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Lesson 1
A-Level Pure Mathematics : Year 2
Integration 11|

1.1 Integration by Substitution

Example
A-Level Examination Question from January 2006, Paper C4, Q3 (Edexcel)

Using the substitutiom® = 2x — 1, or otherwise, find the exact value of

5 3x
—— dx
-[1 2x — 1

[ 8 marks ]



1.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1
Evaluate the following integral using the substitution given;

11
'f de u2:x—2
3 X -2

[ 8 marks ]



Question 2
Evaluate the following integral using the substitution given;
J-10 X(X—4)

u=x-2
6 (X—2)2

[ 8 marks ]



Question 3
Evaluate exactly the following integral using the substitution given;
J-6 x—-1

—_— 2: —
) 2)(_?,dx u 2X — 3

[ 8 marks ]



Question 4
Evaluate the following integral using the substitution given;

1 1 .
J‘O.Sﬁdx X = sSné

Warning : You must uséRADIANS

[ 8 marks ]



Question 5
Evaluate the following integral using the substitution given;

J’ZS 2x + 1

—de u=3-X
(3 -X)

[ 9 marks ]



Question 6
Evaluate the following integral using the substitution given;

05 48X
J

— 5 dx u=2x+1
-025 (2x + 1)

[ 9 marks ]
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1.3 Answers
A-Level Pure Mathematics : Year 2

Integration 11l
1.3.1 Solutionto 1.2 Example
Example
2
2 u 1 dx
u“=2x-1 X=—+—= —— =Uu
= 2 "2 7 au
When x = 5 u=3andwhenx =1, u=1
S 3x 3 3u2+1
——— dx = — u du
-[1 2x -1 2-[1 \ U2
3 ¢3 o
= EJ‘l u=+ 1 du
3 u3 3
S22 ]
2 3 1
3
- 3l 9+3 _[_+1}}
{15+
= 16
[ 8 marks ]
1.3.2 Solutions to 1.3 Exercise
Answer 1
u2:x—2:>x:u2+2:>ﬁ:2u

du
When x = 11, u = 3 andwhenx = 3, u =1
11 X

3 U2+ 2
-[3 X — 2 dx:fl Ju2

2u du

3
:2f1u2+2du

3 3
2[u—+2u}
3 1

2{[9+6]—[%+2”

= 25l
3

[ 8 marks ]



Answer 2

Answer 3

u:x—2:>x:u+2:>%:1
du

When x = 10, u = 8and whenx = 6, u = 4

0 x(x-4) B (u+2)(u-2)
fe (X — 2)2 d)(_-'.4 u2 ol
8 U2 -4
=f4 2 du

8
:f 1—4u_2du
4
-]
u_
(1) 14
4 8
=[u+—}
U4

={[8+%]—[4+1]}
_ 3l
2

[ 8 marks ]

2
2 u 3 dx
u X = X > Z:du u
When x = 6, u = 3andwhenx = 2, u=1
2
Px-1 dx—'[g(uTJr%_l) u du
2V -3 N Ji2
3 2 1
—fu—+—du
1 2 2
_[U_3+1}3
~Le 21,
(243241
- 2 2 6 2

[ 8 marks ]



Answer 4

: ) dx
x:sm0:>0:arcsmx:>@:cos¢9

When x = 1, 0 = %and whenx = 0.5, 0 = %

1 1 3 1
———dX = —cosf db
fo.sx/l_xz I% V1-sn26

3 1

= ——— cosf do

'[% \/ cos? 6

= F cosO do
Z cosé

- Fl de
%

NR

Il
)

oR

[l
—_——
1
e
1
|
1
ol s
L1
_

wl

[ 8 marks ]



Answer 5
u—3—x:>x—3—u:>%:—l
du
When x = 25 u =05 andwhenx = 2, u=1

052(3-u)+1

25 2x+1
-[2 (3-x)8 J‘1 ué =D au
05 7 - 2u
= jl e (-1 du
05 _
_ J- 2u . 7 du
1 u
05
= fl 207 - 7u % du

[ 2u™*  7u® |05

L =9 (=95

1

}
::_2u4 1}015
[ -+ 51

=[368] - [0.9]
= 359

-z-5])

[ 9 marks ]



Answer 6

u—2x+1:>x—£—i:>%—i
B 22 du 2

When x = 05 u = 2 andwhenx = —0.25 u = 05

1
05 48X 2 48(4 - 5) 1
f ——— X :f 2 = 2 x —du
-025 (2X + 1) 05 u 2
2 12u - 12
:j — 5 du
05 u
a1,
~Jos Wb u®
2

= _[ 120" % -~ 1207 ° du
05

_ [ 12073 ~ 12u‘4} 2
(=3 -4

g2l
[+ 3] )

- 3]t
- -16—

0.5

[ 9 marks ]
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Lesson 2
A-Level Pure Mathematics : Year 2
Integration 11|

2.1 Integration by Parts

This is a product rule for integration.
Use it when a product is to be integrated, for example;

fxsinx dx

Integration by parts expands such integrals into four pieces. It requires some
differentiation,D, as well as integratiomh, and some leaving alonie,

The mnemonid | D | may help. (ie-Die)

In the examples we'll be integrating and differentiatimg, cos x, In x ande*
Here is a reminder of their derivatives:

f(x) f (%
sin X COS X
COS X —sinXx
Inx %
eX eX
Example N° 1
J' X sSnx dx

L(X) 1(snx) —J' D(X) I(sinx) dx

X (—cosx)—j 1 (—cosx) dx

—X COSX + f cosx dx

= —X COSX + SINX + C

[ 3 marks ]



Example N° 2
f X2 Inx dx

First, swap the order

as we carD (Inx) but not (yet!)I (Inx)

= flnxxgdx

= L(Inx) I(xg)—f D(Inx) I(x3) dx

— |nX ﬁ _ J‘ i ﬁ dx
4 4
x*1nx x3
-~ T
x*nx x4
= - —+cC
4 16

[ 3 marks ]

Example N° 3
f Inx dx

Sneaky question because this

does not look like a product

flnx x 1 dx

L(Inx) |(1)—j D(nx) 1(1) dx

1
= Inx X—J-;de

:xlnx—fldx

xIlnx = x+ ¢

A mystery is solvedin x can be integrated as well as differentiated !

[ 3 marks ]



2.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

Question 1
Find the integral;
f X COSX dx
[ 3 marks ]
Question 2
Find the integral;
J X Sin4x dx
[ 4 marks ]

Question 3
This is the only question in the exercise were it's necessary to swap the order of
the product in order to determine the integral, like Examplg N

fxs Inx dx

[ 3 marks ]



Question 4
Find the integral;

_[ x € dx
Question 5
Find the integral;

f x & X dx
Question 6
Find the integral;

X
-[—Zex dx

[ 3 marks ]

[ 4 marks ]

[ 4 marks ]



Question 7
(1) By setting up a chain rule backwards, find

f(3x+1)6dx

[ 2 marks ]

(i) Use your parti) answer and integration by parts to show that

6 B x(3x+1)7 (3x+1)8
_[x(3x+1) dx = 51 51 < 24 +C

[ 4 marks ]

(iii)  Simplify your answer by showing that

1)’ 1)8 1
X(X+ 1) (X1 on L s pT(ax - 1)+
21 21 x 24 504

[ 3 marks ]



Question 8
Evaluate, giving an exact answer,

fjxsian dx

[ 6 marks ]

Question 9
Evaluate giving an exact answer,

1
fo (2x + 1) € dx

[ 6 marks ]



Question 10
Do not use integration by parts at any stage in this question !
Instead, use the substitutian= 3x — 5 to evaluate,

2
7jl X2 (3x — 5)* dx

[ 8 marks ]
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2.3 Answers
A-Level Pure Mathematics : Year 2

Integration 11l
Answer 1
fxcosx dx
= L(x I(cosx)—f D) |(cosx) dx
= X snx -— J 1 sinx dx
= xsinx—fsinxdx
= Xsnx—( —CosX) + C
= XSINX + COSX + C
[ 3 marks ]
Answer 2
jxsin4x dx
= L I D I
_ x (_ cos4x) B J- 1 (_ cos4x) dx
4 4
X COS 4Xx 1
= —-—— 4+ —fcos4x dx
4 4
_ Xcosd4x +i Sin 4x
- 4 4 4
X COS 4X sin 4x
= — + +C
4 16
[ 4 marks ]
Answer 3
jxslnx dx

= f Inx x° dx Swap the order a3 (Inx) simplifies

= L I D I
6 6
X 1 X
= | AT = 2
nx 5 J ~ 5 dx
6
x> Inx 1 5
= — — | x° dx
6 6 J.
x8Inx x8
= - — +cC
6 36

[ 3 marks ]



Answer 4

Il
X
CD><

|

—

=
m><
o
P

Il
X
(D><

|

—

(D><
o
X

[
X
m><
|
m><
+
o

[ 3 marks ]

Answer 5

I
X

[ 4 marks ]

Answer 6

—_—
‘x
o
X
1]
N |-
—_—
x
ml
x
o
x

[ 4 marks ]



Answer 7

(1)
'|'(3x+1)6dx:%'|'3(3x+1)6dx
7
o1 x+1)y .
3 7
.
_ (T
21
[ 2 marks ]
(i)
Ix(3x+1)6dx
= L D I
7 7
21 21
7
:X(3X—+1)_i‘|.(3x+1)7 dX
21 21
X (3x + 1) 1 1 7
- — e — 1
o1 o 3j3(3x+ ) dx
Cx(x+1T (3X+1)8+c
B 21 21 x 3 8
XX+ (x+1)8
B 21 21 x 24
[ 4 marks ]
(iii)
(3 + 1) (X_3x+1)
B 21 24
(3x + 1) (24x—3x—1)
= + C
21 24
(3 + 1) (21x—1)
= +C
21 24

504

Lo+ 172X 1)+ ¢

[ 3 marks ]



Answer 8
f X Sin 3x dx

= L | D |

Cos 3X Cos 3X
=X (_ 3 )_fl(_ 3 ) dx

X COS 3X 1
= — 3 + Ej.cos3x dx
X C0S 3X +i sin 3x
3 3 3
X C0S 3X N sin 3x
3 9

'f; X sSin3x dx

ixcosSx + isinSX} °
3 9 0

cos () + %sin(n)]— [0]

wl|r

[_
43

9
[ 6 marks ]

Answer 9

f(2x+1) e* dx
= L I D |
=(x+1) & - [ 2 ¢&dx

= (2x+1) € - 2€&+c

1 1
fo(2x+1) edx =[(2x+1)& - 2 €]
0

[3e1 — 2e1] — [eo — 2eo]

e - [-1]

=e+1
[ 6 marks ]



Answer 10

u
U=3X-5=2X=—+— =

When x = 2, u

7f12x2(3x—5)4dx = 7_[_1

7

7

7
o
7
27
7
27
7
27
61
3

201
3

2772
2772

2772

5 o _ 1
3 3 du 3
= 1landwhenx = 1, u=-2
2
u 5 a4 1
2(3+3) ut g d

1
%J.Z%(u+5)2 u* du

1
(u+5)2 u* du

(u2+ 10u+25) u* du
(u6 +10u° + 25u4) du
25u5} !

5 -2
)-[-2.

N

i

u’ 10U
— +
L 7 6

320

+ 7—160”

[ 8 marks ]
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Lesson 3
A-Level Pure Mathematics : Year 2

Integration 11|
3.1 Tricky Integration by Parts

f(X) f’ (X
sin x COS X
COS X —sinx
tan x sec? x
SEC X Sec X tan x
CSC X —CsSC X cot X
cot X — cse? x
Inx 31(

eX eX

Using the table of derivatives from right to left we can see that, for example;

Jsinx dx —COSX + C

fcosx dx sinx + ¢

However, there are some obvious omissions.
For example;

ftanx dx

Some cunning is needed to find this integral.

dx

J' sin X

_[ tanx dx =
COS X

= f (sinx)(cosx)_1 dx

= (—l)f (—sinx)(cosx)_1 dx

(-1 In| cosx | +c

In |cosx|_1 + C

In| ‘+c

COs X

In| secx | + C
[ 4 marks ]



3.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1
Use the result, just proved, to find show that;

JT tanx dx = In2 — iIn3
0 2

Question 2
Use integration by parts to find,;

2

J'xsecxdx

[ 4 marks ]

[ 4 marks ]



Question 3
(a) Use the fact that;
cosX + snx = 1
to prove that;
2

tan°x = sec’x — 1
[ 2 marks ]
(b) Hence, or otherwise, find,;
_[ X tan® x dx
[ 3 marks ]

Question 4
Mirror the “cunning” used to integrati&an x to find an expression for;

j cot x dx

[ 4 marks ]



Question 5
Use your question 4 result to find teeact value of;

J

cot x dx

(< SN

[ 4 marks ]

Question 6
Use integration by parts to find;

2

chscxdx

[ 5 marks ]



Question 7
Using a trigonometric formula and integration by parts, or otherwise, find;

_[ X cot’x dx

[ 5 marks ]

Question 8
Using a trigonometric formulae first, or otherwise, find;

'[ cos”x dx

[ 5 marks ]



Question 9
Use integration by parts, and your question 8 result, to find;

f X CosZ X dx
[ 7 marks ]
Question 10
Use integration by parts to help find;
J- Inx dx
X
[ 7 marks ]
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3.3 Answers (3.2 Exercise)
A-Level Pure Mathematics : Year 2

Integration Il
Answer 1
thanxdx :[In(secx)]_
0
[n( 21"
=|In
COS X 0
= In 1 -1 ( ! )
- (cos(%)) cos0
()[4
B V3 1
=In(2)-In(v3)-1In(1)
=|n(2)—%\/§ 0
[ 4 marks ]
Answer 2
'[xseczxdx
= L I D |
=xtanx—f1tanxdx
=xtanx—ftanxdx
= Xtanx —In| secx | +c¢C
[ 4 marks ]
Answer 3
(a)

coszx + sin2x =1

Divide through bycos2 X

cos? x . sn’x 1
cos? X cos? X cos? X
1+tan2x = seczx
tanzx = seczx -1 O

[ 2 marks ]



(b)

fxtanzxdx=fx(seczx—1) dx

fxseczxdx—fxdx

2

:xtanx—ln|secx|—x7+c
[ 3 marks ]
Answer 4
'[cotx dx :f C_OSX dx
sinx
:f(cosx) (sinx)_1 dx
=In| snx |+cC
[ 4 marks ]
Answer 5
7 T
fﬂ cotxdx = [In|snx]| ]
° %
JT JT
- isn(5)]-n]an(3)
4 6
il )-n(3)
- V2 2
_1 -1
=In(2) 2 -In(2)
:—%In(2)+ln(2)
=iln2
2
[ 4 marks ]
Answer 6
fxcsczxdx
= L I D I

X (—cotx) —_fl (—cotx) dx

= —X cotx+fcotx dx

= —-Xxcotx+In| snx|+c
[ 5 marks ]



Answer 7

First the required trigonometric formulae...

2

COS™X + SnN“X

1

Divide through bysin® x

2

cox  sn’x 1
sin? x sin? x sin? x
cotzx +1 = csczx
cot?x = csc?x — 1

Now to tackle the integration...
(Using the result from Question 6)

_[x cot’x dx = _[x (csczx - 1) dx

Answer 8

fxcsczxdx—fxdx

2

. X
—xcotx+|n|smx|—7+c

[ 5 marks ]

First the required trigonometric formulae...

coszx + sin2

X
ADD coszx—sinzx

20052x
coszx

Thus;

32 1
f cos X dx = '[—
2
_ X
2

+

1
COS 2X

1 + cos2x

i + i COS 2X
2 2

+ %cost dx

sin 2x
+C

4
[ 5 marks ]



Answer 9

fxcoszx dx
= L I D [
_ (1+ sm2x)_J-1(1+ S|n2x)dx
2 4 2 4
NG X Sin 2X NG 1
= —+4+ ——+ - — — — (-C0S2X) + C
2 4 4 8
X2 X Sin 2x CO0S 2X
4 4 8
[ 7 marks ]
Answer 10
I
J.ﬂ dx:J'Inx— dx
= L I D |
1
= Inx Inx—f— Inx dx + ¢;
X
Inx 2 Inx
—— dx = (Inx)* - | — dx+ cC
| = (Inx)* = [ = !
g 2f In_x dx = (Inx)2+ Cy
X
Inx 1 2
L] — dx = —(Inx)* + ¢
| = S (INx)* + ¢
[ 7 marks ]
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Lesson 4
A-Level Pure Mathematics : Year 2

Integration 11|
4.1 Examination Questions on Integration by Parts
f (X) f’ (X
sin x COos X
COS X —snx
tan x sec? x
Sec X sec X tan x
CSC X — CSCX cot X
cot X — csc? x
Inx 71(
In| sec x| tan x
In|sinx| cot X
eX X

4.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 47
Question 1

A-Level Examination Question from January 2011, Paper C4, Q1 (Edexcel)
Use integration by parts to find the exact value of

J

-[02 X sin 2x dx

[ 6 marks ]



Question 2
A-Level Examination Question from January 2012, Paper C4, Q2 (Edexcel)
(a) Use integration by parts to find

fxsinSxdx

[ 3 marks ]
(b) Using your answer to part (a), find

f X% cos 3x dx

[ 3 marks ]



Question 3
A-Level Examination Question from June 2007, Paper C4, Q3 (Edexcel)
(a) Find

_[ X COS 2X dx

[ 4 marks ]
(b) Hence, using the identity

COS2X = 20032x -1
deduce

'[xcoszx dx

[ 3 marks ]



Question 4
A-Level Examination Question from January 2008, Paper C4, Q4 (Edexcel)

(i) Find
J.In(g)dx

[ 4 marks ]
(ii) Find the exact value of

JT
7 .

j smzx dx
%

[ 5 marks ]



Question 5
A-Level Examination Question from June 2008, Paper C4, Q2 (Edexcel)
(a) Use integration by parts to find

fxex dx

[ 3 marks ]
(b) Hence find

J'xzex dx

[ 3 marks ]



Question 6
A-Level Examination Question from January 2009, Paper C4, Q6 (Edexcel)
(a) Find

_[ tan® x dx

[ 2 marks ]
(b) Use integration by parts to find

J.%Inxdx

[ 4 marks ]



(c) Use the substitutiom = 1 + € to show that,

3X
€ 1 o X X
——dx = —e"-€e€ +In(1+€)+k
I 1+ e 2 ( )
wherek is a constant.

[ 7 marks ]
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4.3 Answers
A-Level Pure Mathematics : Year 2
Integration 11l
4.3.1 Solutions to 4.2 Exercise

Answer 1
J' X Sin2x dx

=L I D |

(_ cosz) B _[ 1 (_ cosz)dX

= —m + iJ'cost dx
2 2
X COS 2X +i sin 2x
2 2 2
X COS 2X sin 2x
+ +cC
2 4

T
2

-[o X sin2x dx

1 1
— X COS2X + —sinZX}
2 4

o

% cos(n)+%sin(n)}— [0]

N

[_
- [_
T
4
[ 6 marks ]



Answer 2
(a)
fx sin 3x dx

= L | D I

_ x (_cosSx) B J- 1 (_cosSx) dx
3 3

= —M + iJ‘(:os3x dx
3 3
X COS 3X +i sin 3x
3 3 3
X COS 3X N sin 3x
3 9

[ 3 marks ]
(b)

f X2 cos 3x dx
= L | D |

SE K

2.
X<sn 3x 2
= ————— — — | xsn3x dx
3 BI

x2s€n3x 2 [ X COS 3X sin3x]
_— |- + +C
3 3 3 9
x2 sin 3x 2X c0Ss 3x 2sn3x
+ +C

3 9 27
[ 3 marks ]



Answer 3
(a)

_[ X COS2X dx

= L I D I

) p () .

= XSn2x — iJ‘sin2x dx
2 2
_ xsn2x 1 (_ cost)
B 2 2 2
X Sn2x COS 2X
+ +C

2 4

[ 4 marks ]

(b)
fxcoszx dx

cos2x + 1
Ix(—z )dx

%Ixcostdx+%J.xdx

i[ X Sin 2x N C0S 2X
2 2 4
X Sin 2x COS 2X X

= + +—+cC
4 8 4

}+i£+c
2 2

[ 3 marks ]



Answer 4

(i)
X
fln(?)dx=flnxdx—fln2dx
:jlnx X 1dx — xIn2
= L | D |
1
= Inx x—_[— X dx — xIn2
X
:xlnx—Jldx—xInZ
= XIlnx = x-xIn2 + ¢
—xln(i)—x+c
Bl 2
[ 4 marks ]
(i)

First the required trigonometric formulae...
co? X + sin’x = 1

SUBTRACT cos2X — Sn°X = cos2X
2

2sin“x = 1 — cos2x
. 1 1
S|n2x = — — — CO0S2X
2 2
Thus;
fz S|n2x dx = —fz 1 - cos2x dx
7 277
_ i[ ~ sin2x}7
2 2

g [z 2B
2 2 2 4 2
:i{1_0_£+i}

21 2 4 2

T 1
= — 4+ —

8 4

[ 3 marks ]



Answer 5

(a)

(b)

Answer 6

(a)

(b)

coszx + sin

2

X & — '|'2x e dx

X2 eX—foeX dx

2

X =1

Divide through by:os2 X

1+tan2

2

X = SC X

e -2(xef-€)+c

Thus, ftanzx dx = fseczx — 1 dx

J

iInx dx =

X3

I Inx x 3 dx

D

tanx — X+ C

[ 3 marks ]

[ 3 marks ]

[ 2 marks ]

[ 4 marks ]



(c)

du
u=1+e=>x=hu-1) > — = &
dx

e ek 1
J'1+e><dX:J‘ u ?du

e2In(u—1)
- [
u
eIn(u—l)2

= [

= J'i(u_ul)z du

u? 2u 1
=|— - —+ —du
u u u

= u—2+idu
J ;

2
L T

> u+Inu+c

2

:%—2(1+ex)+ln(l+ex)+cl
_i X _X X X
= = +€& 4 —2-2&+In(1+€)+c

2 2

X
:T—ex+ln(1+ex)+k O

[ 7 marks ]
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Lesson 5
A-Level Pure Mathematics : Year 2
Integration 111
5.1 Year 2 Integration : Examination Questions

The formulae book provided in the examination gives the derivative of many func
These are identified with a * in the table below, which also highlights several key

results that are NOT provided. Used backward, the table gives integrals.

f(X) f’ (X Given ?
sin x COS X
COoS X —sinx
tan x sec? x *
SEC X Sec X tan x *
CSC X — CSCX cot X *
cot X — cse? x *
Inx «%
In| sec x| tan x *
In|sinx| cot X *
In | secx + tanx| Sec X &
In|tan(%x+%n)| Sec X *
—In |cscx + cot x| CSC X *
In|tan(%x)| CSC X *
eX eX

As has been seen, many questions require the application of a trigopnometric ider
but the useful identities are not given explicitly.

Thethree key identities should be memorised,;
cos?f + sin’0 = 1
cos’§ — sn’ 6

Cos 20

2sinfcosh = sin20
From thethree key, thefollowing four are easily obtained;

1+ tan’ 0 = sec’ o
cot2(9 +1= cscze

20052(9 1 + cos26

Essential to find_[ 0052 6 do

23in29 = 1 — cos20 Essential to find_[ sin20 do

Either memorise thiollowing four, or learn how to obtain them from ttieree key.



5.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 28

When trigonometry and calculus mRADIANS MUST BE USED !

Question 1
A-Level Examination Question from January 2010, Paper C4, Q8 (a) (Edexcel)
Using the substitutiorx = 2 cos u, or otherwise, find the exact value of

V2 1

Py s

dx

[ 7 marks ]



Question 2
A-Level Examination Question from January 2013, Paper C4, Q6 (a) (Edexcel)

y

0|

Shown is a sketch of the curve with equatips 1— 2 cos x, wherex is measured
in radians. The curve crosses ¥axis at the poinA and the poinB.

Find, in terms ofz, thex coordinate of the poirA and thex coordinate

of the pointB.

[ 3 marks ]



Question 3
A-Level Examination Question from June 2013, Paper C4, Q5 (Edexcel)

2

(a) Use the substitutioox = u®, u > 0, to show that,

1 2
fx(2\/7—1) dx = | G- 1) M

[ 3 marks ]
(b) Hence show that
9 1 a
= 2in(2)
flx(Z\/x—l) dx "

where a and b are integers to be determined.

[ 7 marks ]



Question 4
A-Level Examination Question from June 2004, Paper P3, Q4 (Edexcel)
Use the substitution = 1 +sin x and integration to show that

. : 1 . .
jsnxcosx (1+ smx)5 dx = E(l + smx)6 (6ssnx — 1) + constant

[ 8 marks ]
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5.3 Answers
A-Level Pure Mathematics : Year 2

Integration Il
5.3.1 Solutions to 5.2 Exercise
Answer 1
X dx )
X = 2C0SU = U = arccos(—) = — = -29nu
2 du
When x = V2, u = %
JT
Whenx = 1, u = —
3
V2 1 T 1
———dx = (=2sinu) du
fl x2\/ 4 — x2 f% 4costuy 4 — 4cos2u
I 1 .
= (=2sinu) du
f% 4cos?u+/4(1 — cos?u)
I 1 :
= _ (-2snu) du
f% 4cos2uv 4sin2u
vy 1 _
= —2snu) du
f% 2co2u 2snu ¢ )
1 % 1
= —— du
4 I% cos? u
1 I
= ——f“ seczu du
4 )=z
3
1 vy
=-—[t
4[ anu] )
3
1
=-—{1-v3}
4
1
= Z(\/?_]-)
[ 7 marks ]
Answer 2
1-2cosx =0
1
COSX = —
2
7T 5
X = — for Aand — for B
3 3

[ 3 marks ]



Answer 3

(a)
x=1 = u=+Xx (Positive root taken as told > 0)
dx
= =2
= du
1 1
dx = 2u du
IX(ZW—l) '[u2(2\/u2—1)
By :
u(2u-1)
[ 3 marks ]
(b)
Partial fractions !
2 A B

t———— = — +
u(2u — 1) u 2u-1

2=A(2u-1)+Bu

u=0: 2=-A s A=-2
u=05:2=05B B= 4
9 1 3 2 4
dx = | —— + du
J‘1 X(2vVx - 1) -[1 u 2u - 1

3

[-2Inu+ 2In(2u - 1) ]
1

(-2In3+ 2In5) - ( — 2In1 + 2In1)
2(In5 - In3)

a0 3]

[ 7 marks ]



Answer 4

: du
Uu=1+9nNX = — = COSX
dx

J.sinxcosx(1+sinx)5dx:_[(u—l)cosxu5
COS X
=f(u—1)u5du
—fu6—u5du
u’ ué
= — - —+¢C
7 6
- (S-S
7 6
B 6( 6U—7) c
- 42
. 6 6(1+sinx)—7)
=(1+d9n ( +C
( x) 42
1 . 6 .
=E(1+smx)(63mx—l)+c O
[ 8 marks ]
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Lesson 6

A-Level Pure Mathematics : Year 2

Integration 111
6.1 Parametric Integration

Example
(1) Complete the following table to determine some points on the curve
with parametric equations,

Xx=1>-9 y =2t
t -4 -3 -2 -1 0 1 2 3 4
y
[ 3 marks ]
(i) Plot the curve;
Ya
4
>
: : : : X
-8

[ 3 marks ]



(iii)  Shade in the region bounded by yhkaxis and the curve.
This is the area to be found by parametric integration.
[ 1 mark]

(iv)  Find the area of the region bounded byysis and the curve with
parametric equations,

X =1t -0 y =2t

[ 4 marks ]

(v) Eliminatet to obtain the Cartesian equation of the curve.

[ 2 marks ]

(vi)  Verify your part(iv) answer by integrating the Cartesian equation of the
curve between appropriate limits.

[ 3 marks ]



6.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 20

Question 1

(1) Complete the following table to determine some points on the curve
with parametric equations

X =4-t y=1t(t?-09)
t | =34 ] -3 ] -2 -1 o 1 2 3 3.4
X -7.6 -7.6
y - 8.7 8.7

[ 3 marks ]

(ii) Plot the curve;

15

o\

[ 3 marks ]



(iii)  Shade in the region bounded by the loop of the curve.
This is the area to be found by parametric integration.
[ 1 mark]
(iv)  Find the area of the region bounded by the loop of the curve with
parametric equations,

X =4-t y=t(t*-09)

[ 4 marks ]

(v) Eliminatet to show that the Cartesian equation of the curve is

y:i(4—x)%(x+5)

[ 4 marks ]



(vi)  Verify your part(iv ) answer by integrating the Cartesian equation of the
curve between appropriate limits.
Use the substitutiou = 4— x

[ 5 marks ]
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6.3 Answers
A-Level Pure Mathematics : Year 2

Integration Il
6.3.1 Solution to Introduction Question
(i)
t -4 -3 -2 -1 0 1 2 3 4
X 7 0 -5 -8 -9 -8 -5 0 7
y -8 -6 -4 -2 0 2 4 6 8
[ 3 marks ]
(i)
Ya
: t=4
D Ll A
eyt =3
t =2
4
t=1 3 re a Hl
TI( 1] on
t=20 ( >
i i i i ‘ X
t: _14 =
t=-2 £
t=-3
i t = _4=
[ 3 marks ]

(i)  Area shaded in as shown above.
[1mark]



(iv)

(v)

(vi)

x=t2_9 = X _ o
dt
Neazjydx
t=3
=j 2t 2t dt
t=-3
3
3 2
_4f_3tdt
37 3
- 4]
343
= 4{[9] - [-9]}
=72
y:2t:>y2:4t2:>t2:§
x:t2—9:>x:§—9:>y2:4(x+9)

y=222(x+9)

1
2

0 1
4_[ 9(x+9)2dx

3
4[2(x+9)2} 0
3 9

[(x+9)?] "

{g? _ 0]}

72 as before

8
3 -9
8
3

x=0 %
=2 X fx=_92 (X + 9)2 dx

[ 4 marks ]

[ 2 marks ]

[ 3 marks ]



6.3.2 Solution to Exercise 6.2

(i)
t -34 -3 -2 -1 0 1 2 3 34
X -7.6 -5 0 3 4 3 0 -5 -7.6
y -8.7 0 10 8 0 -8 -10 0 8.7
[ 3 marks ]
(i)
Ya
t=-2
-t = 34 - \
2 -t = -1
\ tincreases will
] T 1 on
t=-3 3\/ t=0
>
: : 3 3 X
= Ot=1
-t = -34
Tt =2
T
[ 3 marks ]

(iii)  Area shaded in as shown above.
[ 1 mark ]



. 2 dx
(iv) X = pm

Area = fydx

t=3 2
jt=_3t(t —9)(=2t) dt

3
—2j t* — 9t2dt
-3

5 3
—2[t— — StS}
5 -3

= -2{[486 - 81] - [-486 - (-8D ] }

= 1296
[ 4 marks ]
(v) x=4-12 = t>=4-x
2 1
y:t(t —9):>y:i(4—x)2(—1)(x+5)
1
y=%(4-x)2 (x+5)
[ 4 marks ]
. dx
=4 — =4 — = -1
(wvi) u X = X u= a0
When x = -5 u =9
Whenx = 4 u=20
4 1
Area:ZJ‘5(4—x)2(x+5)dx
1
_zjgu (9-u) (-1) du
0 3 1
:Zf u? — 9u? du
9
5
2 319
:2[&—6112}
5 0
=2x{0-(-648) }
= 1296 as before
[ 5 marks ]
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Lesson 7
A-Level Pure Mathematics : Year 2
Integration 11|
7.1 Sweating the Exam

A

Example
This question is about finding the area in the quadrant between the positive
x-axis and the positive-axis and the curve&;, with parametric equations,

X = 4 — t>and y=t(t+1 for t>0
(1) Complete the following table,
t 0 0.5 1 1.5 2

[ 2 marks ]
(i) Use the table to sketch the cur@ and shade the area to be found.
YA

10

[ 2 marks ]



(1ii)  Use parametric integration to find the area.
The following teaching video demonstrates a method of solution, and ma
be used to help write out your solution, if required.
http://www.NumberWonder.co.uk/Video/v9045(11a).mp4

Notice that, as the bend is anticlockwise exreases, strictly speaking the
integration gives the area sought but with a negative sign. The video has
convincing dodge to argue about which is the lower and which is the upp
limit. The following rule is worth keeping in mind;

The Limit Swap Rule

J.f—f (xX) dx = f: f(x) dx

The video begins having already done the following step,

Area = fydx = fy% dt

[ 6 marks ]


http://www.NumberWonder.co.uk/Video/v9045(11a).mp4

7.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 34
Question 1
A-Level Examination Question from January 2010, Paper C4, Q7 (Edexcel)

The diagram shows a sketch of the cubweith parametric equations

x=5t-4 y=t(9-1¢?)
The curveC cuts thex-axis at the pointé andB
(a) Find thex-coordinate at the poi and thex-coordinate at the poirfig

[ 3 marks ]

The regiorR, shown shaded, is enclosed by the loop of the curve
(b) Use integration to find the areaRf

[ 6 marks ]
Help for Q1 :http://www.NumberWonder.co.uk/Video/v9045(11b).mp4



http://www.NumberWonder.co.uk/Video/v9045(11b).mp4

Question 2
A-Level Examination Question from June 2018, Q14 (Edexcel)

A curveC has parametric equations
X =3+2s8snt y=4+ 2cos2t OL<t< 2n

(a) Show that all points o@ satisfy
y=6-(x-3)

[ 2 marks ]

(b) (1) Sketch the curv€

(i) Explain briefly whyC does not include all points of

y=6—(x—3)2 x e R

[ 3 marks ]



The line with equatiorx +y =k wherek is a constant, intersed@sat two
distinct points

(c) State the range of valueslofvriting your answer in set notation

[ 5 marks ]
Help for Q2 :http://www.NumberWonder.co.uk/Video/v9045(11c).mp4



http://www.NumberWonder.co.uk/Video/v9045(11c).mp4

Question 3
A-Level Examination Question from January 2008, Paper C4 (Edexcel)

A
y
C

In 2 In 4 X

@)

The curveC has parametric equations
1
X=1In(t+2 = —

( ) y (t+1)

The finite regiorR between the curv€ and thex-axis, bounded by the lines
with equationsx =In2 andx =In 4, is shown shaded.
(a) Show that the area &is given by the integral,

2 1
J‘o (t+1) (t+2)

[ 4 marks ]
(b) Hence find an exact value for this area.

[ 6 marks ]



(c) Find a Cartesian equation of the cu/én the formy =1 (x)

[ 4 marks ]

(d) State the domain of values fofor this curve.

[ 1 mark ]
Help for Q3 :http://www.NumberWonder.co.uk/Video/v9045(11d).mp4
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http://www.NumberWonder.co.uk/Video/v9045(11d).mp4

7.3 Answers
A-Level Pure Mathematics : Year 2

Integration 111
7.3.1 Solution to 7.1 Example
(1) x = 4 — t?and y=t(t+1 for t>0
t 0 0.5 1 1.5 2
X 4 3.75 3 1.75 0
y 0 0.75 2 3.75 6
[ 2 marks ]
(ii)
YA
10
8
>
6 8 X
[ 2 marks ]
. 2 dx
(i)  First, note thatx = 4 -t = o -2t

Xx=4
Area = fydx = Jy%dt = szot(t +1) (-2t) dt

t=0
= [ -2t - 2%t
t=2
t=2 3 2 .
= -[t—O 2t° + 2t°dt Limit Swap Rule

t4 2t3 2
TR
2 3 1,

220

133

[ 6 marks ]



7.3.2 Solution to 7.2 Exercise

Answer 1
(a) The curve will cut the-axis wheny =0
y =
t(9-1t?) =0
t={-3 0 3}
Whent =+ 3,
X = 5(+3° - 4
= 41 ~ B (41 0)
Whent = 0,
Xx=5x0°—4
= -4 ~C(-4, 0)
[ 3 marks ]
(b)
First, note thatx = 5t2 - 4 = % = 10t
Area = fydx
dx
= —dt
Jva
X=41

2jx=_4t(9—t2) (10t) dt

t=3
2j 90t2 — 10t%dt
t=0

3
2[ 3013 - 2t°]
0

2 (810- 486- 0 + 0)
648units

[ 6 marks ]



Answer 2
3+ 2s8int
X -3

2

(a) X

sint =

As coszt + sinzt =1

and cost — sin’t = cos2t SUBTRACT

1 - cos2t = 23in2t
cos2t = 1 - 23in2t
2
cos2t = 1 - Z(X 3)

y = 4 + 2cos2t

12252 )

4+2—(x-3)P

44 2

6-(x-3)72 O
[ 2 marks ]

(b) (1) The curvey = 6 — (X — 3)2 is in completed square form.
. There is a turning point at ( 3, 6 ).
This is a maximum because, when the brackets are expanded
the dominant term is- x°. A rewrite asy = X%+ 12X - 3

also showsghat ( 0, — 3) is on the curve.

(i) As -1<sgint <1 itfollowsthat K x < 5
As -1< cos2t <1 itfollowsthat X y <6
[ 3 marks ]



(c) X+y=Kk
y=-x+Kk

This can be thought of as a line with & ¢lwnward slope that can be

translated vertically.

One limit (the easier one) will be when the line passes through one of
the curves endpoints at ( 5, 2 ) corresponding+&

The other limit is more tricky to obtain.
The curve and the line intersect when,

—x+k:6—(x—3)2

2

—x+k=6—(x - 6x+9

—x+k:6—x2+6x—9

x2—7x+3+k:0

)

For this to have two distinct roots, the discriminant must be positive,

D>
b% - dac >
(—7)2—4><1><(3+k)>

49 — 12 — 4k >
37 - 4k >
-4k >

4k <

k <

Thus,

7<k<925 kel

0
0

[ 5 marks ]



Answer 3

(a) X=Iln(t+2) o t=¢€e-2
o _ 1
dt  t+2

In4
Area = Ilnz y dx

x=In4

_-[x In2y_dt
1
J-t— (t+1)(t+2)dt
:f 1 dt O
0 (t+1) (t+2)
[ 4 marks ]
(b) Use patrtial fractions,
1 __A B
[(t+1)(t+2)] t+1 t+2
Multiply through by the red bracket
1x [.... ] _AX ... ] N B x[.... ]
[(t+1) (t+2)] t+1 t+ 2
1=A(t+2)+B(t+1)
lett=-1 . 1=A .~ A=1
Lett=-2 : 1=-B ..B=-1
Thus,
2 2
[ 1 dt = | CHNN
0 (t+1) (t+2) ot+1 t+ 2

2
[In|t+1]-1In|t+2]]
0

IN3-1In4-1Inl+1In2
IN3-1n2° -0+ In2
IN3-2In2 +1In2
In3-1n2

ol

[ 6 marks ]



(c)
X=In(t+2)

.t = & - 2 as before

3 1
Y= 1T+1
3 1
X -2+1
= ﬁ is in Cartesian form, as asked for.

[ 4 marks ]

(d) Clearly,x cannot equal zero for then a division by zero would result, from
1
Y= &1
-1
1
1-1

% Division by zero is undefined

More than that, however, we have that,

X=1In(t+2)
and as the log of a negative number (and zero)is not detined?
and consequently the domairxis O

You could also have guessed this answer from the sketch graph
provided by the question.
[ 1 mark]
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Lesson 8
A-Level Pure Mathematics : Year 2
Integration 111

8.1 The Trapezium Rule
Integrating algebraically is desirable but not all curves have equations that can be
integrated in this way. For such cases, numerical methods can be used. These a
less informative because a solution method that uses numbers rather than algebi
gives far less information about the bigger picture in which the solution is embedt
One such numerical approximation method is called the trapezium rule.

8.2 The Formulae Book
The trapezium rule is given in the examination formulae booklet;

—a

b 1
[Lydc= Sh{(yo+yn) +2(ys+¥2+ .. + Y1) }, whereh =

Theh is termed the strip width. The greater the value thie more accurate the
numerical approximation is to the true answer. Howevarm,iagncreased, the
numerical calculation takes longer.

8.3 Example
The following is a table of values for = v sinx wherex s in radians.
I 21 3 Ar
a . 8 3 8 8
y 0 0.619 p 0.961 q

(1) Find the value op and the value dj
[ 2 marks ]

(ii) Use the trapezium rule and all the valueg of the completed table to
obtain an estimate &, where

A = J? v/ sinx dx

[ 3 marks ]

(i)  Hence determine an estimate of the related quaBtityhere

B = -I.o% (Vsnx + 3) dx

[ 2 marks ]



8.4 Exercise
Show sufficient working to make your methods clear.
Marks Available : 40
Question 1

The following is a table of values for = v 1 + sinx wherex s in radians.

0 0.5 1 1.5 2
y 1 1.216 p 1.413 q

(1) Find the value op and the value dj

[ 2 marks ]

(i) Use the trapezium rule and all the valueg of the completed table to
obtain an estimate @&, where,

2
A:-[o vV 1+ sinx dx

[ 3 marks ]

(i)  Hence determine an estimate of the related quaBtityhere,

2
B:j0x+ v1+sinx dx

[ 2 marks ]



Question 2
A-Level Examination Question from January 2008, Paper C4, Q1 (Edexcel)

A
y

O T X

The curve shown has equatign= €*\/sinx O<x<wux
The finite regiorR bounded by the curve and tkk@xis is shown shaded.

(a) Complete the table with the valuesyptorrect to 5 decimal places.
i 7 3
g £} 2 4 i
y 0 8.87207

[ 2 marks ]

(b) Use the trapezium rule, with all the values in the completed table, to

obtain an estimate for the area of the redon
Give your answer to 4 decimal places.

[ 4 marks ]



Question 3
A-Level Examination Question from June 2013, Paper C4, Q3 (edit) (Edexcel)

y

O n
2

The curve shows the finite regi®bounded by th&-axis, they-axis, the line
. . 1
X = % and the curve with equatipry = sec (Ex) 0<x< =

2
(a) Complete the table, giving the missing valuey tf 6 decimal places.

T JU JU
X 0 6 3 2
y 1 1.035276 1414214

[1mark ]

(b) Using the trapezium rule, with all the valuesydfom the completed

table, find an approximation for the areaRof
Give your answer to 4 decimal places.

[ 3 marks ]



Question 4
A-Level Examination Question from January 2012, Paper C4, Q6 (edit) (Edexcel)

A
y

O T
2

: . . 2sin2
The sketch is of the curve with equation,= _z9nex 0<x< =
(1 + cosx) 2

(a) Complete the table, giving the missing values tif 5 decimal places.

Ja Fia 3 I
X 0 g 7 g )
y 0 1.17157 1.02280 0

[ 1 mark]

(b) Use the trapezium rule, with all the valuegy &fom the completed

table, to obtain an estimate for the are&.of
Give your answer to 4 decimal places.

[ 3 marks ]



Question 5
A-Level Examination Question from June 2010, Paper C4, Q1 (edit) (Edexcel)

y

O

wla

The sketch is of the curve with equatign= v 0.75 + cos?x
The finite regiorR, shown shaded, is bounded by the curveythris, thex-axis

and the line with equatiox = %

(a) Complete the table with valuesytorresponding tox = % andx = %
T L I L
A 0 12 6 4 3
y 1.3229 1.2973 1
[ 2 marks ]

(b) Use the trapezium rule,
(i) with the values oy atx = 0, x = % andx = %to find an

estimate of the area 8 Give your answer to 3 decimal places.

[ 3 marks ]



JT
Ii iththevaluesoyatx = 0, X = —, X = —, X = —
(ii) wi valu Y at x X 12 5 4

and x = % to find a further estimate of the areaFof

Give your answer to 3 decimal places.

[ 3 marks ]



Question 6
A-Level Examination Question from January 2019, Paper C34, Q7 (Edexcel)

y A
R
0 ] 6 X
The diagram shows a sketch of part of the curve with equation,
X+ 7 3
y = —, X > —
2X — 3 2

The regiorR, shown shaded, is bounded by the curve, the line with equatiah

thex-axis and the line with equatiocr~ 6

(a) Use the trapezium rule with 4 strips of equal width to find an estimate for
the area oR, giving your answer to 2 decimal places.

[ 4 marks ]



(b) Using the substitution = 2x — 3, or otherwise, use calculus to find

the exact area @&, giving your answer in the forma + b+/5, where
a andb are constants to be found.

[ 7 marks ]
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8.5 Answers
A-Level Pure Mathematics : Year 2

Integration Il
8.5.1 Solution to 8.3 Example
y = v 39nx
(i)
bl 21 Kud 4
X ¢ 8 8 5 8
y 0 0.619 p 0.961 q
[ 2n V2
=,/8n|—| = /] — 0.841
P ( 8 ) 2
. 4
q= sm(s) v 1 = 1.000
[ 2 marks ]

(i) With four strips the trapezium rule becomes,

1
[Lydc= Sh{(yo+ys) + 20y + ¥+ v2) }
A = jf VEnx dx ~ % %{(0+ 1) + 2(0.619 + 0.841 + 0.961)}

Q

T {1+ 2 x 2421
16

L

1.147
[ 3 marks ]

(i)

N

B =[" (Vinx +3) dx
I

1.147 + [ 3x]
0

N

vsnx dx + J‘f 3dx

L

L

1.147 + 3 x %

5.859

L

[ 2 marks ]



8.5.2 Solutions to 8.4 Exercise

Answer 1
V1+snx
(i)
X 0 0.5 1 15 2
y 1 1.216 p 1.413 q

p=+1+sn(l)= 1357
g=+1+sn(2) = 1382

(ii) With four strips the trapezium rule becomes,

f:ydx ~

2
A:J'0 v 1+ snx dx

Q

(i)

[ 2 marks ]

1
Eh{ (Yo+Va) +2(yi + Vo + ¥3) }

%{(1 + 1.382 + 2(1.216 + 1.357 + 1413}

0.25{2.382 + 2 x 3.986}

2.589
[ 3 marks ]

2
B=f0x+ v1+snx dx
2 2
:J.o xdx+'|.0 v 1+ sinx dx

2

2
~ [X—} + 2,589
2 1y

1

4.589

U

2 + 2.589

[ 2 marks ]



Answer 2

y = €4/snx
(a)
3
X 0 T 5 3 7
y 0 1.84432 4.81047 8.87207
[ 2 marks ]
(b)  With four strips the trapezium rule becomes,
b 1
[Lydx = Sh{(y+y) +2(y + ¥z +¥5) }
T X
R = -[o e\ snx dx
~ % X %{(0 + 0) + 2(1.84432+ 4.81047+ 8.8720%}
JT
~ E{O + 2 x 1552686
~ 121948
[ 4 marks ]
Answer 3
= sec (2 x|
y= 2
(a)
L L AL
5 g 6 3 2
y 1 1.035276 1.154701 1.414214
[ 1 mark ]
(b)  With three strips the trapezium rule becomes,
b 1
[y = —h{ (%o +ys) + 2(va + ) }

R

U

R

1 7T
2

% (2.414214+ 2 x 2.18997%

1.7787

— X ry {(1 + 1414214 + 2(1.035276+ 1.154701}

[ 3 marks ]



Answer 4

3 2sn2x
(1 + cosx)
(a)
Ja Fia 3 a
X 0 8 Z 8 2
y 0 0.73508 1.17157 1.02280 0

(b)  With four strips the trapezium rule becomes,

1

f:ydx
1 /4

U

2 8

{0+ 2 x 2.92945)
16

1.1504

Q

1

1
Eh{ (Yo+ya)+2(ya+V¥o+Vs)}

[ 1 mark ]

— X —{(0+ 0) + 2(0.73508+ 1.17157+ 1.02280}

[ 3 marks ]



Answer 5

y = v 0.75 + cos?x

(a)
JT J JU JU
X g 12 6 4 3
y 1.3229 1.2973 1.2247 1.1180 1
[ 2 marks ]
(b) (1) With two strips the trapezium rule becomes,
b 1
[Lydc = Sh{(yo+y)+2(y)}
1 7
~ 5 X E{(1'3229+ 1) + 2(1.224%}
~ T 123229+ 2 x 1,2247
12
~ 1.249
[ 3 marks ]

(i)

I:ydx

2

L

Q

Q

With four strips the trapezium rule becomes,

1
Eh{ (Yo+Va)+2(ys+ ¥+ Vs) }

1
2

T
—{2.3229+ 2 .64
24{ 3229 + 2 x 3.6400}

1.257

x %{(1.3229+ 1) + 2(12973+ 1.2247 + 1.1180)}

[ 3 marks ]



Answer 6
(a)  With four strips the trapezium rule becomes,

b 1
[Lydx = —h{(y+ ) +2(n+y+ys)}
1 1{( 11V'5 13) (23«? 12V7 25\/?)}
R~ — x — + —]+ 2 + +
2 2 5 3 12 7 8
z%x%{(4.91+4.33+ 2(4.69 + 453 + 4.41)}
~ 914
[ 4 marks ]
(b)
J-6 X+ 7 dx—fg u+3+ 14 du
4a2x-3 Js2vu 2
_ J'9 u+ 17 du
s 44U
9 1 -1
:iJ' uz + 17u 2du
4’5
1 2 % 1 9
:—{ ! +34u7}
4 3 5
:30—§ 5
3
[ 7 marks ]
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Lesson 9
A-Level Pure Mathematics : Year 2

Integration 11|
9.1 Revision

Show sufficient working to make your methods clear.
Marks Available : 40
Question 1

3
(a) Find f( 2x — 1)2 dx giving your answer in its simplest form.

[ 3 marks ]
yA
%
8
Pk
S
o) 1 r
2
3
The sketch shows part of the cu@evith equatiory = (2x — 1)2 , x > %

which cuts the liney = 8 at poinP with coordinates K, 8 ), wherek is a constant.
(b) Find the value ok

[ 2 marks ]

(c) Find the shaded are§,bounded by the coordinate axgs, 8 andC.

[ 4 marks ]



Question 2
A-Level Examination Question from October 2021, Paper 2, Q12 (Edexcel)

(a)  Use the substitutionn = 1 + +/x to show that,

16 X 3 <12(u—1)3
J‘0 1+\/7dx_-[p u du

wherep andq are constants to be found.

[ 3 marks ]

16
(b) Hence showthat,J'0 #dx = A- BIn5

whereA andB are constants to be found.

[ 4 marks ]



Question 3
A-Level Examination Question from October 2021, Paper 1, Q11 (Edexcel)

The graph shows part of the curve with equatipnr; ( Inx)2, x > 0.The

finite regionR, shown shaded, is bounded by the curve, the line with equation
x = 2, thex-axis and the line with equation= 4. The table below shows
corresponding values afandy, with the values of given to 4 decimal places.

X 2 2.5 3 3.5 4

y 0.4805 0.8396 1.2069 1.5694 1.9218

(a) Use the trapezium rule, with all the valuey ah the table, to obtain an
estimate for the area & giving your answer to 3 significant figures.

[ 3 marks ]



(b) Use algebraic integration to find the exact areR, @fiving your answer
in the form,
y = a(In2)2 + bln2 + ¢
wherea, b andc are integers to be found.

[ 5 marks ]
Question 4
A-Level Examination Question from October 2021, Paper 1, Q14 (Edexcel)
. X — 4 dy 1
G thaty = ————, 0, show that— = , 0
iven thaty >+ U X > w Ix AV X >

whereA is a constant to be found.

[ 4 marks ]



Question 5

The graph is of the curv@ with parametric equations,

X = 00536, y = 12sn9, 0< 6 < 2n
The finite region in the first quadrant, boundeddgnd the coordinate axes,
is shown shaded. The curve is symmetrical in botlx tred they axis.

(a) Show that the area of the shaded region is given by the integral,

36J'O§ sin2000520d0

[ 4 marks ]



(b) Use trigonometric identities to show that,

cos 9 sin’ 6 = %(1 — c0s40)

[ 4 marks ]

(c) Hence find, in terms of, the total area enclosed By

[ 4 marks ]
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9.2 Answers
A-Level Pure Mathematics : Year 2

Integration Il
Answer 1
. : 1
(a) Addin afiddle factor Of? X 2
3 1 3
f(Zx - 1)2dx = > f2(2x - 1)2dx
5
1 2(2x — 1)2
= —X————+¢C
2 5
2x - 1)2
o (X=1)F .
5
[ 3 marks ]
(b) Equate curve with line, then solve.
3
(2x-1)2 =8
cube root both sides
1
(2x—-1)2 =2
square both sides
2X-1=14
2x =5
5 5
X = — k= —
2 2
[ 2 marks ]

(c) Shaded ared&;, is area of rectangle less area under the curve.

3 3
S:SXZS—L(A—lﬂdx
2

Nlot

5
_ 20_[ (2x — 1)2 }
5

Nl

:20—[33—0}

= 136
[ 4 marks ]



Answer 2

(a)

(b)

1
u=1++vx :>ﬂ:ix2 so— = 24/ X
dx 2

AlsoVx =u-1
Whenx = 16, u = 5andwhenx = 0, u = 1

16 X 5 x
Jo Tov = L g

du

3
52X2
=15
3
1 u
R

1 u
Which is of the form required witp = 1 andqg = 5

[ 3 marks ]
16 X 5 2(u-1)>3
——dx = —— du
J.o 1+ VX J.l u
5113 — 312 _
:ZJ- u 3uc + 3u 1Olu
1 u
5 1
:ZJ u2—3u+3——du
1 u
3 2 5
:Z[U——B—u+3u—lnu}
3 2 1
125 75 1 3
=2[(——— 15—In5)—(——— 3—In1”
3 2 3 27
124 72
=2[———+12—In5}
3 2
52
:2[——In5]
3
104
= —— — 2In5
3

Which is of the form required with = % B=2andA =5

[ 4 marks ]



Answer 3
(a)  With four strips the trapezium rule becomes,

b 1
[Lydx = —h{(y+ )+ 20y +y +ys) }
R ~ % N %{(0.4805+ 1.9218 + 2(0.8396 + 1.2069 + 1.5694}
~ 2.41
[ 3 marks ]
(b) Integration by parts with a sneaky 1 inserted...

4
R = jz (Inx)®> x 1 dx

Without worrying about the limits for now...

(Or the constant of algebraic integration)

=L I D I

_ 2 _ 1

= (Inx)~ x f2(|nx) Xx dx
=(Inx)2x —2_[(Inx) x 1 dx

_ 2 1

= (Inx)~ x - 2[(Inx)x—f Xxdx}
:(Inx)zx — 2x|nx+j2dx

Now to put in the limits...
= [x(lnx)2 —2x|nx+2x]4

2
— 4(In4)’ —8In4+8—2(In2)°> + 4In2 - 4
= 4(2In2)> - 16In2+8 -2 (In2)° + 4In2 — 4
— 14(In2)*> = 12In2 + 4

Which is of the form required with = 14, b = —12 andc = 4
[ 5 marks ]



Answer 4

CLEVER METHOD using a difference of two squares.
. x-4
 2+Vx
(VX)* - 22
VX + 2
(Vx +2)(Vx - 2)
(VX +2)

-2

N

= X

dy

-3
X
dx

N

1
2\ x

which is of the required form with = 2

[ 4 marks ]

STANDARD METHOD using the quotient rule.

o x-4
Y= 9 vx
1
dy (2+\/x)x1—%x 2(x—4) o3
o X
dx (2+Vx ) 2x?

4x%+2x—x+4

2V X (4 + 4VX + X)
(4+4VX +x)

2V X (4 + 4VX + x)
1

T 2Vx

which is of the required form with = 2

[ 4 marks ]



Answer 5

(a)

X = cosSh = j—z = 30056 (—sing)

Also, 6 = arccos(¥/x )

Area Shaded = Iydx

x=1
= f . 12sin6 x 3cos”d (-sin®) do
X=

6=0

:J‘H

36J‘07 sin2000329d0

—365in20 c0529d0

ud
2

[ 4 marks ]

(b) First note the two relations that...
cos’ 20 + sin® 20

Il
=

ADD cos?26 — sin®20 = cos46

Zcos2 20 1 + cos46

coszesinze
1
4

LHS

(ZSinGCOSG)Z

sin2 20

(1— 003229)

(2 - 2co?26)

©|Fk ©o|k ok &R &R

(2 -1 - cos49)

(1 - cos40)

= RHS O
[ 4 marks ]



(c)
Total Area

4 x 36]07 sinzecoszede

4x36xij71—cos4ed0
8 Jo

nao 1%
zlg[g_ﬂ}
4
(1) (o 0]
2 4 4
- 18 x =
= On

[ 4 marks ]
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