5.3 Answers
A-Level Pure Mathematics, Year 2
Proof | : The Art of Absolute Certainty

5.3.1 Solution to 5.1.2 Example #2
Use proof by contradiction to show thanffis even, them must be even.

Proof

Assume the opposite is true, that there exists a numsch than? is even but
nis odd in which case we can write that 2k + 1 for some&k e Z.

In consequence,

n~ = (2k + 1)2

4K + 4k + 1

2(2K% + 2k) + 1

But this is 1 more than a multiple of 2, in other words, an odd number.

This contradicts the assumption thais even.
Therefore in?is evenn must also be even. O

[ 3marks]

5.3.2 Solutionsto 5.2 Exercise

Answer 1
Following the hint, assume that the opposite is true, that for soyre N,
x#Y, that,
X
y
Multiply through byxy (which we know is positive)
X+ y2 < 2xy
X — 2xy + y2 <0
(x-y) <0
But this cannot be a true statement as anything squared is greater than zero.

Nor can it equal zero because we are toldxkay.
Thus, it has been proven that fery e N, xzvy,

+l<2
X

XyLso O
y X

[ 3marks]



Answer 2
Assume that the opposite is true, thatfer R, 0<x< 1,
1
X(1-Xx)
From O< x < 1 it follows thatx > 0 and ( - x ) > 0 and s (1 — x) > 0 which

means that it's OK to multiply through bx(1 — x) and we know not to
reverse the inequality.

< 4

1< 4x(1-Xx)
1 < 4x — 4%°
4x2—4x+1<0

(2x — 1)2 <0
But this cannot be a true statement as anything squared is greater than zero.
Thus, it has been proven that fee R, 0<x< 1,
1 S -
X(1-Xx)

[ 4 marks]

Answer 3
Assume the opposite is true, intega@ndb exist for whichlCa + 1% = 17
Divide both sides by the highest common factor of 10 and 15, that is, 5 to get,
2a + 3b = 17
5

But this clearly cannot be, as any combination of integers that are multiplied,
added and subtracted can only yield an integer answer, not a fraction.

Therefore, the original assumption, that integeasdb exist, must be false.
And so, there exist no integeagandb for which 1& + 15 =17 d
[ 3marks]

Answer 4
(1) Assume the opposite is true, tipeindq are integers such that,

pq is even but that both andq are odd.

This would mean that we could wripeandq in the forms,
p=2n+land g=2m+ 1 forsomep, q € Z

Then,

pg = (2n + 1)(2m + 1)

=4dm+2n+2m+ 1

=2(2am+n+m) + 1
But this shows thgtq is odd and not even.
Therefore, the assumption thaindq are both odd cannot be correct.
At least one op or g must be even.
[ 3marks]



(i)

(x+y)2<9x2+y2
x2+2xy+y2<9x2+y2

2xy < 8 x?
Xy < 4x2
Divide both sides by and reverse the inequality as 0
y > 4X O
[ 2marks]
Answer 5
(1) The condition thaine N, n< 4, means thate {1, 2, 3,4}

(i)

Working through those possibilities,
n:1:(1+1)3:23:8>31
n=2:(2+1°=3=27>7%
n=3:(3+17°%=4=64>3
n=4:(4+1°%=5=125> 3"

In all cases it has been shown that + 1)3 > 3" as required O
[ 2marks]

Suppose that the opposite were true, that+ 5 were odd and that
mis odd. Writingm = 2k + 1 it then follows that,

m3+5:(2k+1)3+5
:8k3+12k2+6k+1+5

= 2(4K> + 6K% + 3k + 3)
But this shows than® + 5is even and not odd.
Therefore, the assumption thats odd cannot be correct.
It is thus the case that must be even.
[ 4 marks]



Answer 6
Assume that there are positive integeendq such that,

4p° - ° = 25
in which case, using the difference of two squares,
(Zp+q)(2p—-q = 25
Now, each of( 2p + q) and (2p — q) must be an integer factor of 25
One possibility is that each equals 5, for then we havé 5§ 25

2p+q9g=>5
ADD 2p-qgq =5

4p = 10
_ S
P=73

But this contradicts the requirement tpas an integer

Another possibility is that the one is 25 and the other 1, for thenl25 25

2p+q =25 p+qg=1
ADD 2p-q=1 ADD 2p-q = 25
4p = 26 dp = 26
_ 18 _ 18

P= =7

But this contradicts the requirement tpas an integer

Having exhausted the possibilities, and always obtained a contradiction it must
be the case that there are no positive intggarglq such that,

4p° — ¢ = 25 O
[ 4 marks]



Answer 7

(i)

Assume that the opposite is true, tivats a multiple of 3, and is not a
multiple of 3, in which case eithar= X+ 1 orn=3k+ 2

If n= 3+ 1then,
n’ (3k+1)2

9K® + 6k + 1
3(3K% + 2k) + 1

But this is 1 more than a multiple of 3 and so not a multiple of 3

If n= Zk+ 2 then,
N = (3k + 2)2
= 9K® + 12k + 4
3(3k> + 4k +1) +1

But this is 1 more than a multiple of 3 and so not a multiple of 3

In both cases the assumption thag not a multiple of 3 has given rise
to a contradiction and so the assumption must be false.
Thereforen is a multiple of 3. O
[ 3marks]



(ii)  Assume the opposite; thdt3 is a rational number.
Then, by the definition of what a rational number is,

V3 = %forsomep,q e Z,q#0

Furthermore, assume that this fraction cannot be reduced further.
That isp andq have no factors in common.
(In other words, they are coprime whbf {p, q} = 1)

5. P
Rz

2 2

p~ = 3q

The 3 on the RHS tells us that it is a multiple of 3.

Therefore the LHS must be a multiple of 3.

From part (i), ifp2 is a multiple of 3 then so too s

Thereforep can be expressed in the foria 8r some integea.
So we now have that,

In consequence,

(38)° = 3q°
94 = 3q2
342 = qz

The 3 on the LHS tells us that it is a multiple of 3.

Therefore the RHS must be a multiple of 3.

Again, from part (i), ifg? is a multiple of 3, then so toods

If p andq are both multiples of 3, they will have a common factor of 3.
This contradicts the statement tpandg have no common factors.

The inescapable conclusion is tha8 is an irrational number. O

[ 6 marks]

Answer 8

We want to prove that+y is irrational given that is irrational andy is rational.

For the sake of contradiction, ket y be rational.

Call this rational sunz such thak +y =z and henc&=z — y

We know (or could easily prove) that, since bo#ndy are rational, their difference
z — ymust also be a rational number.

However, ifz — yis rational, then so too must késincex = z — y).

This directly contradicts our starting premise thit irrational.

As assuming + yis rational leads to a contradiction, that assumption must be fal
Thereforex + y must be irrational. O

[ 6 marks]
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