6.4 Answers
Further A-Level Pure Mathematics, Core 2
Differential Equationsl|

6.4.1 Solution to 6.2 Example

dy dy
W — d_ + 12y = 36X

Obtain the complementary function by solving the homogeneous equatio

dy ,dy
— _ 12y = 0
dx2 dx t 1y =

m’ — 8m+ 12 = 0 is the auxiliary equation
(mMm-6)(M-2) =
Eitherm = 6 orm = 2

We have two distinct real roots

". The complementary function i = Ae™ + Be¥
For a particular integral try = Ux + V (note the V” is needed)

dzyo

in which case% = U and

Substitute these into the question's differential equation...
0-8U + 12(Ux + V) = 36X
- 8U + 12Ux + 12V = 36x
Coefficients ofx : 12U = 36 givesU = 3
Terms independentaf : —8U + 12V = 0 givesV = 2

. The particular integral isy = 3x + 2

The general solution iy = Ae® + Be™ + 3x + 2
[ 6 marks]



6.4.2 Solution to 6.3 Exercise

Answer 1
2
LT TP
adx dx
Obtain the complementary function by solving the homogeneous equatio
2
ay LA 5
dx2 dx

n’ — 2m -3 = 0 is the auxiliary equation
(m+1)(m-3) =0
Eitherm = -1 orm =3

We have two distinct real roots

. The complementary function ig = Ae X + Be™

For a particular integral try = U

in which caseﬂ = 0 and d—2>2/ =0
dx dx

Substitute these into the question's differential equation...
0-0-3U =6
Uu=-2
. The particular integral isy = —2

The general solution iy = Ae X + Be™ — 2
[ 6 marks]



Answer 2

dy . dy 3x
—5 —-3—+2y=5
dx? ax Y ©
Obtain the complementary function by solving the homogeneous equatio
dy . dy
— 7 _ =1 v =
dx2 3 ax Y 0
n’ - 3m+ 2 = 0 isthe auxiliary equation

(m-1)(m-2)=20
Eitherm = 1orm = 2
We have two distinct real roots
. The complementary function i = Ae* + Be>

For a particular integral try = ue™

2
in which caseﬂ = 3ue andd—}zl = 9u ¥
dx dx

Substitute these into the question's differential equation...
oUue™ — 3 x 3UeX + 2ue™ = 5e*
U -9U +2U =5
U =25
. The particular integral isy = 2.5 e

The general solution iy = Ae€ + Be™ + 2.5
[ 6 marks]



Answer 3

2
d_xszl -y = 2x% - x - 3
Obtain the complementary function by solving the homogeneous equatio
Y
dx2

m’ - 1 =0 isthe auxiliary equation
(m+1)(m-1)=20
Eitherm=-1orm=1
We have two distinct real roots

. The complementary function is = Ae * + Be*

For a particular integral try = UX? + VX + W

dy d%y

in which case—— = 2Ux + V and — = 2U
dx dx

Substitute these into the question's differential equation...
2U —UX - Vx-—W =2x-x-3

Matching coefficients k% : U =-2

Matching coefficientsox : V =1

Terms independent of 20 - W = -3 givesW = -1

. The particular integral isy = —2x% +x-1

The general solution iy = Ae * + Be - 2x% + x - 1
[ 6 marks]



Answer 4

d2y .
—= + 4y = InX
dx y

Obtain the complementary function by solving the homogeneous equatio

d%

—5 +4 =0
dx? y

n? + 4 = 0 isthe auxiliary equation
m’ - (2> = 0

(m+ 2i)(m- 2) = 0 difference of two squares
Eitherm = —2i orm = 2i
We have two complex roots
. The complementary function ¥ = Acos2x + Bsin 2x

Ucosx + VInx

For a particular integral try

in which case% = —Usnx + Vcosx
a2 .
and —32/ = —Ucosx — Vsinx
dx

Substitute these into the question’'s differential equation...
—Ucosx — Vsinx + 4Ucosx + 4Vsinx = sinX

Matching coefficients ofosx : — U +4U = 0 givingU = 0

Matching coefficients oéinx : -V + 4V = 1 giving V = %

.. The particular integral isy = %sinx

o . 1 .
The general solution ig = Acos2x + BsSn2x + 3 sinx

[ 6 marks]



Answer 5

d%

—5 + ZQ +y = 25c0s2x

dx? dx
Obtain the complementary function by solving the homogeneous equatio
dy . dy
— +2—+y=20
dx? ax Y
n’ +2m+ 1 = 0 isthe auxiliary equation
(m+ 1)2 =0
m=-1

We have a repeated root
.. The complementary function is = (A + Bx) e *
For a particular integral try = Ucos2x + Vsin 2x

in which caseﬂ
dx

d%y
and W

Substitute these into the question's differential equation...
—4Ucos2x — 4Vsin2x — 4Usin2x + 4Vcos2x + Ucos2x + Vsin2x = 25c0s 2x

—2Usin2x + 2Vcos 2x

—4Ucos2x — 4Vsin 2x

Matching coefficients ofos2x : - 4U + 4V + U = 25
- 3U +4V = 25
Matching coefficients oéin2x : -4V -4U +V =0
-4U -3V =0

-9U +12v = 75

ADD -16U - 12V =0

-29U =75
U -3andV =4

. The particular integral isy = —3cos2x + 4sin2x

The general solution ig = (A + Bx) € * — 3cos2x + 4sin2x
[ 7marks]



Answer 6

3—2 + 5% + 6X = 2cost — sint
Obtain the complementary function by solving the homogeneous equatio
2—2( + 5% +6x =0
m’ + 5m+ 6 = 0 is the auxiliary equation
(m+3)(m+2)=20
Eitherm = -3 orm = -2

We have two distinct real roots

. The complementary function is = Ae ¥+ Be 2

Ucost + Vsaint

For a particular integral trx

. ) dx .
in which case— —Usnt + Vcost

dt
d
dt?
Substitute these into the question’'s differential equation...

and = —Ucost — Vsnt

—Ucost — Vsint — BU sint + 5Vcost + 6U cost + 6Vsint = 2cost — sint

Matching coefficients ofost : — U + 5V + 6U = 2
50U + 5V =2
Matching coefficients oint : -V —-5U + 6V = -1
-5U +5/ =-1
50U + 5V = 2

ADD -5U + 5/ = -1

wov =1
1 3
V=—andU = —

10 10
". The particular integral isy = icost + isint
- nep I =10 10

o — — 1 .
The general solution ig = Ae *iBe 4 icost + —sdint
10 10
[ 9marks]
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