Year FM Further Pure Mathematics Examination Revision : Health Check N° 1

Health

Why did the mattress go to the doctor ?
It had spring fever

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 25
Question 1

(1) A famous trigonometric identity is thasin 3x = 3snx — 4sn°x
By use of Osborn's Rule, or otherwise, write down the similar identity
for the hyperbolic functiorsinh 3x

[ 1mark ]

(i) Using the definition o&inh x in terms of exponentials prove that your
part (i) identity is correct.

[ 3marks]



Question 2

a+p+y

(i) MMhmemdMHmdmmwn@¢NMHwbmwm&m+ﬁ+yf

[ 1mark ]
The roots of the equationx3 ~12x° - x+3=0 area, g andy
Without solving the equation, write down the values of,
(i) a+p+y

[1mark]
(i) af+ By + ya

[ 1mark ]
(iv) apy

[1mark]

(V) o+

[ 3marks]



Question 3
Javier is revising Volumes of Revolution, and reads in his notes that;

Parametric Volumes of Revolution

The volume of revolution formed when the parametric curve with equations
x =f(0) andy = g(0)

is rotated throughs2radians about theaxis betweenx =a andx =b s,

V = JIJ.X_—a yZdX = nfzz

The same curve rotat@a radians about thgaxis betweely =a andy =b is,

y=b 0=p
V = nj _ xzdy = nfequz%de

The curveC, graphed below, has the parametric equations,

x:sin40\/cos¢9, y = c0sé, 0<0<%

.

b0

The finite regiorR bounded by the curve and thaxis is rotated throughz2radians
about they-axis. Find the volume of the solid of revolution formed.

[ 4 marks]



Question 4

n n
(a)  Use the standard results fod’ r and | r2 to show that,

r=1 r=1
Z(r —r-1)==n(n-2)(n+2)
r=1 3
for all positive integers
[ 4 marks]
40
(b)  Hence calculate (r2-r-1)

r=10

[ 3marks]



Question 5

Further AS-Level Examination Question from June 2018, Paper 1, Q16 (AQA)
Two matricesA andB satisfy the equatioiAB =1 + 2A wherel is the identity
3 -2 )

matrix andB = 4 8

Find A

[ 3marks]
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Answer 1
(i) sinh3x = 4snh°x + 3sinhx

[ 1mark ]
(ii) RHS = 4snh®x + 3sinhx
o x\3 _ & X
:4(ex_e) +3(ex_e)
2 2
3
:i(ex—e_x) +§(ex—e_x)
2 2
1 3X 2X —X — 2X — 3X 3 X — X
:E(e - 3e™e X+ 3efe ¥ -¢ )+?(e—e )
1 _ _ _
=E(eSX—SeX+3eX—e3X+3ex—3ex)
~ e3x_e—3x
- 2
= sinh 3x
= LHS O

[ 3marks]

Answer 2
4x3—12x2—x+3= 0
Divide through by 4

x3—3x2—ix+§:0
4 4

(i) (a+B+y)°=d>+p+y*+2(ap+py+ya)
(i) a+pf+y=3

(i) aﬁ+ﬁy+ya:—%

(V) apy =~

(V) 2+B 2 =(a+B+y)F—2(aB+py+ya)
_ 2 1y _ 19
= (3 —2x(—4)_ > or 9.5

[1,1,1,1 3marks]



Answer 3

x:sin40\/cos(9, y = C0s#6, 0<0<%
=% 5 dy
V = ﬂJ‘e):o X Ed@
Q==
:nf _Zsinsecose(—sine)de
0=% . 9
= (D [, cosé (sin6) do
) [f]"  “Chain Rule Backwartis
(sing)L0 F
= (—1)3{—
10 0
1
- cva] 5 -]
-n 10
JT .
=10 as volume cannot be negative
[ 4 marks]
Answer 4
n n n n
(a) Z(rz—r—l):Erz—Zr—z:l
r=1 r=1 r=1 r=1
1 1
=—n(n+1)(2n+1)— —n(n+1)—-n
6 2
1
:En{(n+1)(2n+1)—3(n+1)—6}
1 2
:En{Zn +3n+1—3n—3—6}
1 2
= —ny2n" -8
Snf2n - 8)
= %n{n2—4} “Difference of two squarés
1
:En(n—Z)(n+2) O
[ 4 marks]
40 40 9
D (rP-r-1)=Y(r2-r-1)- 3 (r?-r-1)
r=10 r=1 r=1
1 1
= —XxXx40x38x42- —x9x7x11
3 3
= 21049

[ 3marks]



Answer 5

AB = | + 2A
AB — 2A = |
A(B-21) =1
A=(B-21)
-1
=([378)-(5 2))
-1
<42

- T cac | 4 1)
C1x6-(=4)(-2 4 1

aGati
=)\ 41

- (23 o8]

[ 3marks]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 2

Health

Fortify Your Maths

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30

Question 1
3 k 0

The matrixA =| -2 1 2 |, wherekis a constant
5 0 k+3

(1) Find det A interms ok

[ 2marks]

Given thatA is singular,
(i) find the possible values &f

[ 2marks]



Question 2
f(2 = z3+322+kz+48, k e R

Given thatf (41)) = 0
(a) find the value ok

[ 2marks]
(b) find and list all the roots of the equation
[ 3marks]
Question 3
2 isn2 . .
Show that COSoX + 15N X can be expressed in the foomsnx + i Sinnx,

COS9X — i SN 9x
wheren is an integer to be found

[ 4 marks]



Question 4

n
: 1 2
Giventhat ¥ r?(r - 1) = — 1
iven arglr(r ) 12n(n+ )(pr® +qgn +r)
(a) find the values op, g andr

[ 4 marks]
100
(b)  Hence evaluate ) r2(r - 1)
r=50
[ 2 marks]

Question 5
The diagram shows parts of the curves with equations,

y =12 — G (inred) and y=8- 0.2 (in gold)




A jeweller models a gold ring as the volume of revolution formed when the area

bounded by these two curves is rotated throughi 8606ut thex-axis

(1) Given that the dimensions on the diagram are in millimetres, state the
maximum outer diameter of the ring

[ 1 mark ]
The density of gold is 19.3 g cin
(i) Find the mass of the ring according to this model, giving your answer
in grams to 1 decimal place.

[ 9marks]

(i)  Give one reason why the actual mass of the ring is likely to be different
from your answer to part (ii).

[ 1mark ]
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Answer 1

(i)

A =

3 k 0
-2 1 2
5 0 3

k +
1 2‘_ ‘—2 2
0 k+3 5 k+3
3(k+3) —k(-2k-6-10+ 0
3k+9+2k2+16k

det A = 3‘

= 2KkX + 1% + 9
[ 2marks]
(i) If A is singular then its determinant will equal zero.
2k + 1%k + 9 =0
(2k+1)(k+9)=0
Either k = —% ork =-9
[ 2 marks]
Answer 2
(a) Asf(2 =2+ 37 +kz+ 48 andf (4i) = 0Oit follows that,
43 + 342 + k(d) + 48 = 0
- 64 —-48+ 4k + 48 =0
0+ 4i(k—-16) = 0+ Oi
~ k=16
[ 2marks]

(b) As the coefficients of the polynomial are all real, the two complex roots
occur as a conjugate pair.

.z = 4i isaroot, along witlz = —4i
The product of the two known factarz — 4i ) with (z + 4i) is 7+ 16

and it's now obvious that the third factor(g + 3)

Thus the three roots are, 4idi,— 3
[ 3marks]



Answer 3
Method 1: Core 1 Method

COS2X + i Sin2x
COS9X — i Sin9x

COS2X + i Sin2x y CoS9X + 1 Sn9x
CosS9X — i Sin 9x CoS9X + 1 Sn9x

COS2X COSIX — SIN2XSN9X + i (SiN2X cos9X + oS 2x Sin 9X)
cos?2 9x + Sin? 9x

COS(2X + 9X) + i (9Nn(2x + 9X))
cos1lx + isin11x

Method 2 : Core2 Method

coS2X + i sin2x g , .
— = — using Euler's Relation
COS9X — i SN 9x g 19X
_ (1

= cosllx + isnlix

[ 4 marks]
Answer 4
n n
(@ X Ar-1=3"-3
r=1 r=1 r=1
:%nz(n+1)2——n(n+l)(2n+1)
:%n(n+1)(3n(n+l)—2(2n+1))
- L n(n+1)(3n%+ 30— 4n-2)
12
_ 1 2 _n-
= 12n(n+1)(3n n-2)
~p=39g=-landr = -2
[ 4 marks]
(b)
100 100

49
D rP(r—1) zrz(r—l)—Zrz(r—l)

r=50 r=1 r=1

1 x 100 x 101 x 29898 — = x 49 x 50 x 7152
12 12

25164150- 1460200
23703950

[ 2marks]



Answer 5
(1) 24 mm

[ 1mark ]
(i) Get the points of intersection of the two curves,

12 - X% = 8 - 02X
4 = 08X
X = +v/5  (About 2.236mm)

2.236

2 2
Volume 2><7[J.0 (12—x2) —(8—0.2x2) dx

2.236
2 jo 144 — 2452 + X* — 64 + 322 — 0.04x* dx

2.236
27 jo 80 — 208X + 0.96x*dx

2.236
277 80x — 6.93x% + 0.192x°]

0

271789 - 775 + 10.7]
= 7043 mm?

mass = density x volume

= 193 x (%)
1000
= 136¢g
[ 9 marks]
(iii)  Air bubble within the metal
Not “pure” gold
An engraving may have removed some gold
[ 1mark ]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 3

Health

The Doctor will see you now

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 30
Question 1
143
By considering‘ Z+ 7) wherez = cosé + isin#, show that,

cos’ 6 = %(cos% + 3cos0)

[ 4 marks]



Question 2

(i)

(i)

Use the substitutiolx = atan @ to show that

1 1 X
fﬁdx = —arctan(—)+ c
a‘ + X a a

(This “guotable without proof” result is given in the examination
formula booklet, but, as here, you may be asked to prove it)
[ 3marks]

: 8 -3 .. .
Given that f (x) = R find '|'f (X) dx, presenting your answer

in the formAIn(x2 + 4) + Barctan(%) + ¢ wherec is an arbitrary

constant and\ andB are constants to be found.

[ 4 marks]



Question 3

2p p 2
A = 3 0 0 | wherepis a real constant.
-1 1 -1

. . . A
Given thatA is non-singular, find\  in terms ofp.

[ 4 marks]



Question 4

2n—2

Prove by induction that for all positive integers 26" 4 3 is divisible by 5

[ 6 marks]



Question 5

The linel1 has equatior‘.X ~2 _y-4 _z+6
2 =2 1

The plandT has equatior2x — 3y + z = 8

The linely is the reflection of linéy in the plandT.

Find a vector equation of the lihg

[ 9marks]
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Answer 1
The key result needed, that can be quoted without proof, is,

o 7'+ % = 2cos(nd)

If forgotten it is easily proven...

Proof
LHS = ' + =
B "

=72'+z"
= (cosf +isin®)" + (cos® +ising) "

cos(ng) + isin(np) + cos(-nd) +isin(-nv)  de Moivre's theorem

= cos(nd) + i sin(n®) + cos(ng) — i sin(nv) even & odd functions
= 2cos(ng)
= RHS O

And so to the question...
3
(z+i) :23+3z+i+i
z z B

=2+ )32+ 2

(Zcos@)3 = 2c0s30 + 3 x 2cosH
8cos’ @ = 2cos30 + 6c0sH
cos’ 6 = %(00530 +3cosf) O

[ 4 marks]



Answer 2
1

(0 s = e

dx

=f 5 : 5 asec’ 0 do
ac + (atang)

_ I asec? 0

de

a2 (1 + tan?0)
_I asec? 6

azsec:zG
=jid9

a

0
= —+cC

a

1
:—arctan( )+c
= RHS O

[ 3marks]
8 — 3
ff(x)dx=f4+x2 dx
2X
=43

Setting up a chain rule backwards, and preparing to use the part (i) result
1
= 4In<4+ x2) -3 x Earctan(%) +C

Which is of the form required with = 4 and B = —%

[ 4 marks]



Answer 3

Step 1:

2p
3
-1

Step 2.

oo g RO

Step 3:

Find the determinant of &, det A
There is a shortcut available by expanding along the middle row

p 2
0 o|l=-3 P 2 +0 2p 2 -0 2p P
1 -1 1 -1 -1 -1 -1 1

-3(px(-1)-1x2)
3p+ 6

Form,M, the matrix of minors of by replacing each of the nine elements
of the matrixA with that element's minor.

o‘ ‘ 3 o‘ ‘ 3 o‘
-1 -1 -1 -1 1

0 -3 3
2‘ ‘ 2p 2‘ ‘Zp p‘ = -p—-2 -2p+2 p+p
-1 -1 -1 -1 1 0 _6 -3
2 2p 2 2p p
AN RS B I

Form,C, the matrix of cofactors by reversing the sign of some elements ¢
the matrix of minors according to the pattern matrix,

+

+

+

+

+

+ indicates no change whereasindicate change

0 3 3
C = p+2 -2p+2 -3p
0 6 -3p

: T .
Step 4 : Write down,C , the transpose of the matrix of cofactors

T 0 p+2 O
Cc = 3 -2p+2 6
3 -3p -3p
1 1 T
= —C
det A
L L 0 p+ 2 0
A = T 3 —-2p+2 6
P+ 3 “3 -3p

[ 4 marks]



Answer 4

Statement

32n— 2

For all positive integers, f (n) = 260 is divisible by 5

Proof by Induction

Whenn = 1, f(1) = 26%1 4 $£x1-2
65  which is divisible by 5

Assume that whem = k, f (k) = 2% + 325 divisible by 5
in which case...

f(k+1 = Bk+6 | 2k
26k v 26 " 32k—2+2

= 64 x 25K 4 g x 32

9( 25 4 3%-2) 4 55x 2%

9f (k) + 55 x 2Bk

f(k + 1) — 9f (k) = 55 x 2%
- f(k + 1) is divisible by 5
Therefore, iff (n) is divisible by 5 whem = Kk,
thenf (n) is also divisible by Svhenn = k + 1

+
Asf (n) is divisible by 5 whem = 1, f (n) is also divisible by 5 for alh € Z

by mathematical induction.

O

[ 6 marks]



Answer 5

2 2
A vector equation ofiisr = | 4 ) + A|-2| soP(2, 4,-6) is apointorly
-6 1

Let A be the point of intersection bfand/1.

I2

P(2 4,-6)

QX %:2,)

Aliesonl;andomi2x — 3y + z = 8

2+ 24

Ahas position vecto{ 4 — 2) | and satisfies

-6+ A
2(2+24)-3(4-21)-6+1 =8
4+41-12+61 -6+ 41 =8
10 = 22
A=2

SoAhas coordinate$ 6, 0, —4)

A perpendicular direction vector fdis n = 2i — 3] + k
A vector equation of the line throughperpendicular td1 is,

2 2
r=|41|+u|l-3
-6 1

Let Q( x1, Y1, ) be the point of intersection of this line and



Let M be the midpoint oPQ
M lies on line and o@x — 3y + z = 8so satisfies
2(2+2u)—3(4-3u)-6+u =8
4+4u—-12+%u-6+u =8

14u = 22
_u
=7
SoM has position vector 4 | + — (-3
7
-6 1
58
2 2 !
" 11 38
andQ has positionvectoy 4 |+ 2 x —|[ -3 | = -7
e
SoQ has coordinate(sg, — ﬁ _ X
7 7 7
|2 is the line througl® andA, so has direction,
16
7
O — 38
AQ=|--7
8
7
6 8
A vector equation ofpisr = | 0 |+ t[ -19
-4 4

[ 9marks]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 4

Health

| told the Doctor | didn't want brain surgery
He changed my mind !

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 32
Question 1

Find the value ok for which

2tanhx — 1 =0
giving your answer in terms of a natural logarithm.

[ 4 marks]



Question 2
y = sinXxcoshx

4
(i)  Show that% - _4y

[ 4 marks]

(i) Hence find the first three non-zero terms of the Maclaurin serigs for
Give each coefficient in its simplest form.

[ 4 marks]



Question 3
A logo is designed which consists of two overlapping closed curves.
The polar equations of these curves are,

r=a(3+2cosf), 0<6<2n
0<6 <

r=a(5-2cosh), 2

Given below is a sketch (not to scale) of these two curves.

T A
0= —
2

r = a(5 - 2cos6) D

r = a3+ 2coso)
(u A >
C Initial line

C

(1) Write down the polar coordinates of the poiAtandB where the
curves meet the initial line,

[ 2marks]

(i) Find the polar coordinates of the poi@t&indD where the curves meet.

[ 4 marks]



(iii)  Show that the area of the overlapping region, which is shaded in the diac

a2
is ?(4901— 481/3)

[ 6 marks]



Question 4
A three dimensional graph plotter is used to plot the planes with equations,

X+y—- z=2 Equatonl

X —-y+2z=5 Equation 2
5X +y = 9 Equation 3
From the plot it looks as if, rather than intersecting at a common point, all three

planes intersect along a line. This configuration of planes is called a sheaf.

I (@) x+y-z=2

2 3x—-y+2z=5

S5x+y=9

Consider the three planes written in matrix form,

(i)

1 1-1}\(X 2
3-1 2||lYy|=1]5
5 1 0]/\z 9

Show that the & 3 matrix in this equation has a determinant of zero

[ 2marks]



(i)

(iii)

A determinant of zero means no inverse to tke33matrix exists,
The matrix equation cannot be solved thus confirming that there is
no unique point of intersection of all three planes.

The original equations were labelled Equation 1, Equation 2 and Equatio
Show that, ifz is eliminated by combining Equation 1 and Equation 2, ther
Equation 3 is obtained.

This shows that all three planes intersect in the line.
[ 2 marks]

Show that the points (0,9, 7) and (1, 4, 3) are on all three planes

and hence obtain the vector equation of the line of intersection in the
form r =a+b

[ 4 marks]
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Answer 1
2tanhx -1 =0
X_
26 -2 1-0
e+ 1
Multiply through bye™ + 1
26X _2_e*_1=0
=3
2x = In3
1
X = —In3
2
[ 4 marks]
Answer 2
(i) y = sinxcoshx
dy . .
—— = gnxsnhx + cosxcosh X
dx
d2y . . : .
e = sinxcoshx + cosxsinhx + cosxsinhx — sinx cosh x

= 2cosxsinhx

—= = 2c0SxXcoshXx — 2sinxsinhx

dx3
dy . _ _ |
ol = 2cosxsnhhx — 2sinxcoshx — 2sinxcoshx — 2 cosx sinh x
= —4snxcoshx
[ 4 marks]
” (n
(i) Using f0=fO+FOx+ -2y 4 Oy
— 2 3 4 5
y = O+x+0+3—!x +0—5—!x
NI B
3 30

[ 4 marks]



Answer 3
(1) To be on the initial liner

a(3 + 2cos(0))

= ba = A(5a 0)
r=a(5- 2cos(0))
= 3a = B(3a 0)
[ 2marks]
(i) The curves intersect whea( 3 + 2cosf) = a(5 — 2cosé)
4cos0 = 2
1
0= =
cos >
7 Sr
0 =—, —
3° 3
5 7T
o4 =) anap(4a Z)
da. =5 andbi4a 3
[ 4 marks]

(iii)

r = a(5 — 2cos0) D

r = a(3+ 2coso)
&R\
® >
Q Initial line

C

JT
naz (3 + 20050)2 de
3 3

)

1]
N
X

=
—_—
|
—

N
o
)

|

= a° _[:(9 + 12cosO + 400320) de
3

2 1 1
= azj'n(9+ 12coso +4(7 + Ecosze))de
3

JT
_— fﬂ(ll + 12cos6 + 2co0s260 ) do
K

JT
= a?[ 110 + 12sin6 + sin20 |
%

a2( 227 13vV3
3 2



r’de = '|'0§a2 (5 - 20050)2 de

= a° -[0%(25_ 20cos6 + 400520) de

5 1 1
= a2 J'Os (25— 20cos6 + 4(5 + —00520) ) do

2

= a° J?(Z? — 20cos6 + 2c0s20 ) do

W

= a°[ 279 — 205n6 + sin20]

0
3 a2( 27 193 )
B 3 2
a2( 22t 13\/§)+a2( 27t 19\/3)
3 2 3 2

a‘2
?(4911—48\/§)

[ 6 marks]



1 1-1
O O 1 B E R b
=1-1x0-1%x2-3x0-5%x2)-13x1-5(1)
=-2+10-8=0 O
[ 2marks]
(i) 2X+2y—22=14 (2 x Equation 1)
Add 3 - y+2z=5 (Equation 2)
5 4+ y =9 Whichis Equation 3 a
[ 2marks]

(iii)  Forthe point (0,9, 7),
LHS =x+y- z=0+9-7=2=RHS .. Eqlsatisfied
LHS = 3x-y+2z2=0-9+ 14 = 5 = RHS .. Eq 2 satisfied
LHS =5x+y=0+9=9=RHS . Eq 3 satisfied
Thus (0, 9, 7) is on all three planes [

For the point (1, 4, 3),

LHS =x+y- z=1+4-3=2=RHS .. Eqlsatisfied
LHS =3 -y+22=3-4+6 =5 = RHS .. EqZ2 satisfied
LHS =5 +y=5+4=9 = RHS .. Eq 3 satisfied
Thus (1, 4, 3) is on all three planes O

0-1
+ 4 9—4)
7-3
-1
+ A 5
4

(Or an equivalent version of this)

NGO O ~NOOo

[ 4 marks]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 5

Health

A year ago the Doctor told me | was going
deaf. | haven't heard from him since.

Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 30
Question 1
1
Find [ ———=
n J. 4 + 3x2

an arbitrary constant amdandB are constants to be found.

dx giving your answer in the forfarctan (Bx) + cwherecis

[ 4 marks]



Question 2

xe R

1
— cosh (2x
7 0N (29,

Determine the exastcoordinates of the stationary points.

4coshx —
Your answer should be in terms of natural logarithms.

The graph is of the functioh(x)
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IR
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b

-
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|
-
I

I
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[ e

[ 5marks]



Question 3
The three dimensional graph below is of the three planes,

Inpurple: x+z=4
Ingreen: 2x + z = 3

In blue : z=5

4

The three planes have a common line of intersection.
(1) What is this type of configuration of planes called ?
[ 1mark ]

(i) Find a vector equation of the line of intersection in the forma + b

[ 3marks]



Question 4

The circleC, has equatiorx2 + y2 = 81
The circleC, has centre10, 0) and radius

(a) Write down the equation &,

[1mark ]

The lineABPis a tangent t&€; atA and is also a tangent@ atB

It cuts thex-axis at the poinP
(b) By considering similar triangles, show that the coordinatésase ( 15, 0)

[ 3marks]



(c) A line throughP has gradientn.
Write down, in terms ofin, the equation of this line.

[ 1mark ]

This line cut<C, in two points.
(d) Show that the-coordinates of these two points satisfy the equation,

(1 + m?) - 30mPx + (225 - 81) = 0

[ 3marks]

(e) Hence determine the coordinates of the pdint

[ 5marks]



Question 5
By solving a suitable matrix equation with the aid of your calculator,
find the single point at which the following three planes intersect,

X—-3y—-4z= 3
30
-3

6X + 5y — 7z

X+ 4y + 6z

[ 4 marks]
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Answer 1
Using the quotable result that,

J'#dx = iarctan(%) +ca>0 |x|<a

a2 + x2 a
1 1 1
J.4+3x2dX:§J.(%)+x2dx
1 1
:_J' > dx
T
1 vV 3 ( 3X)
= = x —— arctan
3 2 2
V3 \/BX)
= = arctan +C
6 2

[ 4 marks]
Answer 2

f(x) = 4coshx — %cosh(Zx)

f’(x) = 4sinhx — %sinh(Zx)
For stationary pointsf’(x) = 0
4sinhx — %sinh(Zx) =0

4snhx — ssnhxcoshx = 0O

sinhx(4 — coshx) = 0
Either snhx = 0 in which casex = 0
Or coshx = 4
— X
egre’ _,
2

e+e’=8
Multiply through bye”

() —-8(e")+1=0
X 8+vV64-4x1x1
2
4 + /15 = x = In(4++15)
[ 5marks]




Answer 3
(1) A sheaf
[ 1mark ]

(ii) Putting the third equatio, = 5, into the first x + z = 4, gives
the same as putting it into the seco@® + z = 3. Thatisx = — 1.
So, as they should be for a sheaf, the equations are consistent.
Thus, two point on the intersection line gel, 0, 5) and(-1, 1, 5)

(A

-1 0
= 0|+ 4|1 Other descriptions of this same line are possible
5 0
[ 3marks]
Answer 4
(a) (x—10)2+y2:32
[ 1mark ]
(b) By considering the radius of each cirdid, = % =3
Let the length oOP bex so it is required to show thais 15
X
" =3
x — 10
x = 3(x - 10)
x=3x-30
2x = 30
x =15 [O
[ 3marks]
(c) y=mx+c¢c=0=15m+c¢c = ¢ = —15m
Sy = mx — 15m
[ 1mark ]
(d) X2 +y% = 81
2 + (mx — 15m)° = 81
X2 + mPx? — 30mPx + 225m° — 81 = 0

(1 + m?) - 30mPx + (2257 - 81) = 0

[ 3marks]



(e) The “two points” where the line cuts the cir@ewill become “one point”

atA as the line is a tangent to the circléat
So the discriminant of the part (d) equation will be zero.

2
(~30m?) —4ax (1+n?)x (225 - 81) = 0
900nt* — 4(225n? — 81 + 225n — 81n?) = 0
Divide through by 4

225m* — 225m? + 81 — 225n1 + 81 = 0
—144nf + 81 = 0

144 = 81

o 2

16

3

ms= ——

4

(As the gradient betweegkhandP is negative)
Putting this back into the part (d) equation...

(1 + nf) — 30mPx + (22507 - 81) = 0

> 9) 9 ( 9 )
1+ — |- — 22 — -81)| =
x( +16 30 x 16x+ 5x 16 8 0
éxz— 27Ox+ 729 _ 0
16 16 16
25x% — 270k + 729 = 0O
270+ 0
X:
50
_ 2
-5
3 27 3
__ 3, Z 5 (_—)
y 4 x 5 X 4
_ 36
5
.. The coordinates ohare ( % % )

[ 5marks]



Answer 5
As a matrix equation,

1 -3 -4}\/X 3
6 5-7|{y|=]30
1 4 6 z -3
X 1 58 2 41 3
y =m -43 10 -17 30
z 19 -7 23 /-3
1
= 2
-2

.. Point of intersectionig 1, 2, —2)

[ 4 marks]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 6

Health

Doctor, doctor, I'm scared of Christmas.

Hmmm, | think you're suffering from Claus-trophobie

Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 40
Question 1

Given thatf (x) = Incosx

(1) show thatf’ (x) = —tanx

[ 1mark ]

(ii)  find the values of’ (0), f”(0), f”/(0) andf””(0)

[ 4 marks]

(iii) expressncosxas a series in ascending powersg op to the term i

[ 2marks]



Question 2
Three planed, B andC are defined by the following equations,

A:X+ay+2z=a
B:x-y-z=a
C:x+4+42=0

Given that the planes do not meet at a single point,
(a) find the value oh

[ 4 marks]

(b) determine whether the three equations form a consistent system, and
give a geometric interpretation of your answer.

[ 4 marks]



Question 3
fny=2"+6"
(a)  Showthatf (k + 1) = 6f (k) — 4(2)

[ 3marks]

(b) Prove by induction that that afi e AR (n) is divisible by 8

[ 4 marks]



Question 4

An ellipse has parametric equations
X = 4c0s0, y = 3siné, 00 < 2n
(1) Find the area enclosed by the ellipse.

[ 5marks]

(i) Find the volume of the solid of revolution formed when this area is
rotated through 2 radians about theaxis.

[ 5marks]



Question 5
The complex numbew satisfies,

lw-1-i|=23 andarg(w—Z):%

Find, in simplest form, the exact value pwivl2

[ 8 marks]
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Answer 1
(1) f (X) = Incosx
f (x) = —sin
® COSX X (=8nx)
= —tanx
[ 1mark ]
(ii) f"(x) = —tanx = f(0) =
1
f” - _ 2 f”OZ——:—
(X) sec“x = f7(0) o2 ©
f7(xX) = ~2sec’xtanx = f7(0) =0
f7(x) = — (1 + tanzx)tanx
f77(x) = (tanx + tan x)
= —2(sec®x + 3tan’xsec?x) = f77(0) = —2(1 + 0)
= -2
[ 4 marks]
(iii)  This is a Maclaurin series question without the words “Maclaurin series”

O 2, 7O 5 7O 4.

00 = 1O+ O x+ =X+ =X+ —

(X)) = 0+0x—ix2+0x —£x4+
2! 4!
2 12

[ 2marks]



Answer 2
(a) Writing the three planes as a matrix,

1 a 2\|[X a
1-1-1¢(Yy|=]|a
1 4 4])\z 0
Working out the determinant by expanding along the top row,
-1-1 1-1 1-1
Y 4 4‘_6‘1 2" %1 4‘
=1(-4+4-a@d+1)+24+1
=0-5+ 10
For the planes to not meet at a single point the determinant must be zerc
La=2

[ 4 marks]
(b) With a = 2, the equations of the planes are,

A X+2y+22=2

B:x-y-2z=2

C:Xx+4y+42=0
A-Bgives3y+3Z=0=>y=-z

Replacingy with (—2) in all three equations gives,

A X-22+22=2 = x=2
B:xXx+ z- z2=2=x=2
C:xXx-42+42=0=x=0

So the equations are not forming a consistent syStemplanes form a prism.

[ 4 marks]
Answer 3
(a) f(n)=2"+6"
LHS = f(k + 1)
_ 2k+1 + 6k+1

=2x 2+ 6x6°

= (6-4)x 2+ 6x6
6x 2+ 6x6<-4x2K
6( 2%+ 6%) — a(2¥)

6f (k) — 4(2¢)

= RHS O

[ 3marks]



(b)

Proof by Induction

Whenn = 1, f(1) = 2t + &'
= 8  which is divisible by 8

Assume that whem = k, f (k) = 2K 4 6 is divisible by 8
in which case...

f(k+1) = 24 gt
6f (k) — 4(2%)  using part (a)
fk+1) —6f(k = 4(2¢)
- 8(2%)  valdfork > 1,
- f(k + 1) is divisible by 8
Therefore, iff (n) is divisible by 8 whem = k,

thenf (n) is also divisible by &henn = k + 1

Asf (n) is divisible by 8 whem = 1, f (n) is also divisible by 8 for alh e Al
by mathematical induction. O

[ 4 marks]

Answer 4

X = 4c0s0, y = 3siné, 00 < 2n




(1) Of the various possible strategies here is one of the easiest which focuse

on finding the area shaded which will be one quarter of the total area

Area = 4

Q
r\)|él

= 24 f9 1 — cos(26) do

= 24] 0 - —Si”(zze) f
afy o
- 127

[ 5marks]
(i) The strategy used here is to rotate the shaded area abguatxise
and double that result to get the total volume.

V = 27 j —d9
o )

9sin’0 (—4sin6) do

O |\J|§1

|=|

SN

=0
- 72nj sin%0 sin o do

I |
I\J|§l

|\>|§l

:72nj (1-co?6)sn6ds
:72nf 7S|n0d0—72nj :7S|necosz<9d9

JT JT

2 2
= 727 [-coso | —7%[00550}

0 0

1

:7271[—0+COS(0)]—7271[0—§}
= 721 — 241
= 487

[ 5marks]



Answer 5

lw-1-i]=3 arg(w—2)=%

Ix+yi —1-i| =3 arg(x+yi—2)=%

l(x-1)+(y-1)i| =3 arg((x—2)+yi):%
(x-1P%+(y-1)% =9 xzzzta”(%)
y=Xx-2

Substituting the straight line into the circle...

(x— 1%+ (x-2-17%=09

Il
(o)

x2—2x+1+x2—6x+9

2x2—8x+1

I
o

16 + 814 + 14 + 14

4
=11+2v14

[ 8marks]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 7

Health

Why did Count Dracula go to the doctor ?
He couldn't stop coffin !

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 42
Question 1
FM A-Level Examination Question from November 2021, Paper Core 2, Q1 (OCR)

Two matricesA andB are given by,

1 -2 -1 -6 3 -4
A=(2-3 1|andB =|-1 6 —-4| whereais a constant.
a 1 1 8 -8 -1

Find the value o& for which AB =BA

[ 3marks]



Question 2
FM A-Level Examination Question from June 2021, Paper 2, Q5 (AQA)

The equation23 +27 -52-3 =0 has roots:, g andy

. . 1 1 1
Find a cubic with rootsEa -1, ?ﬁ -1 and?y -1

[ 5marks]



Question 3
FM A-Level Examination Question from June 2017, Paper FP2, Q4 (Edexcel)

y = In( ) |x] < 1
1-2x/) 2
_dy d¥ dy
(a)  Find-3 52 2953

[ 4 marks]

1-2x )
about x = 0, in ascending powers xfup to and including the term

(b) Hence, or otherwise, find the series expansiol*m()f

in x>. Give each coefficient in its simplest form.

[ 3marks]

(c) Use your expansion to find an approximate valuel fc(r%) giving

your answer to 3 decimal places.

[ 3marks]



Question 4
FM AS-Level Examination Question from May 2019, Paper Core, Q4 (OCR)
In this question you must show detailed reasoning.

You are given thatf (z2) = 47" — 122 + 417 - 12& + 185and that 2 + i
is a root of the equatidn(z) =0

(a) Expresd (2) as the product of two quadratic factors with integer coefficier

[ 5marks]

(b) Solvef (2 =0

[ 3marks]



Two loci on an Argand diagram are defined by

Ci={z:|z|=r.} andC, = {z: |z| = r,} wherer; >r,
You are given that two of the points representing the rodtgzpf= 0
(which you worked out in part (b)) are @ and two are o€,

Let R be the region on the Argand diagram betw&eandC,
(c) Find the exact area &

[ 4 marks]

(d) w is the sum of all the roots bfz) = 0

Determine whether or not the point on the Argand diagram which
represents lies inR.

[ 2marks]



Question 5
Further Mathematics Examination Question from January 2012, Q7 (ii) (OCR)
It is given thatx satisfies the equatioarsinhx — arcoshx = In2

(i) Use the logarithmic forms foarsinh x and arcosh x to show that,

VX2 +1 —2Vx2 -1 =x

[ 2marks]

(i) Hence, by squaring this equation, find the exact value of

[ 3marks]



Question 6
FM AS-Level Examination Question from May 2019, Paper Core, Q6 (OCR)

A transformationT is represented by the matiixwhere,

X2 + 1 -4

3-2x2 x2+5
A quadrilateralQ, whose area is 12 units, is transformed'tig Q’
Find the smallest possible value of the are@’of

[ 5marks]
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Answer 1
1-2-1\/-6 3 -4 -12 -1 5
AB=(2-3 1||-1 6 -4|= -1 -20 3
a 1 1 8 -8 -1 -6a+73a-2-4a-5
-6 3 -4\(1-2-1 —4a -1 5
BA=|-1 6 -4|[2-3 1|=| 11-4a -20 3
8-8-1/la 1 1 -8 —a 7 =17
-12 -1 5
a=3gvesAB=BA=| -1 -20 3
-3 7 -17
[ 3marks]
Answer 2
Let the sought after cubic be in terms of the variablim which case,
W:iz—l
2
w+1:iz
2
Z=2w+ 2

2+22-5-3=0
U
(2w + 22 + 2(2w+ 2> = 5(2w+2) -3 =0
8W° + 24w + 24w + 8
+ 8w2 + 16w + 8
— 10w - 10
- 3=0

gw® + 32w + 30w+ 3 =0
[ 3marks]



Answer 3

1 1
(a) y:m(l—zx)’ Xl <3
=In(l) - In(1 - 2%)
dy _,_ 1 _
dx 0 1 ox < 2)
= 2(1-20"t
dy —2
o2 2-D(1-2x) “(-2
= 4(1 - 2x) 2
ay _ -3
53 = 4C2(1-2077(¢-2
= 16(1 - 2x) °
[ 4 marks]
, 70 2 70O 3 70 4
(b) f(x) =0 +f(0) x + o X~ + 3 X~ + 2 X+ ..
) B 4 - 16 3
.f(x)_0+2x+?x +?x + ..

2X + 2x2+ %x3+

[ 3marks]
(c) We require,
E_ 1
2 1-2x
3:1—2x
3
2x:1—£
3
1
X = —
6
2 3
In(i)~2x—+2x(i) +Ex(i) +
2 6 3 6
I TN T
3 18 81
65
~ —— A 1 0.401
162 (About 0.401)

[ 3marks]



Answer 4

(a) f(@ =47 -122+ 417 - 12& + 185

As the coefficients of the polynomial are all real, another root will bé 2
(z-2-i)(z-2+i1)=0z-2)-1)(z-2)+i)

472 + 4z + 37
2 4z + 5|42 - 128 + 412 - 12& + 185
472 - 1623 + 2072
473 + 2172 - 12&
473 — 16722 + 20z

372 - 14& + 185
3722 - 14%& + 185

[ 5marks]
(b) Working out the roots ofiZ +4z+37=0

— 4+ —4x4x37
2x 4
—4 + \/-576
8
—4+ 24
8

M Y
2

The roots of (x) are, z € {2 i, - % + 3i}
[ 3marks]



(c) The following Argand Diagram will help with understanding the
situation describes which is a large part of what this question is about,

The area of the regidRis given by

37n 5y = 177
4 4
[ 4 marks]
. : 1 1
(d) w:2+|+2—|—5+3—3—3:3+0
which is just inside the regidR
[ 2marks]

Answer 5
(1)
arsinhx — arcoshx = In2
In(x +vVx@+1)-In(x+vVx®—-1)=1n2
X+ VX2 + 1
In =1ln2
X+ X2 -1
X+Vx2+1 5
X+ Vx2 -1

X+VX2e +1 = 2X+2/x2 -1
VX2 +1 —2Yx2 -1 =x O

[ 2marks]



(i) Squaring the equation, as instructed,

Cal-ay(R+1)(@-1) +4(x¥-1)=x°

4% —4x4 -1 -3=0
4NxE -1 = 4% - 3

16 (x* - 1) = 16x* - 24x° + 9

24x% — 25 =0
2.5
24
5 V 24
X == X
\ 24 V24
_,10VE
24
_,5V6
12
The only solution that makes the original equation true is Sl/f
[ 3marks]
Answer 6
2 _
|T| X+ 1 4
3-2x%2 x2+5
= (®+1)(x%+5)-(3-2x°)(-4)
=x*+6x% +5+ 12 - 8%
= x* - 2% + 17
2
= (x2 - 1) + 16
|T|MIN =16
Smallest possible areai2 x 16 = 192 units
[ 5marks]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 8

Health

“Doctor, doctor, I'm addicted to brake fluid”
“What nonsense, you can stop anytime”

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

Question 1

Given a complex number= a + bi, the conjugate of, which is denoted",
is the complex numbez = a — bi.

a® — b? ) ( 2ab )i

z
Show that— = | — ——>
" a2 + b? a2 + b?

4

[ 3marks]



Question 2
FM A-Level Examination Question from June 2021, Paper 1, Q6 (AQA)

*
(a)  Show that the equatiof 2z — Z°) = Z has exactly four solutions.
Find these solutions.

[ 7marks]



(b) (1) Plot the four solutions to the equation in part (a) on the Argand
diagram and join them together to form a quadrilateral with one
line of symmetry.

]ImA

3

[ 2 marks]

. : . V. 15 .
(i) Show that the area of this quadrllateral—FsZ— square units.

[ 1mark ]



Question 3

(a) Find the exact mean value b{x) = SINXCOSX. over the interval[o, i}
Ccos2x + 2 2
[ 4 marks]
Sin X cos X
b The graph is of the functiori (X) = ——
(b) grap *) COS2X + 2

Making use of the graph, explain the geometric significance of your
part (a) answer.

[ 2marks]



Question 4
FM A-Level Examination Question from October 2021, Paper Core 1, Q1 (OCR)
(a) Sketch on a single Argand diagram the loci given by,

(i) |z-1+2]|=3

[ 2marks]
(i) |z+1]=]z- 2]

[ 2marks]

(b) Indicate, by shading, the region of the Argand diagram for which
|lz-—1+ 2| <3and|z+ 1| < |z- 2]
[ 2marks]



Question 5

. a ,
(a) Use the substitutiox = Sha wherea is a constant, to show that,

1
———dx
X\ X2 + a2

for x > 0,a > 0, J = —%arsinh(%) + constant

[ 6 marks]

2
(b) Hence, or otherwise, find the exact value pf 1 dx

1 x\/x2 + 4

[ 4 marks]



Question 6

2
The Cartesian equation of a curve(is(2 + y2 - 2x) = 4( X2 + yz)

Recast this equation in the polar fomms= f (0)

[ 5marks]
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Answer 1

y4
LHS = =~
7

= a+ b X a + bi < Key step must be seen
~ a-hi a + bi y step

a® + abi + abi +(kj)2

a2 + abi — abi — (4 )

a2 + b2(— 1) + 2abi I2
a2 — b?(- 1)

a® — b? + 2abi
a2 + b?

a2—b2)+( 2ab %
a2 + b? a2 + b?

= RHS O

[ 3marks]
Answer 2

k

(a) (22 -z

(a+b)

2
&+ 2ab + (6)

) =

(2(a+ bl)—(a+b|)*)
(2a+ 2bi — (a ))
)

(2a+2bi —a+hi) =a’+b(-1) + 2ah

(a+3bi) = a® - b’ + 2abi

a— 3bi = a? — b® + 2abi

Thus.a = @ - b? and — 3b = 2ab
a -a="b%and2ab+ 3b = 0
a(a—l)zb2 andb(2a+ 3) =0

Eitbee= 0 or a = —%

If b=0thena(a—-1)=0givinga=0o0ra=1
If a = _3 then b? = (—E)(—i)
2 2 2

V15
2

E and sob = +
4



The solution set iz e {O + 0i, 1+ Oi,—% + 215 }

(b) (1) Plotting the solution set on the Argand diagram gives;

]ImA

Y
N
w

7
()

\\ ‘\\ /’ //
N/

[ 2marks]
(ii)  The area of the quadrilateral shaded is,

A=2x AreaA

2><%><1><j

2
V15
2

[ 1 mark ]



Answer 3
1 b
T fa f (x) dx
1 J-% Sin X Cos X
B 0 Jo cos2x + 2

(a)  Bydefinition, f(x)

ij-% 2 Sin X Cos X
270 cos2x + 2

Fud
2

sin2x (cos2x + 2)_1 dx

JU
2
2
= — X
JT
1
JT

1 % . 1
o Io( 28n2x)(cos2x + 2) ~ dx

S

2

1
—— 2 2
2ﬂ[n|cosx+ |]0

= —%[In|005n+ 2| — In|cos0 + 2| ]
-1 [IN1+2)-1In(1+2)]
27
1
= -5 [In1 - In3]
_In3
T o

(About 0.175which is the gold line on the graph)

[ 4 marks]

The areas shaded green and blue below the horizontal line must be equal to the
shaded purple above the horizontal line.
The rectangle shaded green, pink and blue has the same area as the area betwe
curve and the-axis over the given interval.

[ 2marks]



Answer 4
(a) (i) |lz-1+ 2| =3
Ix+yi-1+2|=23

[ (x=1)+(y+2)i] =3

9

which is a circle centr¢ 1, —2) and radius3

(X — 1)+ (y +2)°

[ 2 marks]
(ii) lz+ 1] = |z - 2]
Ix +yi +1] =[x +yi — 2]
Ix + 1 +vyi| =|x-2+yi|
(x+1)2+y2:(x—2)2+y2
X+1=x-2 orx+1=-x+2
(No solutions) 2x =1
1
X = —
2
[ 2marks]

(b) Shown shaded is the region of the Argand diagram for which
|lz-1+2i| <3and|z+ 1| <|z- 2]
[ 2 marks]



Answer 5

. B a . -1 dx _ . _2
(1) X = Smho =a(snhd) ~ = a0 - a (sinhx) “ coshx
_acoshe
sinh2 6
1 sinh @ acosh @
——dx = X (-1)——=—do
'|'xx/x2+a2 Ja\/(sirﬁwx)eraz sinh2 6
:(_1)J- asinh @ cosh 9 y .12 40
a2\/1+sinh26 sinh< 0
sinh?e
:(_1)"- cosh o ‘1 40
\/COShZH sinhé
ay| =55
sinh“ @
1
=—-—1|1d6
|
=—i0+constant
a
1 . a
= ——arsinh (—) + constant
a X
[ 6 marks]

< 3lnlg VG 1} ]
2 X X 1
=—%[In{l+\/7}—|n{2+\/§}]
_ 1y, M)
-2 2++\5
= iIn M) or equivalent

2 1++vV2

[ 4 marks]



Answers6

If X = rcos® andy = rsné thenr? = x2+y2

(x2+y2— 2x)2 4(x2+y2)

(r2— 2rcos€) 4r?

2

r* — 4r3cos0 + 4rcof 9 = 4r?
Asr # 0, divide through by2
2 — 4rcosf + 4cof0 — 4 = 0

Viewing this as a quadratic im..

4cosf + ,/16c0s20 — 4 x 1 x (4cos?0 — 4)

2x1
4cosf + \/ 16c0s26 — 16c0s20 + 16
B 2
4cosh + V16
B 2
= 2c0s6 + 2

Bothr = 2cos6 + 2 andr = 2cosé — 2 give the same curve.
% WolframAlpha

m L

[ 5marks]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 9

Health

“Doctor, doctor, Will this ointment clear my spots ?”
“I never make rash promises”

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40
Question 1

FM A-Level Examination Question from October 2021, Paper Core Pure, Q2 (MEI)

. . . . . . 1
Find the gradient of the curwe = 6arcsin(2x) at the point withxk-coordinate—

Express the result in the formy/n, wheremandn are integers.

[ 4 marks]



Question 2
FM A-Level Examination Question from October 2021, Paper Core Pure, Q14 (MEI)

A curve has polar equation = a(cosf + 2sin6), whereais a positive

constantand < 0 < «&

(a) Determine the polar coordinates of the point on the curve which is
furthest from the pole.

[ 7marks]

(b) (1) Show that the curve is a circle whose radius should be specified.

[ 6 marks]
(i) Write down the polar coordinates of the centre of the circle.

[ 1mark ]



Question 3
(1) Explain what it means for an integral to be improper.

[1mark ]

1
X+ 1)Vx

(i) Identify two features off: ( dx which make it improper.

[1mark ]

(iii) By differentiatingarctan+/x, or otherwise, show that

'foo L dx is convergent and find its exact value.
0 (x+1)Vx

[ 5marks]



Question 4
FM A-Level Question from October 2020, Paper Core Pure 1, Q9 (OCR)

You are given that the cubic equati@rx3 + px2 + gx — 3 = 0, wherep
andq are real numbers, has a complex raot 1 + iv/2

(a) Write down a second complex rogt,

[ 1mark ]
(b) Determine the third root,
[ 2marks]
(c) Find the value op and the value of
[ 2 marks]

(d) Show that ifn is an integer then

n 1
a”+ﬁn+y” = 2 x 32 x cosnf + on wheretand = V2

[ 4 marks]



Question 5

FM AS-Level Examination Question from October 2020, Paper Pure Core, Q1 (OCR)
In this question you must show detailed reasoning.

Use an algebraic method to find the square roots @7 — 36i )

[ 6 marks]
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Year FM
Further Pure Mathematics Examination Revision
Health Check N° 9

Answer 1
y = 6arcsin(2x)
dy 12
dx J1 - (20?2
When x = —, ﬂ — 1—2
4" dx 1 - (1)2
2
_12x 2 o V3
IRVE) V3
= 83
Thatis, m= 8 andn = 3
[ 4 marks]
Answer 2
METHOD 1

Use the fact thaRsin(6 + a) = Rsinf cosa + Rcosf sina

sSn@ + a) = SN x 2 + cosh x 1

Rsina
tana =
Rcosa
1
=< R=1+v224+12

The maximum value afis thusy'5 a

which occurs wheno + arctan(%) = %
7 1
S0 = — — arctan(—)
2 2
Requested polar coordinates are.236a, 1.107)
[ 7 marks]



METHOD 2
At a place on the curve where the distance from the origin stops increasii

ahead of starting to decreasge;— =0

r =a(cosf + 2sno)
dr
do

a(-sinéd + 2cosf) = 0

=0

—sné + 2cosh® = 0 (Astoldais a positive constant)
sSnf = 2cosO *
sné

=2
cos 6
tand = 2 = 6 = 1107
Insert* into cos® 0 + sin’0 = 1to get...
cos” 6 + (20056)2 =1

00320 + 4c0529 =1

500520 =1
1
cosf = —
V5
= g and so, from *,sin@ = @

r = a(cosé + 2sin6)

V5 25
=al —+2x —

5 5
=+v5a

Requested polar coordinates are2.236a, 1.107)
[ 7marks]



(b) r = a(cos6 + 2sno)

multiply through byr

r2

a(rcosf)+ 2a(rsné)

x2+y2:ax+2ay
xz—ax+y2—2ay:0
2 2
a a 2 _ .2
—_ — - _ _ :O
(X 2) 4 Ty-ay-a
2 2
a 2 ba
(x- 2] v y-ap =22
which is recognizable as a circle with rad'ru\/s?1

[ 6 marks]

(c) The question is set up so that you realise the part (b) radius is half of
the part (a) answer, which must have been the diameter of the circle.
So the direction to the circle's centre is the same as that found in (a).

Thus the polar coordinates of the circle's centrg are

V5 a
2

, 1107
[ 1mark ]



Answer 3
b

(1) An integral j f (x) dx is described as being improper if either one
a

or both of the limits are infinite or if (x) is undefined at some point

inthe intervala < x < b

[ 1mark ]
(ii) Due to a division by zerd,(x) is not defined wher = 0
The integral has an upper limit ef
[ 1mark ]
(1) Using the hint given...
y = arctany/x
_1
&1 1
dx 1+ (Vx) 2
B 1
- 2vx (1 + x)
limit
il 1 v 1
dx =2 oo d
Js (x+1)vx X el 2 vx
limit v
= 2V - = [arctany/x |
u— ot u

limit limit
=2 [arctanvv] - 2. 0Jr[arctan\/_u]

JU
2x ——-—2x%x0
2

7 (Convergent)

[ 5marks]



Answer 4
2x3+px2+qx—3:0
3, P2, 9 3

X+EX +EX_E:O
(i) B=1-ivV2
(i)  “Product of the roots”
3
aﬁ)’—?
(1+iV2)(1-ivZ)y =2
3
1+2)y = —
(1+2)y =3
_ 1
Y7

(iii ) (x—l—iﬁ)(x—1+i\/7)(x—%):0

((x—1)2+2)(x—%)=0

multiply both sides by 2
(®-2x+3)(2x-1)=0
2x — 4% +Bx - X +2x-3=0
2x3 - 5% + 8x -3 =0

Thus,p = -5andq = 8

[ 1mark ]

[ 2marks]

[ 2marks]



(iv)

a=1+iVZ = |a| = V3
1 V2
=V3|— + —1
=3 F e
1 1 V2
= 32(cosfh +isnfd) wherecosd = —andsinfd = —
( : V3 V3
~a" = 3%(cosh +isnB)"  Notecos?6 + sin?6 = 1 as it should
= 3%(cosn0 + isinnd) by De Moivre's Theorem
Similarly,
B=1-iVv2 = |p| =V3
1 2 .
B =vV3|[— - vz
V3 W3
1 . 1 . V2
= 32(cosf — isnd) wherecosf = — andsingd = —
( : V3 V3
B = 3%(cose —ising)" Notecos? @ + sin®# = 1 as it should
= 3%(cosn0 —isnnd) by De Moivre's Theorem
LHS = " + 8" + )"
n o n . 1\"
= 32(cosnfd +isnnd) + 32(cosnf —isnnb) + (7)
n n . n n o, 1
= 32 cosnfd + 329nnfd + 32 cosnd — 32snnd + o
2 1
=2x3 xcosn¢9+?
= RHS O
Note thatan o = Sno
cos6
V2 o1
V3 W3
= V2 X —ﬁ KOF
V3 1
= /2 asrequired

[ 4 marks]



Answer 5
Let aroot of (=77 — 36i) bea + bi with a, b € R, in which case,

(a+bi)’=—77- 36

2
a® + 2abi + b%i° = 77 - 3@

a2 -b?=-77 and 2ab = —36
ho 18
a
2
az—(—ﬁ) = 77
a
2—224 =77
a

multiply through b>a2
at + 77a% - 324
(a2 - 4)(a® +81) =

Either a2 =4 or a2 = -81

| Il
o O

a==*2 asae R
~b=7%F9

Thusy-77- 36 = +(2 - 9)

[ 6 marks]
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Year FM Further Pure Mathematics Examination Revision : Health Check N° 10

Health

“Doctor, doctor, | keep seeing into the future”
“When did this start ?”

“Next Tuesday”

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

Question 1
3 -1
The lineL has equation = 2| + A{-2
0 5
Identify whichone of the following lines is perpendicular toand prove your claim.
2 1 1 2 0 4
r=1-3 + U1 2 r,=10 +/,t2—3 r; =13 +/l33
4 -5 1 1 2 2

[ 3marks]



Question 2

Complex Numbers Division Rule

For any two complex numbes andz
al|_ =&l
2 | 2| Y2
Thisresult may be quoted in examinations; worth knowing !

Z

and arg( ) = arg(z) - arg(z)

r.(cos@, + isiné,)

(1) Prove this result by by lettinge z

2 =r,(cos0, +isn6,)

, z
and working outz—1
2

(ii) Iz =1-+vV3iandz = v3 + i determine,

(a) arg(2)
(b) arg(z)
(c) arg(z—;)

[ 5marks]

[ 1 mark ]

[1mark ]

[ 1mark ]



Question 3

— X _ — X
(1) Use the facts thattoshx = ex% and snhx = eXTe
e -1
to prove thattanhx = ————
P e+ 1
[ 3marks]

(i) As x becomes large and positive, what value dasls x tend towards ?
Justify your answer.
[ 2marks]
(iii)  Asxbecomes large and negative, what value ti#sx tend towards ?
Justify your answer.
[ 2marks]

(iv)  Hence, sketch the graph gf= tanh x

[ 2 marks]

(v) Given that &inh x =p cosh x has real solutions, determine the range
of possible values fqu

[ 2marks]



Question 4
The graph is a Wolfram Alpf¥ plot of the polar equation

r =14+ sin0 overtheinterval— 7 < 8 < =&

polar plot r=1+sin(#) mtonm

Use differentiation as part of a proof that shows that there could be a vertical tan

to the curve that touches the curve at the point with polar coordilfnagtes%)

[ 6 marks]



Question 5
(1) Given thaty = arccosx over the interval- 1 < x < 1, show that,

1
v _ 1 1cx<1

dx J1-%
If your solution involves the taking of square roots, explain carefully
why you select the negative option and discard the positive, if appropriatt

[ 4 marks]

(i) f(x) = arccos(€’) x <0

(a) Explain why domain restrictiox < 0 is necessary.

[ 2marks]

(b) Prove thatf (x) has no stationary points.

[ 2marks]



Question 6

4%% + 3x + 14

i Express as partial fractions
(1) P P (x+2)(x2 + 4)

[ 3marks]

4%% + 3x + 14
X+ 2)(x2 + 4)

1
(ii) Hence find the exact value ofo ( dx

Simplify your answer.

[ 5marks]



Question 7
After you have done this question you may like to compare the method this old
examination question guides you towards with that used in question 2.

z =4+ 2 z = -3+

(i)  Find the exact value dfz, — 2|

[ 2 marks]
Given thatw = a
¥4
(i) expressw in the forma + bi, wherea,b € R
[ 2 marks]
(iii)  find argw, giving your answer in radians.
[ 2marks]
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Year FM
Further Pure Mathematics Examination Revision
Health Check N° 10

Answer 1
3 -1 0 4
r = |2| + A|-2]| is perpendicular tor; = | 3| + usz| 3 | and this is proven
0 5 2 2
by showing that the scalar product of the two line directions is zero.
-1 4
Sotheclaimisthaf,—2|e | 3] =0
5 2
-1 4
LHS = [-2| (3
5 2
= ()@ + (=203 +(6(2
=-4-6+10
=0
= RHS ]

[ 3marks]



Answer 2

(i)

Fromz = r,(cos6, + isiné;) we get thal z |

roandarg(z) = 6,

Fromz = r,(cosf, + isind,) we getthal z| = r,andarg(z) = 6,

4

V)

Now

r.(cosé; +isné,) y r,(cosé, — isng,)
r,(cosé, + isng,) r,(cosé, — isné,)

i y Ccosf,cosf, — 1 CcOsSO;SINO, + 1S5NH1CO0SHO, — 1 SINB1SINO,

rar co2 6, — i COSO,SiNB, + i COSO,SNO, — i2SiN2 6,
o y cosf;cosf, + Sn6,SNH, + 1 (SN, cosH, — cosH;SN0O,)
ry cos? 0, + sin2 6,
o o cos(6, — 6,) +19n(60, — 6,)
I 1
r

= x (cos(6; — 0,) +isin(6, — 6,))

referring back to the first two lines of our proof we can write

A= and arg(i) =60, - 6,
Z ) Z
z
- 2r and - arg(z) - arg(z)
2

This answer tidies up the ragged ending to the similar proof in Core Book 1, page

(i)

[ 5marks]
(a) arg(z) = ag(1-+v3i)
- a5
__
3
(b) ag(z) =ag(V3 +i)
- wen{ )
_
6
(c) arg(;—z) = arg(z) - arg(z)
__r _ =
-3 6
__ T
2

[ 1,1, 1marks]



Answer 3

(i)

(i)

(iii )

LHS = tanhx
sinh x
‘coshx
sinhx + cosh x

_e"—e‘x>< 2
B 2 e + g X
st @
&+ eX eX
&1
eyl
= RHS O
AS X — oo, € -1 - e ande® + 1 —
e -1 e
and sotanhx = ——— —» —— =1
e+ 1 e2x

ASX = —oo, -1 > -1 ande® +1 — 1

-1 -1
e + 1 1

and sotanhx =

[ 3marks]
er

[ 2 marks]

[ 2marks]

(v)

From 3sinhx = pcoshx we get that,tanh x

From the graph,— 1 < tanhx < 1

—1<£<1
3

-3<p<3

[ 2marks]

[ 2marks]



Answer 4

Let x = r cosé
= (1 + sn@) coso
= C0S6H + sSinf cosé
1 .
= ?sn(ze) + cos6
dx .
—— = co0s(20) — sn6
5 (26)
: dx
For a vertical tangen{@ =0
cos(20) — sno = 0
cos’§ — s —sind = 0
1-2sin0 —sng = 0
250’0 +snf — 1 = 0
(2sno —1)(snd +1) =0
Either sn® = —1in which cas® = —% (in the specified interval)

Or sno = %in which case® = % (which is30°)

When 6 = l, r=1+ sin(i) givingr = 3
6 6 2
Thus there could indeed be a vertical tangent to the curve that touches it at

the point with polar coordinate(s%, %) O

[ 6 marks]



Answer 5

(i) y = arccosx = X = COSYy
X = —s8n
dy y

Now use the trigonometry identitgoszy + sinzy = 1 to get..

—:); +,/1 - cos?y

dy 1

o A SR 1
dx Vi-x2 s

(Need to remove: 1 to avoid a division by zero)

From the graph of = arccosx it can be seen that the gradient is always negative

l1<x<l1 O

The graph ofy = arccos x
It is the inverse of a one-to-one piece ottisex function

[ 4 marks]
(i) (a) The functiong(x) = arccosx is only defined on domain

— 1 < x < 1so the related functiofi(x) = arccos(€")
requires tha€* be constraineduch that - 1 < € < 1.

As €'is always positive (and an increasing function) there is
no issue at the left end of this interval. To premixceeding

the maximum value of +1 requires the constraing O.
[ 2marks]



(b)

f(x) = arccos(e)  x <0

1 e by the chain rulex < 0
J1-(e?

At a stationary point” (x) = 0.

f'(x) = -

However, we havex < 0or, more usefully0 < € < 1
from which it is cleaf’ (x) cannot equal zero.

.. There can be no stationary points. O
[ 2marks]



Answer 6

= +
[ (x+2)(x2+4)] (x +2) (x2 + 4)
Multiply through by the red bracket...

(i) 4%% + 3x + 14 A Bx + C

4x2+3x+14:A(x2+4)+(Bx+C)(x+2)
Let x = —2inwhich case,24 = 8A = A =3
Let x = 0 inwhichcase,14 = 12+ 2C = C =1
Let x = 1 inwhichcase,21 = 15+ (B+ 1)(3)
6=3(B+1)=>B=1
Conclusion:

4%%2 + 3x + 14 3 X+ 1

(x+2)(x2+4) (x+2) " (x2 + 4)

[ 3marks]

(i)

1 4%% + 3x + 14
f dx
o (

X+ 2)(x2 + 4)

1 1 1 1 2X 1 1
-3 X+ = [ —=——d S S
-[o X+ 2 X+2-[o (x2 + 4) X+-[o 2+ 22)

_ 1012 1 (1”1
_[Sln|x+2|+ 2In|x + 4] + > arctan| > i

1 1 1 1
= 3] | — (—)— In2 — —In4
3n3+2n5+zarctan2 3In 2n

1 1
In27 + Inv/5 — In8 = In2 + ?arctan(—)

2
= In( 27V5 )+ iarctan(i)
B 16 2 2

[ 5marks]



Answer 7

(i)

(i)

(iii )

Z1—22| =

|(4+2i)-(-3+1i)]
|4+ 2+ 3-i]

|7 + i

V50

5V2

[ 2marks]
4
Z
4 + 2i -3 -
— X -
-3+ -3 -1
. . .2
-12 -4 - 6 - 2i
9 i°
-10 - 10i
10
-1 -
[ 2marks]
arg(-1-1i)
arctan(i)
-1
arctan(l)
4 4 .
-n + — or — (Reject
™+ 4( ject)
_ 37
4
[ 2marks]
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