7.3 Answers
A-Level Pure Mathematics: Year 2

Integration 111
7.3.1 Solution to 7.1 Example
(1) x = 4 — t?and y=t(t+1 for t>0
t 0 0.5 1 1.5 2
X 4 3.75 3 1.75 0
y 0 0.75 2 3.75 6
[ 2marks]
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(iii)  First, note thatx = 4 -t = o -2t

Xx=4
Area = fydx = Jy%dt = szot(t +1) (-2t) dt

t=0
= [ -2t - 2%t
t=2
t=2 3 2 .
= -[t—O 2t° + 2t°dt Limit Swap Rule
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[ 6 marks]



7.3.2 Solution to 7.2 Exercise

Answer 1
(a) The curve will cut the-axis wheny =0
y =
t(9-1t?) =0
t={-3 0 3}
Whent =+ 3,
X =5(*3°-4
= 41 ~ B (41 0)
Whent = 0,
X =5 x O2 -4
= -4 ~C(-4, 0)
[ 3marks]
(b)
First, note thatx = 5t2 - 4 = % = 10t
Area = fydx
dx
= —dt
Jva
X=41

2jx=_4t(9—t2) (10t) dt

t=3
2j 90t2 — 10t%dt
t=0

3
2[ 3013 - 2t°]
0

2 (810- 486- 0 + 0)
648units

[ 6 marks]



Answer 2
3+ 2s8int
X -3

2

(a) X

sint =

As coszt + sinzt =1

and cost — sin’t = cos2t SUBTRACT

1 - cos2t = 23in2t
cos2t = 1 - 23in2t
2
cos2t = 1 - Z(X 3)

y = 4 + 2cos2t

12252 )

4+2—(x-3)P

44 2

6-(x-3)72 O
[ 2marks]

(b) (1) The curvey = 6 — (X — 3)2 is in completed square form.
. There is a turning point at ( 3, 6 ).
This is a maximum because, when the brackets are expanded
the dominant term is- x°. A rewrite asy = X%+ 12X - 3

also showsghat ( 0, — 3) is on the curve.

(ii) As -1<sgint <1 itfollowsthat K x < 5
As -1< cos2t <1 itfollowsthat X y <6
[ 3marks]



(c) X+y=Kk
y=-x+Kk

This can be thought of as a line with & ¢lwnward slope that can be

translated vertically.

One limit (the easier one) will be when the line passes through one of
the curves endpoints at ( 5, 2 ) corresponding+&

The other limit is more tricky to obtain.
The curve and the line intersect when,

—x+k:6—(x—3)2

2

—x+k=6—(x - 6x+9

—x+k:6—x2+6x—9

x2—7x+3+k:0

)

For this to have two distinct roots, the discriminant must be positive,

D>
b% - dac >
(—7)2—4><1><(3+k)>

49 — 12 — 4k >
37 - 4k >
-4k >

4k <

k <

Thus,

7<k<925 kel

0
0

[ 5marks]



Answer 3

(a) X=Iln(t+2) o t=¢€e-2
o _ 1
dt  t+2

In4
Area = Ilnz y dx

x=1n4
-[x In2y_dt
1
J-t— (t+1)(t+2)dt
:f 1 dt O
0 (t+1) (t+2)
[ 4 marks]
(b) Use patrtial fractions,
1 __A B
[(t+1)(t+2)] t+1 t+2
Multiply through by the red bracket
1 x [.... ] Ax[.... ] N B x[.... ]
[(t+1) (t+2)] t+1 t+ 2
1=A(t+2)+B(t+1)
lett=-1 . 1=A .~ A=1
Lett=-2 : 1=-B ..B=-1
Thus,
2 2
[ 1 dt = | CHNN
0 (t+1) (t+2) ot+1 t+ 2

2
[In|t+1]-1In|t+2]]
0

IN3-1In4-1In1+1In2

In3 - In22 —-0+1In2
IN3-2In2 +1n2
InN3-1n2

ol

[ 6 marks]



(c)
X=In(t+2)

.t = & - 2 as before

3 1
Y= 1T+1
3 1
X -2+1
= ﬁ is in Cartesian form, as asked for.

[ 4marks]

(d) Clearly,x cannot equal zero for then a division by zero would result, from
1
Y= &1
-1
1
1-1

% Division by zero is undefined

More than that, however, we have that,

X=1In(t+2)
and as the log of a negative number (and zero)is not detined?
and consequently the domairxis O

You could also have guessed this answer from the sketch graph
provided by the question.
[ 1mark ]
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