
3.5  Answers to 3.4 Exercise
Further A-Level Pure Mathematics, Core 2

 Differential Equations II
Answer 1

   
 dy 
 dx 

+
 y 

 ( x + 1 )  
= 1,  x, y ∈ R,  x ≠ − 1     ( i )

P (x) =
 1 

 ( x + 1 )  
   Q (x) =

 1 
 x2 

and 

∫ P (x)  dx = ∫
 1 

 ( x + 1 )  
 dx = ln | x + 1 | + c

    I = e∫ P(x) dx

= eln| x + 1 | + c

= | x + 1 |  ec

= B | x + 1 |       B ∈ R,  B > 0for

= A ( x + 1 )        A ∈ Rfor

 dy 
 dx 

+
 y 

 ( x + 1 )  
= 1,  x, y ∈ R,  x ≠ − 1

A Multiplying through by I and cancelling the gives,

( x + 1 )
 dy 
 dx 

+ y = ( x + 1 )

xintegrate both sides with respect to 

∫ ( x + 1 )
 dy 
 dx 

+ y  dx = ∫  x + 1  dx

( x + 1 )  y =
 x2 
 2 

+ x + k   kfor some constant

y =
 x2 + 2x + c 
 2 ( x + 1 )  

  cfor some constant

[ 6 marks ]

  y = 1    x = 1,( ii ) Using the condition that when

1 =
 1 + 2 + c  

4
    c = 1gives

y =
 x2 + 2x + 1 
 2 ( x + 1 )  

=
 ( x + 1 )2  
 2 ( x + 1 )

=
 x + 1 

 2
  x ∈ R,  x ≠ 1

[ 2 marks ]



Answer 2
 dy 
 dx 

+
 y 
 x 

=
 1 
 x2 

,  x, y ∈ R,  x ≠ 0

P (x) =
 1 
 x 

   Q (x) =
 1 
 x2 

and 

∫ P (x)  dx = ∫
 1 
 x 

 dx = ln | x | + c

  I = e∫ P(x) dx

= eln| x | + c

= | x |  ec

= B | x |     B ∈ R,  B > 0for

= A x          A ∈ Rfor

 dy 
 dx 

+
 y 
 x 

=
 1 
 x2 

,  x, y ∈ R,  x ≠ 0

A Multiplying through by I and cancelling the gives,

x
 dy 
 dx 

+ y =
 1 
 x 

xintegrate both sides with respect to 

∫ x
 dy 
 dx 

+ y  dx = ∫  
 1 
 x 

  dx

xy = ln | x | + c

y =
 ln | x | + c 

 x 
[ 6 marks ]

  y = 1    x = 2( ii ) Using the condition that when

1 =
 ln | 2 | + c 

 2 
  c = 2 − ln (2) gives   

y =
 ln | x | + 2 − ln (2)  

 x 
[ 2 marks ]



( iii ) The slope field plot is,
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[ 2 marks ]



Answer 3

tan (x)  
 dy 
 dx 

+ y = 3 cos (2x)  tan (x)   0 < x <
 π 
 2 

 dy 
 dx 

+ cot (x)  y = 3 cos (2x)

P (x) = cot (x)      Q (x) = 3 cos (2x)and

∫ P (x)  dx = ∫  cot (x)  dx = ln | sin (x)  | + c

I = e∫ P(x) dx = eln| sin(x) | + c = B | sin (x)  |       B ∈ R,  B > 0for

= A sin (x)            A ∈ Rfor

 dy 
 dx 

+ cot (x)  y = 3 cos (2x)

 I Multiply through by to get,

sin (x)  
 dy 
 dx 

+  cos (x)  y = 3 sin (x)  ( cos2 (x) − sin2 (x)  )

= 3 sin (x) ( cos2 (x) − 1 + cos2 (x))
= 3 sin (x) ( 2 cos2 (x) − 1 )
= 6 sin (x)  cos2 (x) − 3 sin (x)

= (− 6) (− sin (x)  cos2 (x) − 3 sin (x)

  a × f ′ (x) f (x)  This has setting up for a chain rule backwards

xNow to integrate both sides with respect to 

∫ sin (x)  
 dy 
 dx 

+  cos (x)  y dx = (− 6)  ∫  (− sin (x))  cos2 (x)  dx − 3 ∫ sin (x)  dx

sin (x)  y = (− 6)  
 cos3 (x)  

 3 
− 3 (− cos (x)) + c

y =
3 cos (x) −  2 cos3 (x) + c 

 sin (x)
[ 6 marks ]



Answer 4

   ( x2 + 1 )  
 dy 
 dx 

+ xy − x = 0( a )

 dy 
 dx 

+
 xy 

 ( x2 + 1 )  
=

 x 
 ( x2 + 1 )  

      

P (x) =
 x 

 ( x2 + 1 )  
  Q (x) =

 x 
 ( x2 + 1 )  

and  

∫ P (x)  dx =
 1 
 2 ∫

 2x 
 ( x2 + 1 )  

 dx =
 1 
 2 

 ln ( x2 + 1 ) = ln  x2 + 1 

(constant of integration safely omitted)

I = e∫ P(x) dx = eln  x2 + 1 =  x2 + 1 
 dy 
 dx 

+
 xy 

 ( x2 + 1 )  
=

 x 
 ( x2 + 1 )  

Multiplying through by I gives,

 x2 + 1  
 dy 
 dx 

+
 xy 

 x2 + 1  
=

 x 
  x2 + 1  

xIntegrate both sides with respect to 

∫  x2 + 1  
 dy 
 dx 

+
 xy 

 x2 + 1  
 dx = ∫  

 x 
  x2 + 1  

 dx

 x2 + 1  y =  x2 + 1 + c

,       y = 1 +
 c 

  x2 + 1  
Giving a general solution of

[ 6 marks ]

    y =  2    x =  3,( b ) Using the constraint that when

2 = 1 +
 c 

  32 + 12  

c =  10 

,    y = 1 +  
 10 

 x2 + 1 
And so the particular solution is

[ 2 marks ]
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