7.4 Answers
Further A-Level Pure Mathematics, Core 2
Differential Equations ||

7.4.1 Solution to 7.2 Example
2
dy 9

dx®  dx

Obtain the complementary function by solving the homogeneous equatio
2

dy _,d

dx? dx

m2— 4m

= 12

=0

0 is the auxiliary equation
m(m-4) =20
Eitherm = 0orm = 4
We have two distinct real roots
- The complementary function ig = Ae™ + Be™
y = A+ Be¥™
For a particular integral we'd normally tgy= U but this function of a

constant is already in the complementary function.

Instead, tryy = Ux in which caseﬂ =U andd—2y =0
dx dx?
Substitute these into the question's differential equation...
0-4U = 12
Uu=-3

. The particular integral isy = — 3x

The general solution ig = A + Be™ — 3x
[ 6 marks]



7.4.2 Solutionsto 7.3 Exercise

Answer 1
d%  dy -3
— _ By =
a2 " Tdx y=¢
Obtain the complementary function by solving the homogeneous equatio
dx? dx

n+m-6 =0 isthe auxiliary equation

(m+3)(m-2)=0

Eitherm = -3 orm = 2
We have two distinct real roots
~. The complementary function ig = Ae X + Be™
For a particular integral we'd normally tgy = Ue > but the function
>

(a multiple ofe ™) is already in the complementary function.

Instead, tryy = Uxe > in which case

dy = Ux(—3)e"3x + Ue

dx

dy — 3 — 3 — 3
and—dx2 = (-3Ux)(-3) e 7+ (-3U)e ™ + (-3)Ue

= 9Uxe ¥ - eUe ¥
Substitute these into the question's differential equation...
Uxe X - gUe X - 3Uxe X+ Ue ¥ - suxe X = ¢
-5U =1
U=-—

. The particular integral isy = — % x e

L _ 1
The general solution iy = Ae > + Be® - < x e

[ 8 marks]



Answer 2

dy  _ dy 2
W_ &ZZX—X-F].

(1) Obtain the complementary function by solving the homogeneous equatio
dy . dy

dx2 dx 0
n’ — 6m = 0 is the auxiliary equation
m(m-6) =20
Eitherm = 0orm = 6
We have two distinct real roots
. The complementary function ig = Ae™ + Be™
= A+ Be¥
[ 3marks]
(i) For a particular integral we'd normally tgy = UxX® + Vx + W but

there is already a constant in et (i) answer's complementary function.

[ 2marks]
(iii)  Instead, tryy = UxX® + Vx% + Wx in which case
ﬂ = 3Ux2+2Vx+W
dx
andd—zg = 6UX + 2V
dx

Substitute these into the question's differential equation...
BUX + 2V — 18Ux% — 12Vx — 6W = 2x° — x + 1
~18UX% + (BU — 12V) X+ 2V — BW = 2x° — x + 1

Matching coefficients ok® : —18U = 2 giving U = —%
Matching coefficients ok : 6U — 12V = -1 giving V = %
- . 17
Terms independent af 2V — 6W = 1 givesW = T
: . . 1 3 1 - 17
. The particular integral isy = — — — X - —
particular integral isy 9X+36X 108x
PRI 6X 1 3 1 > 17
The general solution iy = A+ Be™” - — — X - —
? SoLtony = A 9" T 36" 108

[ 8marks]



Answer 3

d%y dy 6
W+12&+36y: 6e
Obtain the complementary function by solving the homogeneous equatio
d%y dy
—5 + 12— =
I + Ix + 36y =0
n + 12m + 36 = 0 is the auxiliary equation
(m+ 6)2 =0

m= -6

We have repeated roots

.. The complementary function i = (A + Bx) g &
For a particular integral we'd normally tgy= Ue  put that function
(a multiple ofe GX) is already in the complementary function.

Instead we start to considgr= Uxe ® but this too causes a clash.

Thus we end up trying = Ux’e &

dy 2 — 6X — 6X
— = UX°(-6 2U
X X (—06)e + xe
dy 2 — 6x — 6x
andm = (-6Ux?)(-6)e & + (-12Ux)€

+ (2Ux) (-6)Ue & + 2ue &
= 36Ux% e & - 24uxe & + 2ue &
Substitute these into the question's differential equation...
3UxP e & - 2aUxe ™ + 2ue &
— 720x% & 1 24uxe ® + 36U e & = e &
2ue X = pe &
U =3

~. The particular integral isy = 3x°e &

The general solution iy = (A + Bx + 3x°)e &

[ 9marks]



Answer 4

d2y

—= + 16y = cos4x
dx? y

Obtain the complementary function by solving the homogeneous equation,

d%

—> +16y = 0
dx? Y

n? + 16 = 0 is the auxiliary equation
m - (4> = 0

(m+ 4i)(m-4i) = 0 difference of two squares

Eitherm = —4i or m = 4i (We have two complex roots
. The complementary function ¥ = Acos4x + Bsin4x
For a particular integral we'd normally tgy= Ucos4x + Vsin4x but a

piece of thiga multiple ofcos4x) is already in the complementary function.

Instead try, y = Uxcos4x + Vxsin4x
in which case% = UXx(—49n4x) + U cos4x + Vx4 cosdx + V sin4x
= (—4UX + V) sndx + (U + 4Vx) cos4x
andg—)z(g = (—4Ux + V)(4cos4dx) + (—4U) sindx

+ (U + 4Vx)(—4sin4dx) + (4V) cos4x
= (-16Ux + 8V) cos4x + (—8U — 16VX) sin4x
Substitute these into the question's differential equation...
(—16Ux + 8V)cos4x + (—8U — 16VX)sindx + 16Uxcos4x + 16Vxsndx = cos4x
(-16Ux + 8V + 16Ux) cos4dx + (—8U — 16VX + 16VX) sindx = cos4x

8V cos4x — 8U sin4dx = cos4x

Matching coefficients ofosx : 8V = 1 giving V = %
Matching coefficients oéinx : 8U = 0 givingU =0

: . . 1 .
. The particular integral isy = ) X sin4x

o . 1 .
The general solution ig = Acos4x + Bsin4x + ) X Sin4x
[ 10 marks]
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