1.12 Answers

1.12.1 Solution to 1.10 Example
The question ask for an axiomatic proof that the inverse of each element of a
group is unique.

An axiomatic proof is one that only uses the defining properties of a group.
They are: closure, identity, inverses and associativity.

When asked to show that something is unique, that there is only one of them,
a fruitful line of approach is to assume that there are two. The claim is that
there is only one, to which you say "Oh no there isn't " and the maths bites
back with "Oh yes there is !"

In other words “a proof by contradiction”.

Assume thay andz are two different inverses for the element
In consequence,

y = ey wheree is the identity in the group (Identity)

(¥)y sincezis an inverse fox (Inverses)

Z(Xxy) (Associativity)

= ze sincey is an inverse fox (Inverses)

=z ase is the identity (ldentity)
The assumption thgtandz are different inverses toresults in a statement
thaty andz are the same.
.. The inverse of each element of a group is unique. O

[ 4 marks]



1.12.2 Solutionsto 1.11 Exercise

Answer 1
Assume there exists a column in a Cayley table in which the same element
occurs twice. Given two distinct elemerntsandg, in columnb the situation is;

o | .| b
p | ... |podb
q | ... |qob

Under the assumption that the same element occurs twice,
pob=qob
(pob)obt=(gob)ob? Post-multiply both sides
P o (b 0 b‘l) =qo (b ° b_l) (Associativity)
poe=qoe (Inverses)

p=q (Identity)
But this contradicts the starting assumption fhanhdq are distinct elements.
.. the same element cannot occur twice in any column in a group's Cayley table.

In conjunction, the two parts together prove that all group Cayley tables will
be Latin squares.
]

[ 4 marks]



Answer 2
Statement : The identity element of a group is unique.

Pr oof:
From the definition of a group;

e | dentity: There exists an identity element G.

Thisissuch that,foralle G,goe =g =ex*x g

Assume that there exists a group which has two different identity elements.
Let those identity elements be; and e,

Now, it must be true tha; e, = e, because; is an identity element.

And, it must be true th& e, = e, becaus&, is an identity element.

For both of the above two sentences to be gue; e,

The assumption that ande, are different identity elements results in a statement

thate, ande, are the same.
.. The identity element of a group is unique. O
[ 4 marks]



Answer 3

Statement: If x andy are elements of a grougxy) - y 1yt

Proof:

From the definition of a group;

e [nverses: For each € G, there exists an inverse eIemeth1 e G
This is such thag o g_1 =e= g_1 o g

Thinking ofxy as an elemeng, of the group (closure) and x~ L as another

elementg *, of the group (closura) has to be shown that,

() o (y'x Y =e=(y'xY o (x)
Then, each dixy) and(y *x %) is the other's inverse

First, to show that(xy) o (y 1x 1) = e
LHS = () (y *x )

= x(yy‘ 1) x 1 (Associativity)
= xex ! (Inverses)
= xx * (Identity)
= e (Inverses)
= RHS d
Second, to show thaty *x %) o (xy) = e

LHS = (y 'x Y ()
=Yy (x‘lx)y (Associativity)
=y ley (Inverses)
=yly (Identity)
=e (Inverses)
= RHS O

Thus,(xy)_1 = y_lx_1 as required. O

[ 5marks]



Answer 4

Statement : When an Abelian groufG, o) contains elementsandb such that
ais self-inverse ant is self-inverse theao b is also self-inverse.

Pr oof:
When an elemenk, is self-inverse it means that

x = x 1
XX = XX T pre-multiply both sides by
X = e (Identity)

When two elements, andy are in an Abelian group it means that the elements
in the group are commutative. Thatxg= yx

To show that o b is self-inverse, show thab = (ab)_1

LHS = ab
= e(ab)e (Identity)
= (ata)(ab)(bb 1) (Inverses)
- al(aa)(bb)b? (Associativity)
_al(a?)(p?) bt
—al(e (eb? (Identity)
=alp?
=blal As the group is Abelian
= (a b)_1 Using the Question 3 result
= RHS O

[ 5marks]



Answer 5

Statement: If x, y are elements of a gro@ and if all three ok, y, xy have
order 2, then that the group is Abelian.

Pr oof: Sincexy has order 2,

X

ES
&
=< <
Il Il

X
<%
I

(yx)e
W =

<

It has been shown that any two elemex&ndy, are commutative.

.. The group is Abelian O

Answer 6

S L L L

Pre-multiply both sides by

(Associativity)

As x has order 2
(Identity)

Post-multiply both sides by

(Associativity)

Asy has order 2
(Identity)

[ 5marks]

Statement : Given a group of order 10, every proper subgroup must be cyclic.

Proof: By Lagrange's theorem, a group of order 10 can only have possible

proper subgroups of order 2 or 5

A group (or subgroup) of prime order is cyclic.

Thus, every prober subgroup of a group of order 10 is cyclic.

[ 3marks]



Answer 7
(1) Statement: Given that, b are elements of a group and that

a = e b* = e ab = bas thena’b = ba
Pr oof:

LHS = ab

[ 5marks]



(ii) Statement: Given thai, b are elements of a group and that

e ab = bad thenab® = b°a?

Lemma:

Pr oof:

a = e, bt =
ab
aba2
aba2
aba2
LHS =

= ba3
= baga2
= ba5

=b

[ 5marks]



Answer 8
Although not asked for, a Cayley Table will be useful !

(i)

(i)

(iii)

X 1|2 |4|7|8|11|13|14
11 |2 |4(7|8 11|13 14
22|48 14|17 11|13
4 |4 |8 |1(13| 2 |14|7 |11
7 |7 |14|13| 4 (11| 2 |1 |8
8|8 |1 2|11 4 |13|14| 7
11117 14| 2 |13 1 | 8 | 4
131311 |7 |1 |14 8 |4 | 2
14 14 |13 |11 | 8 | 7 |4 | 2 | 1

Using each element in turn as a generator;

(1 = {1 |1] = 1
(2) = {1, 2, 4, 8} |2| = 4
@ =1{14 4] =2
(7) = {1, 4, 7, 13} |7] = 4
(8) = {1, 2, 4, 8} |8| = 4
(11) = {1, 11} |11] = 2
(13) = {1, 4, 7, 13} |13| = 4
(14) = {1, 14} |14| = 2
[ 4 marks]
The order ofG is 8
Lagrange's theorem gives possible valuesad 1, 2, 4 or 8
[ 2marks]

From part (i) the proper cyclic subgroups are,
{1, 4}, {1, 11}, {1,14}, {1, 2, 4, 8}, and {1, 4, 7, 13}
[ 4 marks]



(iv) (a) The set {0, 1, 2, 3, 4, 5, 6, 7} under addition modulo 8 forms
a group because it is closed, and has 0 as identity. The inverse
pairs are (1, 7), (2, 6), (3, 5) and 4 is self inverse.
It is a cyclic group because, for example, the element 1 generate
the whole group.
No element ofs generated the whole group in part (i) andsso
IS not cyclic.
.. This group is not isomorphic witB
[ 6 marks]

(b) The set {1, 2, 3, 4, 5, 6, 7, 8} under multiplication modulo 9
is not a group because it is not closed;3= 0 (mod 9)
[ 2 marks]

(c) The set of matrices does form a group, initially suspected
because they are all two dimensional transformation matrices.

1 0} . . . .

0 1 ) Is the identity matrix

Cl) _O is a rotation of 99about the origin
_0 _2 is a rotation of 18Dabout the origin

0 1) . . .
1 0] 52 rotation of 270about the origin

0O 1) . o

1 0 is a reflection iny = x

0-1). o
1 o sa reflection iry = —x

10 is reflection in thec-axis

0-1
~1 01 s areflection in thg-axis

0 1

0-11). . 01 :
So, ( 1 0 )IS the inverse o( 10 ) with the other

non-identity elements being self inverse.
With six self-inverse elements, this is not isomorphiGto
which has only three.

[ 6 marks]
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