9.2 Answers
A-Level Pure Mathematics: Year 2

Integration 111
Answer 1
. : 1
(a) Add in a fiddle factor Of? X 2
3 1 3
f(Zx - 1)2dx = > f2(2x - 1)2dx
5
1 2(2x — 1)2
= —X————+¢C
2 5
2x - 1)2
o (X=1)F .
5
[ 3marks]
(b) Equate curve with line, then solve.
3
(2x-1)2 =8
cube root both sides
1
(2x—-1)2 =2
square both sides
2X-1=4
2X =5
5 5
= — k= —
X= 3 2
[ 2marks]

(c) Shaded ared&;, is area of rectangle less area under the curve.

3 3
S:SXZS—L(A—lﬂdx
2

Nlot

5
_ 20_[ (2x — 1)2 }
5

Nl

:20—[33—0}

= 136
[ 4 marks]



Answer 2

(a)

(b)

1
u=1++vx :>ﬂ:ix2 so— = 24/ X
dx 2

AlsoVx =u-1
Whenx = 16, u = 5andwhenx = 0, u = 1

16 X 5 x
Jo Tov = L g

du

3
52X2
=15
3
1 u
R

1 u
Which is of the form required witp = 1 andqg = 5

[ 3marks]
16 X 5 2(u-1)>3
——dx = —— du
J.o 1+ VX J.l u
5113 — 312 _
:ZJ- u 3uc + 3u 1Olu
1 u
5 1
:ZJ u2—3u+3——du
1 u
3 2 5
:Z[U——B—u+3u—lnu}
3 2 1
125 75 1 3
=2[(——— 15—In5)—(——— 3—In1”
3 2 3 27
124 72
=2[———+12—In5}
3 2
52
:2[——In5]
3
104
= —— — 2In5
3

Which is of the form required with = % B=2andA =5

[ 4 marks]



Answer 3
(a) With four strips the trapezium rule becomes,

b 1
[Lydx = —h{(y+ )+ 20y +y +ys) }
R ~ % N %{(0.4805+ 1.9218 + 2(0.8396 + 1.2069 + 1.5694}
~ 2.41
[ 3marks]
(b) Integration by parts with a sneaky 1 inserted...

4
R = jz (Inx)®> x 1 dx

Without worrying about the limits for now...

(Or the constant of algebraic integration)

=L I D I

_ 2 _ 1

= (Inx)~ x f2(|nx) Xx dx
=(Inx)2x —2_[(Inx) x 1 dx

_ 2 1

= (Inx)~ x - 2[(Inx)x—f Xxdx}
:(Inx)zx — 2x|nx+j2dx

Now to put in the limits...
= [x(lnx)2 —2x|nx+2x]4

2
— 4(In4)’ —8In4+8—2(In2)°> + 4In2 - 4
= 4(2In2)> - 16In2+8 -2 (In2)° + 4In2 — 4
— 14(In2)*> = 12In2 + 4

Which is of the form required with = 14, b = —12 andc = 4
[ 5marks]



Answer 4

CLEVER METHOD using a difference of two squares.
. x-4
 2+Vx
(VX)* - 22
VX + 2
(Vx +2)(Vx - 2)
(VX +2)

-2

N

= X

dy

-3
X
dx

N

1
2\ x

which is of the required form with = 2

[ 4 marks]

STANDARD METHOD using the quotient rule.

o x-4
Y= 9 vx
1
dy (2+\/x)x1—%x 2(x—4) o3
o X
dx (2+Vx ) 2x?

4x%+2x—x+4

2V X (4 + 4VX + X)
(4+4VX +x)

2V X (4 + 4VX + x)
1

T 2Vx

which is of the required form with = 2

[ 4 marks]



Answer 5

(a)

X = cosSh = j—z = 30056 (—sing)

Also, 6 = arccos(¥/x )

Area Shaded = Iydx

x=1
= f . 12sin6 x 3cos”d (-sin®) do
X=

6=0

:J‘H

36J‘07 sin2000329d0

—365in20 c0529d0

ud
2

[ 4 marks]

(b) First note the two relations that...
cos’ 20 + sin® 20

Il
=

ADD cos?26 — sin®20 = cos46

Zcos2 20 1 + cos46

coszesinze
1
4

LHS

(ZSinGCOSG)Z

sin2 20

(1— 003229)

(2 - 2co?26)

©|Fk ©o|k ok &R &R

(2 -1 - cos49)

(1 - cos40)

= RHS O
[ 4 marks]



(c)
Total Area

4 x 36]07 sinzecoszede

4x36xij71—cos4ed0
8 Jo

nao 1%
zlg[g_ﬂ}
4

(1) (o 0]

2 4 4
- 18 x =

2
= On

[ 4 marks]

This document is a part ofathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedi€pendent School of the Year 2020”
© 2025 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from MHHShrewsbury@Gmail.com



