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Lesson 1
A-Level Pure Mathematics : Year 1
Graphwork

1.1 Graphing Polynomials
Faced with the task of quickly sketching@ynomialhow best to proceed ?
It turns out that the degree of the polynomial is of crucial importance.

The Degree of a Polynomial
The degree of a polynomial the highest powex. of

1.2 Graphed Polynomials with Positive Highest Order Term

Here are a few examples of polynomials and their corresponding graphs.

For each, note the parity (odd or even) of the degree of the polynomial and,
for largevalues ofx, which quadrant the graph enters and exits.

(Remember that graphs are always read, like this sentence, from left to right)

Here is a summary of the key observations to be made,

Equation Degree Degree's Parity Entry Exit
y=x>-x-3 2 even 2T 7t
y = 01x3 - x 3 odd 3rd 1st
y = 01x* - x%2 + x 4 even 2nd 1st
y = 0.01x° — 02x3 5 odd 3d 1st




The observations made suggest the first half of the following rule.

Large Values ofx Rule for Polynomials
If the highest order term is positive then the exit is in thguadrant.
Additionally,
e if the degree is even the entry is in thédquadrant.
e if the degree is odd the entry is in theédqadrant.

If the highest order term is negative then the exit is infrguddrant.

Additionally,
o if the degree is even the entry is in tifeqdiadrant.
o if the degree is odd the entry is in tHe @uadrant

1.3 Example
f(x) = X+ ax® — 17X - 60x

Given that( x — 4) is a factorfactorisef (x) completely and hence sketch

the graph of (x) clearly marking all axis crossing points.

[ 8 marks ]



1.4 Exercise

Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 74

Question 1
f(x) = 23 - 1158 - 12
Given that( x — 3) is a factorfactorisef (xX) completely and hence sketch

the graph of (x) clearly marking all axis crossing points.

[ 8 marks ]



Question 2
f(x) = 6XC + 7x% — 23 — 30
(1) Calculate the value off (1), the value off (2), and the value of (3)

[ 3 marks ]

The Factor Theorem
If, for a given polynomial functiop(x), p(a) = 0 (for some constang)

then(x — a) is a factor op(x)

(i) Hence, using the factor theorem, factofig® completely and so

sketchthe graph off (x) clearly marking all axis crossing points.

[ 8 marks ]



Question 3

2

p(x) = a - x wherea s a positive constant

Sketch the graph @f(x) clearly making all axis crossing points in terms.of

[ 3 marks ]

Question 4

2 2

gx) = X + a wherea is a positive constant

Sketch the graph a@f(x) clearly making all axis crossing points in terms.of

[ 3 marks ]

Question 5

r(x) = x* — a* whereais a positive constant

Sketch the graph of(x) clearly making all axis crossing points in terms.of

[ 3 marks ]



Question 6
f(x) = 7% - 36x — x*
Given that( x + 2) is a factorfactorisef (x) completely and hence sketch

the graph of (x) clearly marking all axis crossing points.

[ 8 marks ]



Question 7
A-Level Examination Question from June 2019, Paper 1, Q1 (Edexcel)

f(x) = 3xC + 2ax’ — 4X + 5a

Given that( x + 3) is a factor of (x) find the value of the constaat

[ 3 marks ]

Question 8
Continue the previous question by factoridingg) completely, using the value of

a found, and so sketch the graph ¢x) marking on its two axis crossing points.

[ 8 marks ]



Question 9
Given thatf (x) = (x - 10)(x2 - 2x) + 12x

(1) Expressf (x) in the form x( ax? + bx + c) wherea, b andc are
real constants

[ 3 marks ]

(i) Hence factorisd (x) completely

[ 2 marks ]

(i)  Sketch the graph of = f (x) showing clearly the points where the
graph intersects the axes.

[ 3 marks ]



Question 10

The graph is ofy = X+ bx2 + ox + d, whereb, c andd are real constants.
Find the values db, c andd.

[ 3 marks ]



Question 11

The graph is ofy = ax® + bx2 + ox + d, wherea, b, c andd are real constants.
Find the values o, b, c andd.

[ 4 marks ]



Question 12
f(x) = X+ 6 + 5% - 24x + 16

(1) Given that the roots df(x) have integer values, list the ten possible roots
suggested by the term independent béing 16.

[ 2 marks ]
(i) Use the factor theorem to find two rootsfaix)
[ 2 marks ]
(i)  Hence, factorisé(x) completely and so sketthe graph of (x)
clearly marking all axis crossing points.
[ 8 marks ]
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1.5 Solutions
A-Level Pure Mathematics : Year 1
Graphwork
1.5.1 Answer to 1.3 Example

Begin by factorising out ax
f(x) = X+ 4x3 - 1752 - 60x

= x(x3+ 4%% — 17X — 60)

Then make use of the factor given in the question,

x2 + 8x + 15
X — 4| x3 + 4x2 — 1% - 60

x3 — 4x2
8x2 — 17
8x2 — 32
15« — 60
15« — 60

0 « Asexpected!
f(x) = x(x3+ 452 — 17 — 60)
= x(x - 4)(x° + 8 + 15)
= X(X=-4)(x+ 3)(x+5)
This has rootx € {-5,-3, 0, 4}

[ 8 marks ]



1.5.2 Answers to 5.3 Exercise

Answer 1

Begin by factorising out ax,

f (X

= x4+ 2x3— 11x2—

= x(x

3

12x

+2x° - 11x - 12)
Then make use of the factor given in the question,

X2 + Bx 4
x — 3[x3 + 2x2 - 1Ix 12
x3 — 3x2
5x2 — 11x
5x2 — 15
4x 12
4x 12

0 « As expected!

f(x) = x(x3+ 2x% — 11x — 12)
= x(x - 3)(x® + 5x + 4)

=X(XxX-3)(x+4)(x+1)

This has rootsx € {-4, -1, 0, 3}

Ya

[ 8 marks ]



Answer 2
f(x) = 6x + 7% — 2 - 30
(i) fO=6x12+7x12-23x1-30= f(1) = —40
f(2)=6x2+7x22-23x2-30=>1(2 =0

f(3) =6x3+7xF-23x3-30> (3 = 126
[ 3 marks ]
(i) From part (i) and the factor theorefx — 2) is a factor of (x)

6x2 + 19 + 15
x—2|6x3+ 7x2 - 2% - 30

6x3 — 12x2
19x2 — 23
19x2 — 38
15« — 30
15« — 30

0 « Asexpected!

6xC + 7x° — 23 — 30
(x —2)(6x% + 19 + 15)
=(x-2)(3+5)(2x + 3)

f(x)

This has rootx e {— i - 3 2}
3 2

[ 8 marks ]



Answer 3
As it's a difference of two squares,

p(x) = a2 — x2

=(a+Xx)(a-X)

This has roots € {-a, a}

[ 3 marks ]

Answer 4

qx) = x2 + a2
As the discriminant is- 4 a° (that is, negative) this has no real roots.
In other words, it does not cross thaxis.
Ya
12
llllllllllﬁlllllllllbx

[ 3 marks ]

Answer 5

4 4

rx =x —a
= (% - a%) (% + &)

2

= (x-a)(x+a)(x®+a®)

[ 3 marks ]



Answer 6
Begin by factorising ouf—x ),

f(x) = 7x - 36x — x*

(=x)(=7x% + 36 + X°)
= (=x)(x® - 7x% + 36)

Then make use of the factor given in the question,

X2 o9x + 18
X + 2| x3 - 7x2 0x + 36
x3 + 2x2
- 9x2 0x
- 9x2 — 18&
18 + 36
18 + 36

0 « Asexpected!

fx) = (=x)(x> - 7x% + 36)

= (=x)(x+2)(x® - 9x + 18)

= (=x)(x+2)(x-3)(x-6)

This has rootsx € {-2, 0, 3, 6}

Ya

<V

[ 8 marks ]



Answer 7
As (x + 3) is a factor,

f(-3)
3(-3°+2a(-3°-4(-3)+5a=0
-81+ 18+ 12+5a =0

I
o

23a = 69
a=3
[ 3 marks ]
Answer 8
32 - 3 + 5
X + 3|33 + 6x2 - 4x + 15
3x3 + 9x2
—-3x2 — 4X
-3x2 - 9
5 + 15
5 + 15

0 « Asexpected!
f(x) = (x + 3)(3x2 - 3 + 5)
The discriminant of the quadratic factoy i® = (- 3)2 - 4x3x5
= —-51

As this is negative this quadratic factor adds+axis crossing points

[ 8 marks ]



Answer 9
(i) f (X) (x—lO)(xz—Zx)+12x

x3— 2x2— 10x2+ 20x + 12x

X3 — 12X% + 3

x( X2 — 12x + 32) which is in the required form

[ 3 marks ]
(i) f(X) = x(x—4)(x—-8)
[ 2 marks ]

(i)

[ 3 marks ]



Answer 10

Observe that the graph crossesxaxis wherx = -3, x = -2 andx = 1
So the equation of the curve is of the form,

y =k(x+ 3)(x+ 2)(x—1) for some constark

The constank need to be such that when= 0, y = -6
-6 =k@(-D
k=1
LYy =(x+3)(x+2)(x-1)
= (x2+5x+6)(x—1)

x3+5x2+6x—x2—5x—6

x3+4x2+x—6

[ 3 marks ]
Answer 11
Observe that the graph crossesx@axis wherx = —1, x = 2 andx = 3
So the equation of the curve is of the form,
y = k(x+ 1)(x—-2)(x - 3) for some constark
The constank need to be such that when= 0, y = 2
2 =kH(=2(=3
k==
3
1
VAES §(x+ D(x-2)(x—-3)
= i(XZ—X—Z)(X—B)
3
= %(xg—xz—Zx—3x2+3x+6)
_ 13 2
= E(X - 4x +x+6)
= %x3—%x2+%x+2
[ 4 marks ]

Answer 12
(1) Possible roots of (x) = X} + 6x5 + 3% — 24x + 16 are

X==x1+2 +4 +8, +16
[ 2 marks ]



(i) The full list is;

f(+1) =0, f(2) =36 f(4) =576 f(8 = 7056 f(16) = 90000

f(-1) =36 f(-2 =36 f(-4 =0, f(-8) = 1296 f(-16) = 41616
The two that can be found by the factor theorenxard andk =-4

[ 2 marks ]
(i)  Working out the quadratic factor,

(x—l)(x+4)=x2+3x—4

X + X - 4
x2+3x—4|x4+6x3+ X2 - 24x + 16
¥ + 3x3 - 4x2
3x3 + 5x2 — 24
3x3 + 9x2 - 1
- 4x2 - 1X + 16
- 4x2 - 1X + 16

f(x) = X+ 66X+ X% — 24x + 16

(x2+3x—4)(x2+3x—4)

(x2+3x—4)

(X — 12 (x + 4)?
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Lesson 2
A-Level Pure Mathematics : Year 1
Graphwork

2.1 Multiplicity of Roots

Given the functionf (x) = (x + 1)"(x - 2)2 a mathematicain would say that

that there is a root of multiplicity at x=— 1 and a root of multiplicity 2 ax = 2.
The following graphs show what happens as the multiplicity of the rootat 1,
n, increments from O to 3.

In particular, observe the activity around the numbgron thex-axis.

)= (+ 13(x - 27

Equation n | parity ofn | x = —1 activity X = 2activity

y = (X-— 2)2 0 even no root touch from above
y=(x+1)(x- 2)2 1 odd cross from below| touch from above
y = (X+ 1)2 (X — 2)2 2 even touch from above] touch from above
y=(x+12®(x-2)y2]3 odd cross from below| touch from above




The observations made suggest the following rule,

Cross or Touch Rule for Polynomial Roots
Given a polynomial of the form,
f9 = (x-a)" g
the root atx = a will be acrossif nis odd or aouch if nis even.

(Provided thak = ais not also a root of the polynom@g{x))
Whether theeross or touch is from above or below depends upon how the roots

of g(x) are distributed about = a

2.2 The “Together” Sketches
Sketch each of the following curves, marking all intersections with the axes.

(i) y=(x+3>3x-1)7%x-2)7
(i) y=x-xX
(i) y= (x+372(4-x)>

[ 9 marks ]



2.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 70

Question 1
Sketch each of the following curves, marking all intersections with the axes.

(i) y= ()% (x+2)%(x+ 3)
(i) y=x-x

(i) y= (3-x)3(x+2)Y7

[ 9 marks ]



Question 2
(i) On the same axes sketch the cupve (X2 — 1)(x - 2) and

the liney = 14x + 2

[ 4 marks ]

(i) Use algebra to find the coordinates of the points of intersection.

[ 3 marks ]



Question 3

(1) On the same axes sketch the curve with equatjoas(x — 2)(X + 2)2

2

and the curve with equation = —x~ — 8

[ 4 marks ]

(i) Use algebra to find the coordinates of the points of intersection.

[ 3 marks ]



Question 4
A-Level Examination Question from January 2007, Paper C1, Q10 (Edexcel)
(a)  Onthe same axes sketch the graphs of the curves with equations,

(i) y=x(x-2)

(i) y = X(6 = X)
and indicate on your sketches the coordinates of all points where the
curves cross the-axis.

[ 6 marks ]

(b) Use algebra to find the coordinates of the points where the graphs interse

[ 7 marks ]



Question 5
f(x) = X — 2x2 + px + 36 wherep € Z

(1) Given thatx = 3 is a root off (x) determine the value @f

[ 3 marks ]

(i) Factorisef (x) completely.

[ 4 marks ]

(iit)  Sketch the graph df (x) marking on all axis intersections

[ 3 marks ]



Question 6

The graph belowy = f (x), is of the functionf (x) = X+ 8

From the graph it is clear thét(x) has only one root at = — 2
Mathematicallythis root can be found by solving the equatfaix) = 0

This question looks at another mathematical way of showing there is only one roc

(1) Carry out a polynomial long division to show that,
C+8=(x+2)(x®+px+q)
wherep andq are integers the values of which are to be found.

HINT: x+2|x3+0x2+ Ox + 8

[ 3 marks ]

(i) By considering the discriminant of the fact()lx2 + pX + q)

show that this quadratic factor yields no further roots(&f

[ 3 marks ]



Question 7

fx) = x° - 3x° — 15x* + 35x% + 90x° — 10% — 216
It is known thatf (x) has two distinct roots each of multiplicity three.
Thus,f(x):(x+p)3(x+q)3 wherep, g € Z with p < g
(1) Explain how the factor theorem proves that neittver— 1) nor

(X + 1) can be factors of (x)

[ 3 marks ]

(ii) By writing 216 as a product of primes, list two candidate possible

factorisations off (x) keeping in mind thap3 q3 = 216

[ 3 marks ]

(iit)  Use the factor theorem to determine which of the two candidates
factorisations is the actual factorisatiorf ¢%)
State the value gf and the value df

[ 3 marks ]

(iv)  Sketch the graph of (x) marking on all axis intersections.

[ 3 marks ]



Question 8
f(x):3x3+x2—x and gxX) = 2X(x - 1)(x+ 1)

Show algebraically that the graphsf@gk) andg(x) have only one point of
intersection, and hence find the coordinates of this point.

[ 6 marks ]
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2.4 Answers
A-Level Pure Mathematics : Year 1

Graphwork
2.4.1 Solutions to 2.2 The Together Sketches
(i) y=(x+3°(x-17(x- 2)
Ya
1 _\2J‘ 1 >X
[ 3 marks ]

(i) y=x-x
:x(l—xz)
=X(1-x)(1+Xx)
= -X(x-1)(x+1)

YA

[ 3 marks ]



(i) y= (x+372(4-x)?

2

(X +3)°[ (4-x)]
(x+3)? [ (-1)(x-4)7]?

= (x+3)%(x - 4)°

[ 3 marks ]

2.4.2 Solutions to 2.3 Exercise

Answer 1
(i) y=(x)2(x+2%(x+ 3)

[ 3 marks ]



= x(l—x4)

X2

)(1+

N
X
I

[ 3 marks ]

y= (3-x)°3(x+2)

(i)

= (-1)(x = 3)%(x+2)

[ 3 marks ]



Answer 2

(i) Thecurvey = (x> = 1)(x - 2) andthe liney = 14x + 2

[ 4 marks ]

(i) To find the points of intersection, using algebra,
(x®-1)(x-2) = 14x + 2

x3—2x2—x+2—14x—2

0

x3—2x2—15x:0

x(x2—2x—15):0
X(x=5)(x+3)=0
Eitherx = =3 or x =0 or x =5

Now usey = 14x + 2 to get the intersection points

(-3, 40), (0, 2), (5, 72)
[ 3 marks ]



Answer 3

(1) The cubic curvey = (x — 2)(X + 2)2 and quadraticy = ~x° -8

[ 4 marks ]
(i) To find the points of intersection, using algebra,

(x—2)(x+2)2 - -8

(x2—4)(x+2):—x2—8
X+ 2x° —4x -8 =-x° -8
XS+ 3% —4x =0

x(x2+3x—4)=0
X(X+4 (x-1)=20
Eitherx = -4 or x =0 or x =1

Now usey = (X — 2)(X + 2)2 to get the intersection points

(-4,-24), (0,-8), (1,-9)
[ 3 marks ]



Answer 4
(1) The cubic curvey = x2(x — 2) and quadratiocy = x(6 — X)

[ 6 marks ]

(b) To find the points of intersection, using algebra,
x2(x— 2) = X(6 — X)
X3 — 2% = Bx — X
XX — X2 —6x =0
x(x2 - X - 6) =0
X(Xx+2)(x-3)=0

Eitherx = =2 or x =0 or x = 3

Now usey = xX(6 — x) to get the intersection points

(-2,-16), (0, 0), (3, 9)
[ 7 marks ]



Answer 5
f(x):x3—2x2+px+36
(1) By the factor theorem,f (3) = 0
(3)°-2(3)%+p(3)+36 =0
27-18+ 3p+36 =0
3p = -45
p=-15
[ 3 marks ]
(i)
X + x — 12
x — 3| x3 - 2x2 - 15 + 36

X2 — 15
X2 — 3
- 12X + 36
- 12 + 36

0 « Asexpected!

f(x) = x> — 252 — 15 + 36

= (x-3)(x® + x - 12)
(X=3)(x=3)(x+4)
= (x—3)2(x+4)

[ 4 marks ]
(iii)

[ 3 marks ]



Answer 6

(i)

X + 2|x3 + 0x2 + Ox + 8

x3 + 2x2
- 2x2 + Ox
- 2x2 — 4
4 + 8
4 + 8

0 « As expected!
XC+8=(x+2)(x+2x+4)
L p=2andqg =4

(ii) For the quadratic facto(,x2 + 2X + 4)

D = b® — 4ac
=2 _4x1x4
- 12

As the discriminant is zero the quadratic factor contributes no
further roots. O
[ 3 marks ]



Answer 7

fx) = x° - 3x° — 15x* + 35x% + 90x° — 10% — 216

(i) f()=1-3x1°-15x1"+35x1%+90x 1% - 108x 1 — 216
= 1-3-15+ 35+ 90— 108 - 216

= -216 .. (x - 1) isnota factor of (x)
f-1)=1+3-15-35+ 90+ 108 - 216
= —-64 .. (X + 1) is not a factor of (x)

[ 3 marks ]

(i) Using the FACT button on a calculat@16 = 23 x 3%and as(x 1)
can not be factors (from part (i)) it would seem that the factorisation is

eitherf (X) = (x + 2)3(x— 3)3 orf(x) = (x— 2)3(x+ 3)3

[ 3 marks ]
(iii)  Students need only do one of,
f(2 =-64
f(-2)=0
f3 =0
f(-3) = 216
as any one of these four results is enough to deduce that,
f) = (x+2)°(x-3)°
[ 3 marks ]

(iv)

[ 3 marks ]



Answer 8

Points of intersection must satisfy,
f) =9
2

3% + X - X=2X(x-1)(x+ 1)

3 + X - x 2x(x2— 1)

3x3+ x2

Il
o

—x—2x3+2x
x3+x2+x:0
x(x2+x+1):0

2

Eitherx =0 or X +x+1=0

However, x2 + X + 1 = 0 has a discriminant of 3

As this is negative there are no further roots.

The only point of intersection is thyg), 0)
[ 6 marks ]
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Lesson 3
A-Level Pure Mathematics : Year 1
Graphwork

3.1 A New Transformation
A transformation not encountered at GCSE level is that of inversion.

Given a functionf (x), the inversion of this function W .

Although not recommended, this could be writter] &$x) ]_1 but notice that,

in general, this is not the samefé%(x) which is the inverse function.

Inversion

The transformation inversion is the taking of the reciprocal of a given function.

Under inversionf (x) — 1
F0o

3.2 Example (Sine Function)
On the graph below, in red, is the familiar sine functigw) = sinxand, in

gold, the inversion of this functionl— = .1
(X sinx

Notice that,
¢ as the reciprocal @fl is alsatl, points on the lineg= + 1 are invariant.

¢ the inversion has a vertical asymptote each time the sine function is zero.

[1 Draw in the vertical asymptotes on the graph.
[ 1 mark ]



3.3 Example (Power Function)
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3.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 72

Question 1
A-Level C1 Examination Question from May 2014, Q4

A

y

v

The diagram shows a sketch of the cubweith equation

1
= — +1 X#0
y X

The curveC crosses thg-axis at the poinA.

(a)  State thex coordinate of the poirA.

[ 1 mark]
The curveD has equatiory = x2( x — 2) for all real values ox.

(b)  Add a sketch of curvD to the diagram, above.
Show the coordinates of each point where the cDresosses the axes.

[ 3 marks ]
(c) Using your sketch, state, giving a reason, the number of real
solutions to the equation

2 1
X(x—-2)=—+1
( )=

[ 1 mark]



Question 2
A-Level Examination Question from January 2009, Paper C1, Q8 (Edexcel)
The pointP ( 1,a) lies on the curve with equation

(a)

(b)

(c)

y = (X+ 1)2(2—x)
Find the value o&

[ 1 mark]
On the axes below sketch the curves with the following equations;
. N 2
(i) y=(x+1)7(2-x) (i) y=—

On your diagram show clearly the coordinates of any points at which
the curves meet the axes.
[ 5 marks ]

With reference to your diagram in part ( b ) state the number of real
solutions to the equation

(x+1)%(2 - x) = 2
X

[ 1 mark]
Ya




Question 3

. . . . . . 1
Graphed is the inversion of the sine functibiix) = sinx — = Snx
540! )
Produce similar graphs for the inversion for,
. . . 1
(1) the cosine functionf (x) = cosx — =
f (X Cos X
.. . 1
(ii) the tangent functionf (x) = tanx — =
f (X tan x
. . 1 1 1
These inversions have names— = CsCX, = SeCX, —— = CcotXx
snx tan x

COSX

[ 3, 3 marks ]



Question 4
For the curve with equation

y=(x-1)7?-16
(1) write down the coordinates of the minimum point,

[ 1 mark ]
(ii) expand the brackets, and hence write down the coordinates of where the
curve crosses theaxis,
[ 1 mark]

(i)  factorise your part (ii) answer, and hence write down the coordinates of
where the curve crosses thaxis.

[ 1 mark]

(iv)  Sketch the curve.

[ 2 marks ]

Question 5
For the curve with equation

y= (X- 4)2 +1
explain, using mathematics, why it does not crosx-tas.

[ 2 marks ]



Question 6
A-Level Examination Question from January 2011, Paper C1, Q10 (Edexcel)
(a) Sketch the graphs of

2

(i)  y=x(x+2)(3-x) (i) y=-7

Show clearly the coordinates of all points where the curves cross the
coordinate axes.

[ 6 marks ]

(b) Using your sketch state, giving a reason, the number of real solutions
to the equation

X(X+2)(3-Xx) = —%

[ 2 marks ]



Question 7
A-level Examination Question from January 2006, Paper C1, Q10 (Edexcel)

X+ 2x+ 3 = (x+a)2+b
(a) Find the values of the constaatandb

[ 2 marks ]

(b) In the space provided below, sketch the graph of

y:x2+2x+3

Indicate clearly the coordinates of any intersections with the coordinate a

[ 3 marks ]



(c) Find the value of the discriminant af + 2x + 3
Explain how the sign of the discriminant relates to your sketch in part (b)

[ 2 marks ]

The equationx2 + kx + 3 = 0, wherek is a constant, has no real roots.

(d) Find the set of possible valueskpigiving your answer in surd form.

[ 4 marks ]



Question 8
A-level Examination Question from January 2005, Paper C1, Q10
Given that

f(x)=x2—6x+18, x>0

(a) expressf (x) in the form (x — a)2 + b, wherea andb are integers.

[ 3 marks ]

The curveC with equationy = f (x), x > 0, meets thg-axis atP and
has a minimum point &

(b) Sketch the graph o, showing the coordinates BfandQ

[ 4 marks ]



The liney = 41 meet<L at the poinR

(c) Find the coordinates &, giving your answer in the form+ qv' 2
wherep andq are integers.

[ 5 marks ]



Question 9
A-Level Examination Question from May 2010, Paper C1, Q10 (Edexcel)
(a) Onthe same axes sketch the graphs of the curves with equations

(i) y=x(4-x) (i) y=>(7-x)
showing clearly the coordinates of the points where the curves cross

the coordinate axes.
[ 5 marks ]

(b)  Show that thex-coordinate of the points of intersection of
y = X(4 - X) and y:x2(7—x)
are given by the solutions to the equation

x(x2—8x+4) =0
[ 3 marks ]



The pointA lies on both the curve and thendy coordinate oA are both positive.

(c) Find the exact coordinates Af leaving your answer in the form

(p+qgV3,r +sv3)

wherep, g, r ands are integers.

[ 7 marks ]
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3.5 Answers
A-Level Pure Mathematics : Year 1

Graphwork
Answer 1
(a) Let y = 0 in which casge
1 +1=0
X
1+x=0
Xx=-1
[ 1 mark ]
(b)
CurveD has intercepts with theaxisat (0,0) or (2,0)
[ 3 marks ]

(c) The equation,
2 1
X(x-2)=—+1
( ) ~
will have two solutions as it will find where the two curves, graphed
above intersect.
[ 1 mark ]



Answer 2
y = (x+1)2(2—x)
(a) Whenx =1, y =4 La=4
[ 1 mark]
(b)

[ 5 marks ]
(c) Two solutions as the two curves intercept in two places.
[ 1 mark]



Answer 3

(i

1
cos(X)

1
f(x)

Gold

= cos(X)

(X

Red

[ 3 marks ]

1
f(x)

tan (x)

Gold

tan(x)

(X

Red

[ 3 marks ]



Answer 4
(i)  The minimum pointig 1, —16)

[ 1 mark]
(i) (x-1°-16=x>-2x - 15
This will cross they-axis at( 0, — 15)
[ 1 mark]
(i) (x+3)(x-05)
This will cross thec-axis at(—3, 0) and (5, 0)
[ 1 mark ]
(iv)
[ 2 marks ]
Answer 5

y= (X- 4)2 +1
The curve of this equation would cross #haxis whery = 0 and this would
require that the following equation be satisfied,

(x— 4% +1=0

This clearly has no solutions for the least valug af — 4)2 is zero but, even
then, 1 is added on.
. The curve of this equation does not crossxthgis. O
[ 2 marks ]



Answer 6

(a)

[ 6 marks ]
(b) There will be two solutions to the equation

X(X+2)(3-X) = —%

because the left hand side is the red graph and the right hand side is the
gold graph and, from the sketch, the two graphs intersect in two places.
[ 2 marks ]



Answer 7

(a) x2+2x+3:[x2+2x]+3
= [(x+1)2—1]+3
= (x+1)2+2
~a=1andb =2
[ 2 marks ]
(b)
[ 3 marks ]
(c) D=22_4x1x3
= -8

As this is negative, the equation has no roots.

Graphically, this corresponds to there beingdaxis interceptions

(d) D=k -4x1x3
= K- 12
. For no real rootsk2 -12< 0
K < 12
- 2V3<k<2V3

[ 4 marks ]



Answer 8

(a) x2—6x+18:[x2—6x]+18
- [(x-3%-9] +18
= (x—3)2+9
a=3and b =9
[ 3 marks ]
(b)
[ 3 marks ]
(c) (x—3%+9=41
(x - 3)% = 32
X—3=%42
X =3%4V2

p=3andr = 4 (rejectr = —4 astoldx > 0)
[ 5 marks ]



Answer 9

(a)

[ 5 marks ]

Points of intersection will be found from,

(b)

- X) _x2(7—x)

x(4

Ix -2 = T - X

x3—8x2+4x=0

x(x2

8x+4):0

[ 3 marks ]



(c) The solutionx = 0 is rejected as the coordinatesfadre both positive.

X —8+4=0

[x2 - 8x] +4=0
[(x-42%-16]+4=0
(X —4)? = 12
X = 4 — 2+/3 (must be lesser of two)
y=(4-2V3)(4-4+2V3)

(4-2V3)(2v3)
8V3 - 12
-12 + 8V 3

. Intersection sought i€ 4 — 2v/3, =12 + 8V 3 )

~p=49g=-2,r =-12ands =8
[ 7 marks ]
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