7.2 Answers

Answer 1

A-Level Pure Mathematics, Year 2
Proof | : The Art of Absolute Certainty

Some examples of counterexamples are given below.
To answer the question, only one counterexample is required.

1x24+1=

2x24+1 =
3x24+1 =
4x24+1 =
S5x24+1 =
6x24+1=
7Tx24+1 =

25 = 5°

49 = 72

73which is not a square <== counterexample
97which is not a square <== counterexample
121 = 11

145which is not a square <== counterexample

169 = 1%

15 is the next number that is not a counterexample

Answer 2

[ 2marks]

Let the two consecutive integers heand (n + 1) in which case,

n2

which is o

+(n+1)2:n2+n2+2n+1

=2(n2+n)+1

ne more than a multiple of 2, an odd number

. The sum of the squares of any two consecutive integers is an odd numkeér.

Answer 3

[ 4 marks]

ababab represent40000@& + 1000 + 1000 + 10 + 10a + b

Thus,ababab

= 10101@& + 1010Db
10101( 10a + b)

=3x7x13x 37(10a + b)
is divisible by 3, by 7, by 13 and by 37 O

[ 4 marks]



Answer 4
Let the two consecutive even numbersdme and 2m + 2 for somem e N.

The product is given by,

4m2+4m
= 4(m2+m)
4Alm(m+ 1))

(2m)(2m + 2)

Them(m + 1) piece of this represents two consecutive integers.
One of these must be even.
Thereforem(m + 1) = 2wfor somew e N.
(2m)(2m + 2) = 4(2w)
= 8w

Which is always a multiple of 8, as expected.
It is proven the product of two consecutive even numbers is divisible by &1

[ 6 marks]

Answer 5

n(n+1
(i) Th=EE
. T, = 28 Tg = 36 and soT; + Tg = 64
[ 2marks]
.. n+1)(n+ 2

(i) The1 = ( )2( )

[ 2marks]

(iii)  The sum of any two consecutive triangular numbers is given by,
n(n+1) N (n+1)(n+ 2)
2 2
_ (n+1) (
- 2
(n+1)(2n+ 2)
2

(n+1)(n+1)

Th+ Thy1 =

n+n+2)

=(n+ 1)2
which is a square number. O
[ 4 marks]



Answer 6

(i) 3531 => 353-1 = 352
= 35 - 2 = 33 which is obviously divisible by 11

. 3531is divisible by 11

(i) 1984422 = 198442- 2 = 198440

=

=

=

=

. 1984423s divisible by 11

19844 - 0 = 19844
1984 - 4 = 1980
198 - 0 = 198

[ 2marks]

19 — 8 = 11 which is obviously divisible by 11

[ 2marks]

(iii)  Observe that any natural numbglr, can be expressed in algebra as
aR whereR is the single rightmost digit, aradis all the other digits.
WhenaR is divisible by 11,

arR =

10a + R
10a + R- 11R
10a — 10R
10(a - R)

is divisible by 11
is divisible by 11
is divisible by 11
is divisible by 11

As 10 is not divisible by 11(a — R) must be.

]
[ 7marks]



Answer 7

(i)

(i)

Assume that the opposite is true, thdis even, andh is not even, in
which casen = X + 1 for somek € Z.

Then ne = (2k + 1)3

8K + 12K + 6k + 1
2(4k3+ 6k> + Sk) +1

But this is 1 more than a multiple of 2 and so is an odd number.
The assumption thatis odd has given risé a contradiction and so
the assumption must be false.

Thereforen is even. O

[ 3marks]

Assume the opposite; th%(@ is a rational number.
Then, by the definition of what a rational number is,

%:%forsomep,q e Z,q 0

Furthermore, assume that this fraction cannot be reduced further.
That isp andq have no factors in common.
(In other words, they are coprime whbf {p, q} = 1)

p3

In consequence, 2 = —
q

3 3

p~ = 2q

The 2 on the RHS tells us that it is a multiple of 2.
Therefore the LHS must be a multiple of 2.

From part (i), ifp®is a multiple of 2 then so too s
Thereforep can be expressed in the foria #or some integea.
So we now have that,

(2a)° = 2¢°
ga® = 2q3
4a° = ¢

The 4 on the LHS tells us that it is a multiple of 2.

Therefore the RHS must be a multiple of 2.

Again, from part (i), ifg® is a multiple of 2, then so toods

If pandqg are both multiples of 2, they will have a common factor of 2.
This contradicts the statement tpandg have no common factors.

The inescapable conclusion is tRA2 is an irrational number. O

[ 6 marks]



Answer 8

For the pattern to always hold, it needs to be proven that,&o¥,

2

LHS

n~+ (n+ 1)2+(n(n+1))2 = n? for somem e N.

R+ (n+ 1)+ (n(n+ 1)°

n2+n2+2n+1+n2(n+1)2

2n2+2n+1+n2(n2+2n+1)

2n2+2n+1+n4+2n3+n2

n4+ 2n3+3n2+2n+1

2
(n2+n+1)

2

mzwherem:n +n+1

RHS O
[ 6 marks]
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