2.6 Answersto 2.5 Exercise

Undergraduate L ecturesin Mathematics: First Year
Matrix Algebra

Answer 1
det(A - A) =0
1-14 2 \_
dq( 4 3- z)‘ 0
(1L-2)(3-1)-8=0
2_4-5=0
(A+1)(A-5)=0
A =-1lord, =5
(-1 0
D‘( 0 5)
_ 1 2}(X _ X _ _ 1
For/’{l = 1 (4 3)(y) 1(y) =Y = X = V; = kl(—l), k]_ e R
_ 1 2\(X]| _ X _ _ 1
Fori, = 5 (4 3)(y)_5(y):>y_2x:>v2_k2(2),k2e]R
_ 11 . —1_i 2 _1
P_(_l 2)fromwhlchP = 3(1 1)
Kk k -1
A" =PDP
100
A0 _ ([ 11)/-1 0 1( 2 -1
l=-12 0O 5 3 1 1
_ [ 11)f1 01 2-1
~\-12/\0o 500/ 3 1 1
_ 1) 50042  500_7
3 2x5100_22x%x5100, 1

[ 6 marks]



Answer 2
det(A - 1) =0

1-4 1
—2 4-)

(1-4)(4-1)+2=0

o .

2_-51+6=0
(A=2)(A-3)=0

/’{122, /’{2:3
_[20
°=(3 3)
. 1 1\(X] _ ,(X _ _ 1
ForA, = 2 : (_2 4)(y)_ Z(y) =S Y= XV = kl(l),kl e R
_ 1 1\(X] _ ,(X _ _ 1
Forlz =3 (_2 4)(y) = 3(y) =V = 2X = Vo = kz(z),kz e R
_ 11
P=( 13
[ 7marks]
Answer 3
1 0 4\(2 6 2 2
(a) 0 5 4||-2| =|-6| = 3|-2| which shows|- 2] is an eigenvector
4 4 3)\1 3 1 1

The eigenvalue i%; = 3
[ 3marks]



(b)

det(A - Al) =0
1-4 0 4
dt| 0 5-1 4 |=0

4 4 3-1

If 12=9 is an eigenvalue it will make this equation true.

LHS = det|{ O 5-1 4
4 4 3-1
-8 0 4
=det| 0 -4 4
4 4 -6
_ |4 4 0-4
= ( 8)‘ 4 -6 +4‘4 4‘
= (-8)(24-16) + 4 x 16
=0
= RHS
~. 9is an eigenvalue O
1 0 4\[x X X + 4z = 9X X = 2X
0 5 4||y| =9y S5Y+4z =9y o z=y
4 4 3/\z z] |4X+ 4y +3z2=9z 2X+2y-32=0
Letx = linwhichcasez = 2andy = 2
1
The eigenvector ik| 2| wherek is any constant
2
[ 5marks]
2 1 2
(c) P=1-2 2 1
1 2-2
Finding the associated eigenvaldg,..
1 0 4\ 2 -6 2
0 5 4| 1|=(-3| =13 1
4 4 3/\-2 4 -2
3 = -3
3 00
D = 0O 9 0
0O 0-3

[ 4 marks]



Answer 4
(a) det(A — Al)

Il
o

7-4 0 -2
dtf 0 5-12 -2 |=0
2 -2 6-1
5-1 -2 0 5-4| _
(7—1)‘ P | E R

(7-2)(5-A)(6-1)—4 —20+2(5-1)) =0
(7-2)(22 - 114 +26) - 20+ 44 = 0O
702 77 + 182 13+ 1142 — 261 — 20+ 44 = O
23 - 1842+ 99 - 162 = 0

As we are told that = 9 is a solution...

2 - 9 + 18

A — 9|13 - 1842 + 9% - 162
3 - 92

— 942

— 942

9N
81U
181 + 162
181 + 162

0 <« Asexpected

+ +

231822+ 99 - 162= (4 -9)(4%2 - 91+ 18)
= (/1-9)(1-3)(/1—6) <:>/’Ll:3,/12: 6,/13: 9

[ 5marks]
(b) Fori; =3,
7 0 -2\[x X X — 22 = 3X zZ=2X
0 5 -2]|lyl=3ly S5y -22=3 & z=y
-2 -2 6/\z z] |-2X—-2y+6z=3z 2X+2y-32=0
1
Letx = 1giving,z = 2, y = 2 : v; = ky| 2| for any constarit;
2
Forl, =6,
7 0 -2\(x X X — 22 = 6X X= 2z
0 5-2]ly| =6y S5y —22=6y & Y=-22
-2-2 6]/\z z] |-2X-2y+6z=06z y = —X
2

Letx = 2qgiving,z=1y=-2: Vv, = k
1

- 2) for any constark,



Fori; =9,

7 0 -2}|[X X X — 22 = X zZ=-X
0 5-2]|ly|=9ly 5 -22=9% o z=-2
-2 -2 6/\z zZ] |-2X—-2y+6z=9z 2X+2y+32=0
2
Letx = 2 giving, z= -2, y =1 : v3 = k3| 1| forany constari;
-2
[ 5marks]
(c) Finding all possible scalar products pairs...
1 2
VieVv, =[|2]|e[-2]=1%x24+2%x(-2+2x1=0
2 1
1 2
Vievy=|2|e| 1|=1%x2+2%x1+2%x(-2 =0
2 -2

1 2

Therefore, the eigenvectors found in part (b) are mutually perpendidular.
[ 2 marks]

2 2
V, ® V3 = —2)-( 1):2><2+(—2)><1+1x(—2):0

(d) Remembering to normalize the eigenvectors...

300 11 2 2
P==[2-2 1

D = 0
9 Sl 1 -2

06
00
[ 2marks]



Answer 5

(a) det(A —Al) =0
1-1 =2 2

dt| o0 -3-1 4 |=0
0 -2 3-1

Expanding down the first column,

3-1 4
-2 3-1

(1= ) (=3-A)(3-2)+8) =0
(1-2)(#2-1)=0
(L= 2)(A-1)(A+1) =0

The eigenvalues &k are 1, 1 and 1

(- -0

[ 2 marks]
(b) Fordi=-1,

1 -2 2\/[x x| [ X—2y+ 22 =-X X-y+z=0
(0—34 y| = -1|y -3y+4z=-y & y =2z
0-2 3/\z z -2y+ 3z =-2 y =2z
1
Letz = 1gqiving,y = 2, x = 1 : vy = k¢| 2| for any constari;
1
Fori, =1,
1 -2 2\[x x| [X—2y+ 22 =X y=12
0-3 4)y:1y -3y+4dz=y y=12
0-2 3/\z Y4 -2y+ 3z =12 y=12

The equations do not establish a relationship involxiagd sox can be
assigned an arbitrary value. The simplest pair of linearly independent

1 0
Ol andvs = (1

0 1

eigenvectors are, =

: . . 3
The sefvy, V,, V3} is thus a suitable basis &
[ 4 marks]



Answer 6

(a) det(A - A) =0
-2 0 1
detf 1 -2 0 | =0
0O 1 -1
Expanding along the top row,
-4 0 1 -1
(_“‘ 1 4| "o 1|70
“2+1=0
/11 = 1,&2 = —i+£i,13: —i—ﬁi
2 2 2 2
[ 4 marks]
(b) As A has distinct eigenvalues it is diagonizable duer
[ 2marks]
(c) “The long way” will work but, looking for a short cut, ...
2 _ O 0 11/00 1 010
A 0Oo0|f100 001
10/{010 100
3 2 010|/{001 100
A =A 001|100 010
100/{010 001

Now, 2009 = 3k 669 + 2 and so,

2009 3x669+2
A = A

( A3 )669 K
669, 2

2
= A

010
001
100

Matrix A is a permutation matrix.
A property of such a matrix is that if it is raised to a sufficient power it
will equal the identity matrix.
So this short cut is not as obscure as it might at first seem !
Permutation Matrices are explored in Lecture 2 of Graph Theory |

[ 4 marks]
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