45 Answers

A-Level Pure Mathematics, Year 2
Proof | : The Art of Absolute Certainty

4.5.1 Solution to 4.2 Non-Consecutive Odd Number Sequence
(i)

p 1 2 3 4 m n

Tp 1 3 5 7 2m-1 2n-1

[ 2marks]
(i) Let the two odd numbers be2m — 1) and (2n — 1)
for somem, ne N, in which case,

(2Zm-1)(2n-1) =4 - 2m-2n + 1

227 —-m-—-n) + 1
which is one more than a multiple of 2, (an odd number) O
[ 3marks]

45.2 Solution to 4.3 A Less Obvious Use of Odd and Even
Either the natural numberis even or it is odd.
e Firstly, suppose is even in which case= 2k for someke N.
"N+ 2 = (2k)3+2
- 8k3+ 2
Clearly, 2 more than a multiple of 8 is not a multiple of 8 so

Son® + 2 does not divide by 8 whanis even.

e Secondly, supposeis odd in which case = & +1 for some& e N.

n3+2:(2k+1)3+2

= 1x (2k)3 x 19
+3x(2k)? x 1t
+3x (2k)! x 12
+ 1 x (2k )o x 134 2 (Using the binomial theorem)
= 8Kk> + 12k% + 6k + 3
= 2(4k3+6k2+3k+1)+ 1
This is one more than a multiple of 2, an odd number, and not a multiple
So n® + 2 does not divide by 8 whemis odd.

Overall, we deduce that + 2is not divisible by 8 for any natural numbrer
[ 4 marks]



45.3 Solutionsto 4.4 Exercise

Answer 1

Let the two odd numbers &2m — 1) and(2n — 1) forsomem n € N,
in which case,
(2Zm-1)+(2n-1) =2m+ 2n - 2
=2(m+n-1)
which is a multiple of 2, in other words an even number. O

[ 2marks]

Answer 2
Let the two even numbers g&m) and ( 2n) for somem, n € N, in which case,
(2m)(2n) = 4mn
which is a multiple of 4 and therefore divisible by 4, as we were asked to sHdw.
[ 2marks]

Answer 3
Either the natural numberis even or it is odd.
e Firstly, suppose is even in which case= 2k for someke N.
2

n~+5=(2k )2 +5
4K + 4+ 1
4(K+1)+1
which is 1 more than a multiple of 4
e Secondly, supposeis odd in which case = 2 +1 for some&k e N.

n2+5:(2k+1)2+5

4K+ Ak +1+4+1
= 4K+ k+1)+2
which is 2 more than a multiple of 4

Overall, we deduce that + 5is either 1 or 2 more than a multiple of 401
[ 4 marks]



Answer 4
Either the natural numberis even or it is odd.
e Firstly, suppose is even in which case= 2k for someke N.

n2+2:(2k)2+2

= 4K% + 2
which is 2 more than a multiple of 4 and so not divisible by 4
e Secondly, supposeis odd in which case = 2k +1 for somek e N.

n2+2=(2k+1)2+2

= 4K+ A+ 142

= 4( K? + k) + 3
which is 3 more than a multiple of 4 and so not divisible by 4
Overall, we deduce that + 2is never divisible 4 O
[ 4 marks]

Answer 5
Either the natural numberis a multiple of 3 or one more than a multiple of 3
or 2 more than a multiple of 3.

e Firstly, suppose is a multiple of 3 in which case= 3k for someke N.

n2+n+2=(3k)2+(3k)+2

= OK® + 3k + 2
= 3(3K% + k) + 2
which is 2 more than a multiple of 3 and so not divisible by 3

e Secondly, supposeis one more than a multiple of 3 in which
casen= 3k + 1 for somek e N.

nP+n+2 (3k+1)2+(3k+1)+2

9k2+6k+1+3k+1+2

3(3k° + 3k +1)+1
which is 1 more than a multiple of 3 and so not divisible by 3
e Thirdly, suppose@ is two more than a multiple of 3 in which
casen= 3k + 2 for someke N.

n2+n+2:(3k+2)2+(3k+2)+2

OKR + 12Kk + 4+ 3K+ 2+ 2

3(3k2+ 5k + 2) + 2
which is 2 more than a multiple of 3 and so not divisible by 3

Overall, we deduce tha? + n + 2is never divisible 3 O
[ 4 marks]



Answer 6
Either the natural numberis a multiple of 3 or one more than a multiple of 3
or 2 more than a multiple of 3.
e Firstly, suppose is a multiple of 3 in which case= 3k for someke N.
n° = (3k )2

= 9K
which is a multiple of 3
e Secondly, suppogeis one more than a multiple of 3 in which
casen= 3k + 1 for someke N.
N = (3k + 1)2
= K% + 6k + 1
= 3(3K% + 2k) + 1
which is one more than a multiple of 3
e Thirdly, suppose@ is two more than a multiple of 3 in which
casen= 3k + 2 for someke N.

n° = (3k + 2)2
= 9K + 12k + 4
- 3(3K% + 4k + 1)+ 1
which is one more than a multiple of 3
Overall, it has been shown that the square of any natural nundgreisa

multiple of 3or one more than a multiple of 3, as required. O
[ 4 marks]

Answer 7

To show3n? — 1is a not perfect square show that it cannot be written in the
form 3 or X +1, using the result from question 6.

In other words, shod n? — 1is of the formsk + 2

Letn = m + 1, for some integem, in which case,

3 —1=3(m+ 1% -1
=3m +6m+3-1
= 3(r'r12+2m)+2
=3k + 2
Thus, 3n? — 1cannot ever be a perfect square for any N. O

[ 4 marks]



Answer 8
(1) From being told that we have a perfect square that is even we can write 1

n° = 2k for some integek
From this we have that,

n =2k ignoring the negative square rootrare N
The+/ 2k must be a natural number andksmust be of the form
2m2, forsomem e N.

Thus, "’ =2 x 2n?

= 4nt?

showing thatn® is divisible by 4, as requested. O
[ 3marks]

(i) Let the two odd numbersbe = (2m - 1) andy = (2n - 1)
for somem, ne N, in which case,

x2+y2:(2m—1)2+(2n—1)2
= 4P —4dm+1+4n° —4n+ 1

:4(mz—m+n2—n)+2
Now. we know that an odd number multiplied by an odd number is
an odd number (proven in the lesson's introduction) saady are
odd, we have that their squares are also odd.
When these squares are added together, we're adding an odd number
to an odd number which is an even number (proven in question 1).
So the sum of the squaresxaindy is even.
For this even number to be a perfect square it must be divisible by 4
from part (i) of this question.
But we have just shown that the sum of the squaresnfly is 2 more
than a multiple of 4 which cannot be a multiple of 4

G y2 can not be a perfect square if batandy are odd.
[ 6 marks]



Answer 9
One way to do this question is to show thdt+ 5n is divisible by 2 and also by 3

Toshow n® + 5n isdivisible by 2
Either the natural numberis even or it is odd.
e Firstly, suppose is even in which case= 2k for someke N.

NS+ 5n = (2k)3 + 5(2k)
= 8K3 + 10k
= 2(4K3 + 5k)
e Secondly, supposeis odd in which case = 2k +1 for somek e N.

N+ 5n = (2k+1)3+5(2k+1)

= 8K+ 12k> + 6k + 1 + 10k + 5
= 2(4Kk®+ 6K + 8k + 3)
It is deduced that® + 5n is always divisible by 2 for anye N.

Toshow n® + 5n isdivisible by 3
Any natural numben must be of one of the form& 3k + 1, or X + 2, whereke N

e Casen = 3k: n° + 5n = (3k)3+ 5(3k)
27Kk + 15

3(9k3 + 5)

3K+ 1:n°+5n= (3k+1)3+5(3k+1)

e Casen

= 27K+ 27K2 + Ok + 1 + 1%k + 5
= 3(9K3 + 9K% + 8k + 2)
e Casen = 3k+2:n3+5n:(3k+2)3+5(3k+2)
= 27k% + 54K% + 36k + 8 + 15 + 10
- 3(9Kk® + 18K + 1% + 6)
It is deduced that® + 5n is always divisible by 3 for anye N.

Overall, we deduce that + 5nis divisible by6 O
[ 7marks]
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