5.3 Answersto 5.2 Exercise
Further A-Level Pure Mathematics, Core 2
Differential Equations||

Answer 1
dy .
- _ h
I ysinh x
Separate the variables
1dy = sinhx
y dx

Integrate both sides with respecixto

f%dy fsinhx dx

In|y| = coshx + ¢

el nyl _ ecoshx+c

coshx+c

lyl = e
But the exponential function is always positive and so,

coshx+cC

y=¢€
Using the initial conditions that= 1, x = 0

1=¢"C givesc=-1

~. The particular solution iy = €<% ~1

[ 4 marks]

<
|

= _[ e Xsinx dx

e_3x(— COSX) — J'(— 3) e_3x(— cosX) dx

- —e ¥cosx - 3fe_3xcosxdx +c

— e Xcosx — 3[e_3xsinx - f(—3) e_3xsinxdx} +C

e ¥cosx — 3¢ Xsnx - 9'[e_3xsinxdx + G

—e Xcosx — 3¢ Fsnx - 9M + ¢

g

10M = —e ¥cosx — 3¢ Xsinx

= —e_3x(cosx+35inx)+c O
[ 4 marks]



(i) %—Byzsinx

P(x) = —3and Q(x) = sinx
jP(x) dx = J'(—S) dx = —3x + ¢

(constant of integration safely omitted)

| = efP(x)dx _ oo X

e_SX% - 36Xy = e¥snx  Multiplying through byl

Integrate both sides with respecixto

J‘e—3xﬂ _ 3e—3x

_ —3X
Ix ydx_je snx dx

e Xy =M (About to use part (i))

= i(—e_3x(cosx + 3snX) + C)

10
e—3x
=~ 0 (cosx + 3snx) + A
1 .
y = Ae> - 1—O(COSX + 3snXx)

1
Asy=0whenx=0: 0 = Ax1—1—0(1+3x0)

1
A= —

10

3x

€ 1 .
Yy = — — — (CcosSX + 39nX
Y="10 " 10 )

[ 4 marks]



Answer 3

dy L dy

dx2 dx

n? — 2m + 10 = 0 is the auxiliary equation
2+vV4-4x1x10

2

+10y = 0

m =

1+3
e (Acos(3x) + Bsin(3x))

y
for any arbitrary real constamdsandB

Fromy = Owhenx = Owe get,
0=1Ax1+Bx0)

A=0
So we now have that,
y = BeXsin3x
% = 3B€ cos3x + Be'sin3x
= Be*(3cos3x + sin3x)
Fromﬂ = 3 whenx = 0,
dx
3 =B (@3
B=1

. The particular solution jsy = €*sin3x
[ 8 marks]



Answer 4

d%y 2
W + k y = 0
m? + k? = 0 is the auxiliary equation
0+v0-4x1xKk2
m =
2
0+ (- 1)(2K?
B 2
= 0 + ki
y = 6™ (Acos(kx) + Bsin(kx))

Acos(kx) + Bsin(kx)
for any arbitrary real constamsandB
Fromy = 1whenx = Owe get,

1 = Acos(0) + Bsin(0)

A=1
So we now have that,
y = cos(kx) + Bsin(kx)
% = —ksin(kx) + Bk cos(kx)

Fromﬂ = 1 whenx = 0,
dx

1 = —ksin(0) + Bkcos(0)
1 =Bk

1
B=—

k

.. The particular solution jsy = cos(kx) + %sin(kx)

[ 8 marks]



(i)

(iii )

3—2 2 Z)t( L5 =0
m’ +2m+5 = 0 isthe auxiliary equation
m:—Zi\/4—4xlx5
2
_ -2+ \CDHI6
2

=-1+2

X = e_t(Acos(Zt) + Bsin(2t))

for any arbitrary real constamdsandB
[ 4 marks]
Fromx = 1 whent = 0 we get,

1 eO(Acos(O) + Bsin(0) )
A=1
So we now have that,
X =g" (cos(2t) + Bsin(2t))

dx

& = et ((=2)sin(2t) + 2Bcos(2t)) — € '(cos(2t) + Bsin(2t))

= el (=2 -B)sn() + e '(2B - 1)cos(2t)

From% = 1 whent = 0,

1=(2B-1)
B=1

.. The particular solution jsx = e_t( cos(2t) + sin(2t))

[ 4 marks]
cos(2t — a) = cos2tcosa + Sn2tsna
We have cos(2t) x 1 + sin(2t) x 1
So cosa =1 and sina =1
stana = Sna - _ 1 giving a = z
cosa 4

Also, R= V12 + 12 = V2

gt (cos(2t) + sin(2t))

ﬁe‘tcos(Zt—%), k:—l,R:\/?,a:%

X



(iv)  Thet-axis crossing points will be given b;as(Zt — i) =0

4
7 QL
4 2 2
ot = X I
4 4
R A 13
- 8, 8...

Thex-axis crossing point is given wheér O,
V2 & cos(O - %)

=1
From part (iif) you know the curve is essentially a cosine wave that has

X

JT

been translated 4 | but its dampened by a decaying exponential
0

envelope. Here's the accurate graph from by graph-plotter.
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