3.4 Answers

University Undergraduate L ecturesin Mathematics
A Second Year Course

Vector Spaces

3.4.1 Solution to 3.2 Example (Teaching Video)

(i)

(i)

From studying the list of vectors,

1 -1 -1
Vi = 21,V = 1 4
-1 0 -1

it is clear that there is no non-zero valudsfich that,

, V3 =

V1:kV2 OrV]_:kV3 OrV2:kV3
However, we are told this list is not linearly independent and so there mu
be some combination of two that gives the other. To force the issue solve

1 -1 -1 a-b=-1
al 2|+b| 1|=| 4|=>32a+b= 4
-1 0 -1 —a = -1

From the lower equatioa = 1 and then from the uppdy = 2
Crucially, check that those two solutions satisfy the middle equation;

LHS = 2a+ Db
=2x1+2
=4
= RHS ]
( 1 -1
Thusvs = 2|+ 2| 1|andso lists, v,, vsis not linearly independent.
-1 0

[ 4 marks]
Now vz can be removed from the list of vectors.
With a list of only two vectors, to show they are linearly independent

simply observe that there is no non-zero value saich that;, = kvs.

Alternatively, show that the only value @andb that makesav, + bv, = 0
isa=b =0 Thatis,

1 -1 0 a-b=20
al 2|+b|l 1|=(0|=>4{2a+b=0
-1 0 0 —-a =0

From the lower equatiora = 0, and then the upper equation gives= 0

- vy andv, are linearly independenil
[ 2marks]



3.4.2 Solutionsto 3.3 Exercise

Answer 1

(1) (a) They-axis
(b) The liney = x across the&-y plane (wherz = 0)

1

1
0

As a vector straight line equatian= u

(c) The point (0, 0,0)

o o {3

To verify the two vectors used in the basis are linearly independe
simply note that there is no non-zero valuekisuch that,

0 1
HEH
0 0
[ 2marks]

(b) As there are two vectors in the basistfor W it must be a
2-dimensional vector subspace, which will be a plane.

[ 3marks]

0 1 X b =x
all1|+bll|=|y|=7a+b=y
0 0 z 0=1z

As z =0, that is the Cartesian equation of the plane,
[ 2 marks]
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Answer 2

(a)
(b)
(c)

(i)

(i)

(a)

(b)

The planez=0
The plangy =0
Thex-axis

[ 3marks]
In merging together the basis 1drwith the basis foyW we

1
clearly do not need two copies of the vec(db )
0

The basis fotJ + Wis thus,

[l

3
which is immediately recognizable as the standard basl§ for

and so is linearly independent without any further checking.
[ 2marks]

GeometricallyU + W is all of the three dimensional vector space

R3which is also all o¥/
[ 2marks]



Answer 3

1 0 X a =X
(1) (a) a(o +b 1)=(y :{ b=y
1 0 z a =z

From the upper and lower equations, the equation of the

2-dimensional plane ix—z=0

[ 3marks]
1 0 X a = X
(b) aj|-1|+bjlo|=|Y| =>4 "2 =y
0 1 z b=z

From the two uppermost equations, the equation of the
2-dimensional plane is+y =0

[ 3marks]

(c) The two planes will intersect in the line with equation
X = —y = z (in Cartesian form)
1
r=u|-1| (invector form)
1

[ 3marks]



(i)

(a)

(b)

The list of vectors from the merge of the two basis is

1 0 1 0
vi=[0|,\o=11],V3=1|-1],Vvs =10
0 0 1

1

These cannot be linearly independent because the vector subsp:
has to have a dimension not greater than that of its parent.
A basis of four vectors is 4-dimensional, the parent is 3-dimensio

Thatis, dim(U + W) < dim(R>)
dm(U + W) < 3

Notice thatv, — v, — v3 = V4, Sov,can be dropped from the list.

If the remaining three vectors are linearly independent than the o
solution to the following equation will be that=b =c = 0.

1 0 1 0 a +¢c=0
alol+bl1|+c|l-21|=]0]| = b-c=0
1 0 0 0 a =0

The lower equation gives= 0, which when substituted into the
middle equation givels = 0, and which when substituted into the
upper equation gives= 0.

.. These three vectors are a suitable basis felW.

e

(In fact any three chosen from the four would be suitable)
[ 4 marks]

As the basis has three vectors it is three dimensional and so mus

3
be all ofV. In other word®) + WisR .
[ 2marks]



Answer 4
Working through the three vector subspace conditions;

(a)

(1)

(2)

(3)

By definition, as we are told thetandW are vector subspaces,
each must contain the zero vector.

Hence the zero vector is in the intersectio @ndW.

. The requirement the zero be in the subspaceW is satisfied.
Let two general elements in the proposed vector subspaceV be
x andy. Thenx is inU andy is inU and so, because we are told th¢
U is a vector subspace+y must be inJ.

By the same argument,is inW andy is inWand sax +y is in W.
Thereforex +yisinU N W.

As required, there is closure under addition.

Given a general scalas;,and a general elementin U N W, thenx
isinU and scsx is inU as we are toltl is a vector subspace.

By the same argument,is inWand sosx is inW.

Thereforesx is inU n W.

As required, there is closure under scalar multiplication.

With all three conditions satisfied the proposed vector subspac&V
is indeed a vector subspace. O

[ 6 marks]



(b) Working through the three vector subspace conditions;

(1) By definition, as we are told thekandW are vector subspaces,
each must contain the zero vector. Now,0=0
Hence the zero vector is in the sumJoandW.
. The requirement the zero be in the subsphedV is satisfied.

(2) Suppose that andy are two general elements (vectors) in the
proposed vector subspadet W.
Each can beecomposed into a suimom which it was formed.
In other words,

X = U +W andy = U + W, U, Up € U andvy, w, € W
Consider now, the vectar+y,
X+Y=U +W +U+W
= (U + ) + (W + W)
(As a vector space over a field has commutativity and associativi
Note thatu; + u, is inU becausel;, u, € U andU is a vector
subspace in which, by definition, vector addition holds.

Similarly,w; + wsis in W.
Thus(u; + W) + (W + Wy) € U + W

“X+ye U+ W
As required, there is closure under addition.
(3) Suppose that is a general element i+ W that, as before, can
be decomposed into a sum from which it was formed,

X=U+Ww UeUandw e W
Lets be a generadcalar from the field under the vector space
in which casesx = s(u + w) = su + sw
(As a vector space over a field is distributive)
Note thatsu is inU becausel € U andU is a vector subspace in
which, by definition, scalar multiplication holds.
Similarly, swis in W.
Thussu + sw e U + W
As required, there is closure under scalar multiplication.
With all three conditions satisfied the proposed vector subspacé/
is indeed a vector subspace. O
[ 6 marks]



(c)

Although not asked for, we can get a feel for this question by working
out the equation of each of the two two-dimensional planes that are the
geometric interpretation of the vector subspasemdW.

ForyU,
1 0 X a = X
0 1 z b=1z
This subspace is the plane with Cartesian equatien 2x
ForW,
0 -1 X - b=x
af1|+bl 2|=|y|=>qa+2b=y
1 0 z a =z

This subspace is the plane with Cartesian equakiony — z = 0

The intersection of two planes that are not parallel is a line (one-dimensic
Its equation is,

2X =y = % (in Cartesian form)
1
r = u| 2| (invector form)
4




So far, it has been established that
dmU) = 2, dm(W) = 2anddim(U n' W) = 1

The remaining issue is to determidem(U + W)

The list of vectors from the merge of the two basis is

1 0 0 -1
Vvi=1|2]|,Vo=|[0|,v3=11],V4a = 2
0 1 1 0

These cannot be linearly independent because the vector subspace
has to have a dimension not greater than that of its parent.
A basis of four vectors is 4-dimensional, the parent is 3-dimensional.
Thatis, dim(U + W) < dim(R?)

dim(U + W) < 3
Notice that — v, — 4v, + 4v3 = v,;, sov,can be dropped from the list.

If the remaining three vectors are linearly independent than the only
solution to the following equation will be that=b =c = 0.

1 0 0 0 a =0
al2|+bl0o]+c =(0| > 4 2a +c=0
0 1 1 0 b+c=0

The upper equation gives= 0, which when substituted into the middle
equation gives = 0. Substituted = 0 into the lower equation gives= 0.
.. These three vectors are a suitable basis folV.

1 0 0
BU+W: 2 ’ 0 ) 1
0 1 1

(In fact any three chosen from the four would be suitable)
sdim(U +W) =3
Verification: The claim is that, for this example,
dm(U + W) = dmU) + dm(W) — dim(U n W)

RHS = dim(U) + dim(W) — dm(U n W)
=2+2-1
=3
= LHS
. The proposed formula holds in this case. O

[ 6 marks]
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