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DIFFERENTIAL

EQUATIONS
|

Lesson 1
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

1.1 Separating The Variables
Previously, in Differential Equations |, we looked at first-order differential
equations that could be written in the form,

dy

i f )9y

These were solved by separating the variables, in other words, first rewriting the
equation in the form,

1
J.Wdy: ff(x) dx

The hope now is that both integrations can be done and the resulting algebre
manipulated to give an answer in the form,

y =fX
As an example of the method being applied but not quite working out as planned
consider solving the following differential equation given thatO, whenx = 0,
2

dy x-4
dx Y2+ 4
This is of the required form with (x) = X2 — 4 and gy = 2+ 4 and so,
we separating the variables and proceed as follows,
fy2+4dy: fx2—4dx
Y
—+4y=—-4+cC
3 "YT3
Using the information that = 0 whenx = 0, gives that = 0 and so,

x3—y3: 12(x +y)

We've got an answer in that this equation describes the relationship be&tween
andy. However, graphing the solution, or working out anothgiven anx is

not straight forward because the solution is not in the forn f (X). Nor is it
obvious how to get it into that form.

One way around this problem that also gives a bigger picture of the differential
equation for other values of the constaig to produce a slope field plot. This is
quite a lot of work by hand; to do it repeatedly software would be used. The idea
is to return to the original differential equation and insert a grid of points into it
thereby finding out what the gradient is doing at each of those points.



1.2 A Slope Field Plot

When producing a slope field plot by hand, the possible gradients are reduced tc
eight as indicated by the following diagram. Gradient is intimately linked to the
tan(x) function so, for example, a slope of 22c¢orresponds to a gradient of
tan(225°) = 0.414which the diagram approximates with 0.4

225°
0.4

00°

Anything sufficiently close to 0.4 is drawn as a slope of 2259, for example,
a gradient of 0.3 is drawn on the slope field plot as a line segment at 22.5

Add in the missing entries in this spreadsheet for the differential equation,

dy X2 — 4
dx  y2+4
X
-5 -3 -1 1 3 5
5 0.7 0.2 -0.1 -0.1 0.2 0.7
1.6 0.4 0.4 1.6
y 1 06 0.6
-1 -0.6 -0.6
-3 1.6 0.4 0.4 1.6
-5 0.7 0.2 -0.1 -0.1 0.2 0.7

[ 4 marks ]



From the spreadsheet, the slope field plot is drawn.
Add in the slopes corresponding to the entries you added to the spreadsheet.

[ 4 marks ]
We are now all set to sketch the particular solution to the differential equation,
2 _
W _ X =2 forwhichy = Owhenx = 0
dx y- + 4

using only the slope field plot.

Add the solution curve to the above diagram of the slope field plot.
[ 2 marks ]

Notice that this required no knowledge of the solution. In other words, in
producing the (admittedly approximate) plot we did not need to first obtained
the entwined relationship betwerandy given by,

x?’—y3 = 12(x+Yy)
If you have access to a graph plotter that can plot this equation you may like to
see what the exact curve looks like and so see how good your approximate
answer is.

Finally, let's finish with the observation that you could draw the solution curve
to the same differential equation but given a different point in the slope field. In
fact the slope field plot gives an insightful overview of the possible behaviours
of the differential equation.



1.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

Question 1
(1) By separating the variables, solve the differential equation,
% = 0.2xy given thaty = 1 whenx = 0

. . 2
Present your solution in the form = A whereA andk are
constants to be found.

[ 5 marks ]

(i) Sketch your part (i) solution on this slope field plot.

[ 2 marks ]



Question 2

(1) By separating the variables, solve the differential equation,
dy = x+1 given thaty = —2 whenx = 0
dx y+1
presenting solution(s) in the form = f (x) the derivation of which
may involve completing the square.

Check for extraneous solutions and remove any found.

[ 6 marks ]

(i) Here is a slope field plot for the differential equation.
Note the gradient is undefined(atl, — 1).
Graph your part (i) solution(s) on this plot.

[ 2 marks ]



Question 3
Kevin is investigating the first-order linear ordinary differential equation,
dy aX +y .
— = iventhaty = -2 when x =0
dx 2+1 9 y
His physics teacher has advised him that this is not solvable using algebra and s:
he decides to produce a slope field plot to find the approximate solution curve.

Here is his partly completed spreadsheet for the slope field plot,

X
-5 -3 -1 1 3 5

5 -0.6 -0.7 0.5 4.5 1.7 1.0
-0.7 -0.9 15 0.9
y 1 -0.7 -15 25 0.8
-1 -0.8 -25 15 0.7
-3 - 0.9 -15 0.9 0.7
-5 -10 -17 -45 -05 0.7 0.6

(1) Complete Kevin's spreadsheet for him.

[ 4 marks ]

(ii) Add in the slopes on the following slope field plot corresponding
to the entries you added to Kevin's spreadsheet.

[ 4 marks ]
(i)  Add the solution curve that passes through the point 0,
[ 2 marks ]



Question 4
(1) By separating the variables, solve the differential equation,
dy
dx
Present your answer in the foryjn= f (x)

= x€ 7Y given thaty = -3 whenx = 0

[ 4 marks ]

(i) Show that the roots of your part (i) solution curve are given by,
X+In(l-x)+3=20

[ 4 marks ]

(iii)  Explain why any roots of the part (i) solution curve must saksfjl

[ 1 mark]



(iv)  Use the Newton-Raphson starting frag= — 5 to find a root of
the part (iii) equation correct to 2 decimal places.

[ 4 marks ]

(v) Here is a slope field plot for the differential equation. Keeping in mind
that the gradient is zero on thexis, graph your part (i) solution.

[ 2 marks ]
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1.4 Answers
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

1.4.1 Solution to Teaching Example
There is mirror symmetry in both tixeaxis and theg-axis so there is actually only
three values to work out to complete the spreadsheet.

dy X2 — 4
dx Y2+ 4
X

-5 -3 -1 1 3 5
0.7 0.2 -0.1 -0.1 0.2 0.7
1.6 0.4 -0.2 -0.2 0.4 1.6
y 1 4.2 1.0 -0.6 -0.6 1.0 4.2
-1 4.2 1.0 -0.6 -0.6 1.0 4.2
-3 1.6 0.4 -0.2 -0.2 04 1.6
-5 0.7 0.2 -0.1 -0.1 0.2 0.7

[ 4 marks ]

[4, 2 marks ]



1.4.2 Solutions to 1.3 Exercise

Answer 1
(1)
dy
— =02
dx xy
1dy = 0.2x  separate the variables
y dx

Integrate both sides with respecixto

jidy=o.2jxdx

y
_ 2
Iny = 0.1x" + ¢
y = eO.lxzec

y = A®T¥  The General Solution

Using the fact thay = 1 whenx = 0 givesc = 1

2 . .
g0 1x The Particular Solution

Ly =

[ 5 marks ]

(i)

[ 2 marks ]



Answer 2

(i)
dy x+1
dx  y+1
dy .
(y+1) vl X + 1  separate the variables
Integrate both sides with respecixto
Iy+1dy:fx+1dx
A
3 +y = > + x + k  for some unknown constakt
y2 + 2y = x> + 2x + ¢ for some unknown constaat
(y + 1)2 -1=(x+ 1)2 — 1+ c completing the squares
(y + 1)2 = (X + 1)2+c
Using the fact thay = —2 whenx = 0 givesc = 0
y+1l==x(x+1)
y=X o y=-Xx-2
y = Xis extraneous a60, —2) must have gradient of 1
sy = =X — 2 is the only solution
[ 6 marks ]
(i)

[ 2 marks ]



Answer 3
(1)
dy aX +y

x - 211 giventhaty = —2 when x =0

X
-5 -3 -1 1 3 5
5 - 0.6 -0.7 0.5 45 1.7 1.0
-0.7 -0.9 -05 3.5 15 0.9
y 1 -0.7 -11 -15 2.5 1.3 0.8
-1 -0.8 -13 -25 15 1.1 0.7
-3 -0.9 -15 -35 0.5 0.9 0.7
-5 -1.0 -17 -45 -05 0.7 0.6
[ 4 marks ]

[4, 2 marks ]



Answer 4

(i)
ay Y
ax 1€
_ xe
Y
_[eydy: fxexdx
& = xe - _[ edx + k  Integration by parts (LIDI)
=xef-+¢c for some unknown constantsandc
Using the fact thay = —3 whenx = 0 givesc = é +1
ey=ex(x—1)+i+1
e3
= In(ex(x—1)+i+1)
Y= &3
[ 4 marks ]
(i) The root are given by,
In(ex(x—1)+é+l):0
X 1
e(x—1)+§+1=1
eX(x—1)+é =0
—e(x-1) = é
f(1-x)=¢?3
In(e(1-x)) = In(e?
In(e) +In(1-x) = -3
X+In(l-x)=-3
X+In(l-x)+3=20
[ 4 marks ]

(iii)  As In(0) has no valug,1 — x) # 0 and sox#1
The fact that thén of a negative number does not exist means that
the any solution must satisfy the conditigr: 1
[ 1 mark ]



(iv)  The Newton-Raphson formula ign;; = Xp — fxn

f’(Xn)
For our roots equationns; = X, — —— In(1 —1Xn) + 3
-1
—Xn
Xo = -5
X, = —4.750111363

Xo = —4.749031407
X3 = —4.749031386
- 4749031386

&
I

It would seem that a root to two decimal places i4.75
Verifying : f(—4.745 = +0.003329911301

f (-4.755 = —0.004930957826

As one answer is positive and the other negative, and the function is smc
and continuous there must be a valug bétween—4.745 and- 4.755
that caused (x) =x + In(1 — x) + 3to be zero. Furthermore, all numbers
in this interval round te- 4.75 so that is a root to two decimal places.

[ 4 marks ]

(v)

[ 2 marks ]
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Lesson 2
Further A-Level Pure Mathematics, Core 2
Differential Equations |l
2.1 Differential Equation Terminology

A “first order” differential equation is one in which there are only first
derivatives and no derivatives of a higher order.

dy . . d?, dy
So, only——in th t d f, f I , —=-
0 onydx in the equation and no occurrences of, for exampe&é# Ve
The degree, is the highest power of the highest derivative
5
d2y

4
+ 2xy ( ) = 1is of order 3 and degree 4

dy
For exam Ie(

XamPI& 3 dx2
When a differential equation is described as “ordinary” it means that it only has

a single independent variable, usuallyTypically, y then takes on a value that
is determined by, makingy the dependent (upof variable.

In this lesson the interest is focussed upon first order, ordirargar,
differential equations. To be described as linear the the differential equation can
be manipulated into the form,

dy B
ax F PX)y = QX

Crucially, thaty next to theP (x) is just ay and NOT a function of.
To emphasise: there can be\;ﬁ_, sn(y) ory2 (for example) in the equation.

2.2 Exercise

For each of the following decide if it is a first order ordinary linear differential
equation or not. For those that are not, explain why.

| 2dy Yy
(1) X + x

ix = sn(x)

(i) yﬂ+2x=\/x2+1

dx

2
(iir) (%) + Xy = Sin(x)

. d2y 1
(iv) e + VXY= -
(v) cos(x) dy +ysnx =1
ax Y B
. dy
(vi) Vi y cosh (X)

[ 6 marks ]



2.3 The Integrating Factor
Differential equations that can be written in the form,

dy 3
ax T PX)y = QX

are interesting because, although the variables cannot be separated, there is
cunning solution technique. It involves multiplying every term by what is
termed the integrating factdr,

Integrating Factor, | = ¢ P®d

The idea is that by multiplying through by the integrating factor, the LHS
becomes recognisable as being the answer to a product rule (of differentiation).

2.4 Example #1
To solve% + 2xy = & * first identify thatP(x) = 2x and Q(x) = € ¥

IP(X) dx = fodx = X

If there are no occurrences of the modulus function the constant of integration
may be omitted, as done here. This is because when multiplying through by the
integrating factor, this constant ends up cancelling with itself. If this short-cut is
not to your liking put in the constant. Beware: textbooks typically don't put it in,
not even (next lesson) when a situation occurs when perhaps they should !

| = efP(x)dx _ ex2
—— + 22Xy =€ ? The differential equation to be solved

eXZ% + 2% exzy = e"2 e‘x2 Multiplying through byl

Can you spot that the LHS could have come from a product rule differentiation ?
Integrate both sides with respecixto

x2 dy X2 B
fe a+2xe ydx_J'ldx

*******************************

2
€y=x+c
y = X ;rxzc is the general solution
[ 4 marks ]
Ya

*******************************

Solution curves ford— + 2Xy = e

forc =0 (red),c =1 (gold) anct = 2 (blue)



2.5 Example #2

To solve% +ysnXx) = €% noticing P(x) = sin(x) and Q(x) = X

[P dx = [sin(x) dx = —cos(x)

If there are no occurrences of the modulus function the constant of integration
may be omitted, as done here.

| = e[P(x)dx _ o Cos(x)

X, ysin(x) = e

dx
e cos(x)% +snx) e cos(x)y _ ecos(x) e Cos(X)

integrate both sides with respecixto

J.e_cos(x)ﬂ +sinx) e CMydx = j 1 dx
dx
e XNy = x + ¢ forany real constamt
_ xX+cC
- e cos(X)

y = (x + ¢)e®™® s the general solution
[ 4 marks ]

Solution curves for% +ysin(x) = e

forc =0 (red),c =- 4 (gold) ancc = 4 (blue)



2.6 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

Question 1
Find the general solution of the differential equation,
dy X
— = @
dx
Give an exact answer in the foryn= f (x)
[ 5 marks ]
Question 2
Find the general solution of the differential equation,
dy
— +y=X
dx :

Give an exact answer in the foryn= f (x)

[ 5 marks ]



Question 3
(1) By means of an integrating factor find the general solution to,

\/7%+y=1 x,ye R, x>0

[ 6 marks ]

(i) This particular equation can also be solved by separating the variables.
Show that doing so gets to the same answer.

[ 6 marks ]



Question 4
(1) Find the general solution to the differential equation,

% + 2tan(X) y = cos3(x)

[ 7 marks ]

Giventhaty = 2 atx = O,
(ii) Find the particular solution which satisfies this condition.

[ 3 marks ]



Question 5

Find the general solution of the differential equation,
dy 3

=2 4 oxy =
dX+Xy X

Give an exact answer in the foryn= f (X)

[ 8 marks ]
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2.7 Answers to 2.6 Exercise
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

Answer 1
dy X
dx - °
P(x) = —3and Q(x) = €
'[P(x) dx = —3'[1dx = —3X
(constant of integration safely omitted)
| = €,[P(x)dx _ oo X
e_3x% ~ 3¢ Xy = ¢ ¥ Multiplying through byl
Integrate both sides with respecixto
_3x dy — 3 _ —2X
fe &—Be ydx_fe dx
—3X,, _ _i —2X
ey = > e " +cC
_ i X 3X
y = > € +ce
[ 5 marks ]
Answer 2
dy
I +y= X

P(X) =1and Q(x) = x
IP(X) dx = jldx = X
(constant of integration safely omitted)
| = e[P(x)dx _ &

ex% + €'y = x&  Multiplying through by

Integrate both sides with respecixto

J‘ex%+ exydx:fxexdx

ey = xe& - f e+ k  for some real constark,

=xef-e+¢ for some real constant,
c
=x-1+ —
y &

[ 5 marks ]



Answer 3

. dy
—_ =1
(i) VX -ty
dy y 1
—_ 4+ = = —— OK 0
I + ~ ~ asx >

Nlb—\

P(x) = x_% and Q(x) = X~

1 1
fP(x) dx = fx 2dx = 2x2
(constant of integration safely omitted)

| = efP(x)dx _ 2VX

2vx dy Xy VX
dx VX VX

Integrate both sides with respecixto

Multiplying through byl

VX VX
J'ezﬁﬂ+gdx='|‘ez dx
dx VX VX
ezﬁy =& 4 ¢ for some real constart,
c
y=1+ N
[ 6 marks ]
. dy
- =1
(i) \/de +y
dy
2 - 1=
\/de y
1 dy _ 3
1-y dx
1 _1
J‘?ydy:"‘x 2 dx

1
DInjl-y| = 2x2 + ¢
In|1 -y| = -2Vx + ¢
|1 -y| = Ce2YX  for some positive real constaf,

l1-y-= Be 2YX  for some real constarB,

as before

=1 A
y_ +ez\/7

[ 6 marks ]



Answer 4

: dy a3
(1) dx + 2tan(X) y = cos’ (X)

P(X) = 2tan(X) and Q(x) = cos3(x)
J‘P(x) dx = 2'|‘tan(x) dx = 2In|sec®) | = In|se® | = In(sefx) )
(constant of integration safely omitted)
| = e[P(x)dx _ eln(se@(x)) _ Secz(x)

dy 3
— + 2t =
X + 2tan(xX) y = cos (X)

Multiplying through byl gives,

secz(x)% + 2tan(x) se(,z(x) y = se(,z (X) coss(x)

J'secz(x)% + 2tan(x) *ed (X) y dx f cos(X) dx

se(,z(x) y = sin(X) + ¢

y
cos? (X)

= gn(x) + c

y = cosz(x)(sin(x) +C)
[ 7 marks ]
(i) Inserting the fact thay = 2 at x = 0,
2 = cosz(O)(sin(O) + C) givesc = 2

Sy = cos’ (X)(sin(x) + 2) is the particular solutian
[ 3 marks ]



Answer 5

dy 3
= 4 oxy =
dX + Xy X

P(X) = 2x and Q(X) = X
fP(x) dx = Z'fxdx NG
(constant of integration safely omitted)
| = efP(x)dx _ ex2

dy 3
= L 2xy =
dx + Xy X

Multiplying through byl gives,

FY xey = 3

dx
X2 dy X2 _ 3 X2
fe a+2xe y_jxe dx
2 1
&y = > j 2 (2xe®) dx use LIDI (by parts)
1 2 X2 1 X2
= EX e - > f 2xe" dx + k for some constank,
1 1
=3 W2 g _ > €t for some constant,
e 1 fce®
Yy=7"73
[ 8 marks ]
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Lesson 3
Further A-Level Pure Mathematics, Core 2
Differential Equations |l
3.1 Integrating Factor Modulus Questions

When the method of solving a differential equation involves an integrating
factor, the modulus function is frequently involved. Quite often (even in
textbooks) there is a fudge along the following lines,

[P0o dx = 3 dx = 3Incy

where the modulus signs are mysteriously lost along with the constant of
integration. Unfortunately the sloppiness is rewarded; it gets the correct answer !
In these lessons, however, we will include the proper logical steps which hinge

upon realising (for example) thaty| = Bx® whereB is a real positive number

implies thaty = Ax?whereA is a real number

3.2 Example #1

dy 3y & . 3 e
To solve I + valialive first identify thatP (x) = x and Q(x) = 3

[Py ax = sj%dx = 3In|x| + ¢ = In[x*| + ¢
| = e[P(x)dx
_ eIn|x3|+c
_ |X3|ec

B|x}| forBe R, B> 0

= A for A e R

As both sides of the differential equation are about to be multipliddhsre is
no need for the constant of integration, th&. ‘If it were included then it would
be immediately cancelled from both sides.

dy Iy _ €&

dx x  x3
3 dy 2 X
= 43 —
X+ 3y =e

integrate both sides with respecixto

J.xgﬂ + 3x2y dx = fex dx

dx
Xy = €+ ¢
e+c . :
y=—g s the general solution

[ 6 marks ]



3.3 Example #2
dy

Tosolve — + ycot(x) = cc(X) X, ye R, x # 180, n € Z

dx
note thatP(x) = cot(X) and Q(X) = csc(X)

JP(X) dx = J.COt(x) dx = In| snx) | + ¢

| = eJP(x)dx

_ eIn|$1n(x)|+c

B| sinx)| forBe R, B> 0
Asin(x) forAe R

dy

& + ycot (X) = csc(X)
Multiplying through byl and cancelling thA gives,
sin(x)% + y% X gn(x) = sinl(x) X sin(X)

sn(x) % +cos(x)y =1

integrate both sides with respecixto

fsin(x) % + cos(X) y dx = f 1 dx
sn(x)y = x+ ¢ for any real constartt
= X *° is the general solution
sin(x)

et Talk Ao
hfferentia
tquations

[ 6 marks ]



3.4 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 32

Question 1

(1) By means of an integrating factor, find the general solution of,
ﬂ_’_—y :1’ X,yER,X¢—1
dx (x+ 1)

Give an exact answer in the foryn= f (x)

[ 6 marks ]

(ii) Find the particular solution for which = 1 whenx = 1

[ 2 marks ]



Question 2

(1)

(i)

(i)

By means of an integrating factor, find the general solution of,

dy y 1
a+;=7, X,yeR,X;tO

Give an exact answer in the foryn= f (X)

[ 6 marks ]

Find the particular solution for whichh = 1 whenx = 2

[ 2 marks ]

Sketch your part (ii) solution on this slope field plot.

[ 2 marks ]



Question 3
A-Level Examination Question from June 2015, Paper FP2, Q3 (Edexcel)

Find, in the formy = f (x), the general solution of the differential equation,

dy

tan(x) ax

+y = 3cos(2x) tan(x), 0 < x < %

[ 6 marks ]



Question 4
A-Level Examination Question from June 2018, Paper F2, Q2 (Edexcel)
(a) Find the general solution of the differential equation,

(x2+1)%+xy—x=0

giving your answer in the forng = f (x)

[ 6 marks ]

(b) Find the particular solution for which = 2 whenx = 3

[ 2 marks ]
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3.5 Answers to 3.4 Exercise
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

Answer 1
. dy y
2+ 2 -1 R -1
(i) dx+(x+1) . XyeR x=#
1 1
P(X) = ———— and = =
0= @ QW = —3
J.P(x)dx:J.Tll)dx:lnlx+1|+c
I:eJP(x)dx
:eln|x+1|+c
= |x + 1] €°

B|x+ 1| forBe R, B> 0
A(x+1) forAeR

dy y

+ —— =1, X, R, x# -1
dx (x+1) y €

Multiplying through byl and cancelling thA gives,
(x+1)%+y= (x+1)

integrate both sides with respecixto

dy
'|'(x+1)&+ydx:'|'x+ldx
X2
(x+1)y=7+x+k for some constarkt
X2 + 2X + C
= — for some constarmt
2(x+1)
[ 6 marks ]
(ii) Using the condition thay = 1 whenx = 1,
1ZMineSC: 1
4
3 X2 +2x+ 1
y 2(x+1)
B (x+1)2
 2(x+ 1)
= le xe R x=#1

[ 2 marks ]



Answer 2

1
P dx = [—dx = |
I(x)x fxx nlx| +c
I=eJP(x)dx
:eln|x|+c

| x| €
B|x| forBe R, B> 0
Ax forAe R

dy y 1
&4-;:7, X,yER,X;ﬁO
Multiplying through byl and cancelling th& gives,
dy 1
Xax 7Y T X

integrate both sides with respecixto
dy 1 1
jxdx +ydx_.|. x dx
xy = In|x| + ¢

In|x|] + ¢
X

[ 6 marks ]

(i) Using the condition thay = 1 whenx = 2

1:In|2% gives ¢ = 2 - In(2)
In|x| + 2 - In(2)
y = Inix] 2

[ 2 marks ]



(i)  The slope field plot is,

[ 2 marks ]



Answer 3

tan(x) ﬂ + y = 3c0s(2x) tan(x) 0 <x«< id
dx 2

dy

— t =3 2X

x + cot(X) y CoS(2X)

P(X) = cot(x) and Q(X) = 3c0os(2x)

_[P(x) dx = fcot(x) dx = In|snx) | + ¢

| = JPOd _ dnisingl+e _ B|sin(x)| forBe R, B> 0
Asin(x) for Ae R

dy
— t = 2X
Ix + cot(X) y = 3c0s(2x)

Multiply through byl to get,

dy

rvl cos(x) y = 3sn(x) (co?(x) — sin®(x) )

sin(x)

35in(x)(cosz(x) -1+ cosz(x))
3Sin(X)(2C082(X) — 1)

6sin(X) cosz(x) — 3sin(x)

(- 6) (—sin(x) cos(X) — 3sin(x)
This has setting up x f”(x)f (x) for a chain rule backwards

Now to integrate both sides with respeckto

[sin % + cos() ydx = (-6) [ (-sin(x) cos? (x) dx — 3 [sine dx

— 3 (-=cos(x)) + C

iy = -6 =

_ 300s(x) — 2¢c0s3(X) + €
- sin(x)

[ 6 marks ]



Answer 4

2 dy e
(a) (x +1)dx+xy x=0
ﬂ+ Xy 3 X
dx (x2+1) (x2+1)
X X
P00 = ey MW = ey

1 2X 1 2
PX)dx = — | —5—dx = =In(x+1) = InVx2 +1
I *) 2 f (x2+1) 2 ( )
(constant of integration safely omitted)
| = e[P(x)dx _ dnV@+1 m

dy N Xy 3 X

dx (x2+1) (x¥+1)
Multiplying through byl gives,
i1y, XY X

dx  Vx@+1 VX +1
Integrate both sides with respecixto

dy Xy X
2 e —_— = ———
f\/x +1dx+ x2+1dx f X2+1dx

VX2 +1ly=+vx2+1+c

c
Giving a general solution pf y = 1 + ———
\/7

X2 +1
[ 6 marks ]
(b) Using the constraint that = 2 whenx = 3
2 =1+ ___°
V3P o+ 12
c=+v10
. . 10
And so the particular solution,isy = 1 + 5
x4+ 1
[ 2 marks ]
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Lesson 4
Further A-Level Pure Mathematics, Core 2
Differential Equations Il
4.1 More Involved Differential Equations

In general, a second order differential equation is one that contains seconc
derivatives and no higher order derivatives. If it is homogeneous then each termr
contains the functiog or one of its derivatives.

So it's of the form,

d
a—5 +b— +cy = wherea, b andc are real valued constants

This differential equation is linear because there is no function applied yo the
other than it being multiplied by a constant. Such equations are solved by
knowing what the format of the solution is. These formats will be revealed
shortly but to lessen the feeling that rabbits are being pulled out of hats, we'll
first revisit the solving of a first order linear homogeneous equation.

4.2 Solving a 1st Order Linear Homogeneous Differential Equation
The differential equation to be solved is,

a% +by=0 wherea and are real valued constants
dy b . .
— = —— separating the variables
dx a y Y g
fidy: kfldx Wherek:—B
y a
Inly| = kx+ ¢
ly| = B forB > 0
y = AeX is the general solution
From k = —% we getak + b = Owhich is termed the auxiliary equation

: : . - d
It's interestingly visually similar to where we started fr@m(% +by=0



4.3 Solving a 2nd Order Linear Homogeneous Differential Equation
Given an equation in the form,

d? d
ad—xg + bd—i + cy = 0 wherea, bandc are real valued constants
write down the auxiliary equation,

am2+bm+c:0

The two values om that make the auxiliary equation true are performing the
same roll as the value kfthat madeak + b = Otrue previously.

Consider the discriminani, of the auxiliary equation.

If D > 0 there are two real roots, and and the differential equation has a
general solution,

y = Ae™ + B for any arbitrary real constantsandB

If D = O there is one repeated real reotind the differential equation has a
general solution,

y = (A + Bx) e for any arbitrary real constarsandB

If D < O there are two complex conjugate roats,3 = p = gi and the
differential equation has a general solution,

y = é”(Acos(gx) + Bsin(qx)) for any arbitrary real constantsandB

4.4 Three Examples (One of each type)

4.4.1 Two Real Roots

3_32/ + 5% +6y =20
m’ +5m+6 = 0 the auxiliary equation
(m+2)(m+3)=0
Eitherm = -2 orm = -3

y = Ag X + Be X for any arbitrary real constarksandB

4.4.2 One (Repeated) Real Root
d%y dy
—5 + 10— +25% =0
dx? dx ¥
m’ + 10m + 25 = 0 the auxiliary equation
(m+5)(m+5)=20

m= -5

y=(A+Bx)e > for any arbitrary real constamdsandB



4.4.3 Two Complex Conjugate Roots
dy dy
4— + 13y =0

dx2 ax ¥

m2—4m+ 13

0 the auxiliary equation

4++/16-4x1x13
2

m =

=2=+3
y = ezx(Acos(Bx) + Bsin(3x)) for any arbitrary real constamdsandB

4.5 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 34

Question 1
Find the general solution to each of the following differential equations,

. d?y dy

32 _ 928y =
(1) dx? 3 dx =0
[ 3 marks ]
’ d?y dy
16 8 — =

(i) v, + Ix +y

[ 3 marks ]



Question 2

. . . . .d2y dy
th | solution to the diff tial t 8— +25 =0

Find the general solution to the differential equa |%-r)1(7 + Ix + 25
[ 3 marks ]

Question 3

(1) Find the general solution to the differential equation,

Y +4y + 5 =0

[ 3 marks ]

(i) Given thaty(0) = 0 andy (0) = 2 find the particular solution.

[ 5 marks ]



Question 4
Find the general solution to each of the following differential equations,

(1) 15y -7y -2y =0

[ 3 marks ]

(i) 4y +20y +25 =0

[ 3 marks ]

(i) y +vV3y+3=0

[ 3 marks ]



Question 5
2

Find the solution to the differential equatiegqx% — 2% + 10y = 0 for
. dy
hichy = 0and—= = 3atx =0

which y an Ix at x

[ 8 marks ]
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4.6 Answers to 4.5 Exercise
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

Answer 1
. d?y dy
— —-3— -28y =0
(1) dx2 dx et
m? — 3m - 28 = O the auxiliary equation
(m+4)(m-7)=0
Eitherm = -4 orm= 7
y = Ae ¥ 4+ Be™ for any arbitrary real constaisandB
[ 3 marks ]
N d2y dy
16—5 +8—+y =20
(i) dx? ax Y
16n? + 8m+ 1 = 0 the auxiliary equation
(4m+1)(4m+1) =0
mo L
4
1y
y=(A+Bx)e 4
for any arbitrary real constamsandB
[ 3 marks ]
Answer 2
d%y dy
— +8—+25% =0
dx? dx el
m? + 8m + 25 = 0 the auxiliary equation

-8++164-4x1x25
2

m =

-4+ 3

y = & X(Acos(3x) + Bsin(3x)

for any arbitrary real constamdsandB

[ 3 marks ]



Answer 3
(1) Y +4y + 5 =0
m2+4m+5: 0

—4++16-4%x1x%x5
2

m =

y = & X(Acos(x) + Bsin(x))

for any arbitrary real constamdsandB
[ 3 marks ]

(i) Asy(0 =0,

0= eO(Acos(O) + Bsin(0))
0=A
.y = € XBsnX)
W pecos -y
= (X) — 2Be “"sn(x)
dx
Asy (0) = 2,
2 = Beocos(O) — ZBeosin(O)

2=8B
The particular solution is thus,
y = 26 2sin(x)
[ 5 marks ]



Answer 4
(i) 15y -7y -2y =0
15nf — 7m — 2y = 0 the auxiliary equation
(bm+ 1)(3m-2) =0

Either m = —i orm = 3
5 3

1 2
y = Ae 5% 1 Be3* for any arbitrary real constarisandB

[ 3 marks ]
(i) 4y” + 20y + 25y = 0
4nf + 20m + 25 = 0 the auxiliary equation
(2Zm+ 5)(2m+5) = 0
5
m=——
2
_5x
y=(A+Bx)e ?
for any arbitrary real constamdsandB
[ 3 marks ]

(i) Y +V3y +3y=0

m’ ++v3m+3 =0 the auxiliary equation
-vV3 +£v3-4x1x3
m =
2
— —Eiii
2 2

_iJ3
y==¢€ 2X(Acos(%) + Bsin(%))

for any arbitrary real constamsandB
[ 3 marks ]



Answer 5

d%y dy
— Y 2 L1oy=0
dx2 dx + 1

m2—2m+ 10

0 the auxiliary equation

2+V4-4x1x10
2

m =

1+ 3

y = €(Acos(3x) + Bsin(3x))

for any arbitrary real constamdsandB
Asy = 0 whenx = 0,

0 = e°(Acos(0) + Bsin(0))
0=A
y = € (Bsin(3x))
As ay 3whenx = 0,
dx

dy :

- = 3B e cos(3x) + Be“sin(3x)
3 = 38€e’cos(0) + 2€°sin(0)
3=23B
B=1

The particular solution is thus,
y = €sin(3x)
[ 8 marks ]
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Lesson 5
Further A-Level Pure Mathematics, Core 2
Differential Equations Il
5.1 Consolidation #1

Here is a summary of the previous four lessons. There is more to come but it's
important to consolidate the techniques covered so far.

e Separating the variables can solve some first-order differential equations.

¢ A first-order differential equation of the formg—z + PX)y = Q(X) can be

solved by multiplying every term by the integrating factos e[ PO dx

¢ The nature of the roots andg of the auxiliary equation determine the general

d%y dy

solution to the second order differential equa% - ba +cy=0

The general solution depends on the auxiliary equation's discrininant,
& CaselD > 0

Two distinct real roots:y = Ae™ + Beﬂx, for arbitrary constant#), B.
& Case2D =0

One repeated rooly = (A + Bx) e, for arbitrary constant#, B.
& Case3D < 0

Two complex conjugate roots = p+ qi, 8 = p— g

y = ™ (Acos gx + Bsingx), for arbitrary constants\, B.

5.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 38

Question 1

Given thaty = 1 whenx = 0, find the particular solution to the differential equation,
dy .

—— = ysinhx

dx y

[ 4 marks ]



Question 2
(i) LetM = [ & *sinx dx

By using integration by parts twice show that,

10M = —e_3x(cosx + 39nx) + ¢, for some constart
[ 4 marks ]
.. dy .
— - = gnx
(i) S -

Given thaty = 0 whenx = 0, findy in terms ofx.

[ 4 marks ]



Question 3
Find the solution to the differential equation,

dy  dy

—5 - 2—+10y = 0

dx2 ax ¥
given that, whex = 0, bothy = 0 and% =3

[ 8 marks ]



Question 4
Findy in terms ofk andx, given that
d%

e + k2y = 0, wherekis a constant

andyzland%:latx=0

[ 8 marks ]



Question 5
(1) Find the general solution to the differential equation,
d’x dx

F+2E+5X:O

[ 4 marks ]

(ii) Giventhatx =1 and% =1 att = 0, find the particular solution to the

differential equation, giving your answer in the faxm f (t)

[ 2 marks ]



(iit)  Write your part (ii) answer in the forrR ekt cos(2t — a) wherek, R
anda are constants that you have determined the exact value of.

[ 2 marks ]

(iv)  Sketch the curve with equaticr=f (t), 0 < t < &, showing the

coordinates, as multiples af of the points where the curve cuts the
t-axis.

[ 2 marks ]
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5.3 Answers to 5.2 Exercise
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

Answer 1
dy .
—— = ysinhx
dx y
Separate the variables
1d .
i) A sinhx
y dx
Integrate both sides with respecixto
1 .
f—dy = fsmhx dx
y
In|y| = coshx + ¢
eln|y| _ ecoshx+c
|y| _ ecoshx+c
But the exponential function is always positive and so,
y = ecoshx+c
Using the initial conditions that= 1, x = 0
1=¢"C givesc=-1
~. The particular solution iy = e®°"%~1
[ 4 marks ]
Answer 2
(i) M =[eHsdnxdx
= e_3x(— COSX) — J'(— 3) e_3x(— cosX) dx
— _e¢ Xcosx — 3fe_3xcosxdx +c
= —e Xcosx - 3[e_3xsinx - f(—3) e_3xsinxdx} +C
- e Xcosx — 3¢ Xsnx — 9'[e_3xsinxdx + G
= —e Xcosx - 36 Xsnx - 9M + ¢
10M = - Xcosx — 3¢ Xsinx

—e_3x(cosx + 3snX) + C

O
[ 4 marks ]



(i) %—Byzsinx

P(x) = —3and Q(x) = sinx
jP(x) dx = J'(—S) dx = —3x + ¢

(constant of integration safely omitted)

| = efP(x)dx _ oo X

e_SX% - 36Xy = e¥snx  Multiplying through byl

Integrate both sides with respecixto

J‘e—3xﬂ _ 3e—3x

_ —3X
Ix ydx_je snx dx

e Xy =M (About to use part (i))

= i(—e_3x(cosx + 3snX) + C)

10
e—3x
=~ 0 (cosx + 3snx) + A
1 .
y = Ae> - 1—O(COSX + 3snXx)

1
Asy=0whenx=0: 0 = Ax1—1—0(1+3x0)

1
A= —

10

3x

€ 1 .
Yy = — — — (CcosSX + 39nX
Y="10 " 10 )

[ 4 marks ]



Answer 3

dx2 dx
n? — 2m + 10 = 0 is the auxiliary equation

2+V4-4x%x1x10
2

2
Y oW -0

m =

1+3
e (Acos(3x) + Bsin(3x))

y
for any arbitrary real constamdsandB

Fromy = Owhenx = Owe get,
0=1Ax1+Bx0)
A=0

So we now have that,

y = BeXsin3x
% = 3B€ cos3x + Be'sin3x
= Be*(3cos3x + sin3x)
Fromﬂ = 3 whenx = 0,
dx
3= B3
B=1

. The particular solution jsy = €*sin3x
[ 8 marks ]



Answer 4

d%y 2 0

w2 TRy =
m? + k? = 0 is the auxiliary equation
0+v0-4x1xKk2
m =
2
0+ (- 1)(2K?
B 2
= 0 + ki
y = 6™ (Acos(kx) + Bsin(kx)

Acos(kx) + Bsin(kx)
for any arbitrary real constamsandB
Fromy = 1whenx = Owe get,

1 = Acos(0) + Bsin(0)

A=1
So we now have that,
y = cos(kx) + Bsin(kx)
% = —ksin(kx) + Bk cos(kx)

Fromﬂ = 1 whenx = 0,
dx

1 = —ksin(0) + Bkcos(0)
1 =Bk

1
B=—

k

.. The particular solution jsy = cos(kx) + %sin(kx)

[ 8 marks ]



Answer 5

(1)

(i)

(i)

3—2 + 2% + 95X =0
n’ +2m+ 5 = 0 is the auxiliary equation
m = —2++4/4-4x1x5
2
_ -2+ \CDHI6
2

=-1x2

X = e_t(Acos(Zt) + Bsin(2t))

for any arbitrary real constamdsandB
[ 4 marks ]
Fromx = 1 whent = 0 we get,

1 eO(Acos(O) + Bsin(0) )
A=1
So we now have that,
X =g" (cos(2t) + Bsin(2t))

dx

& = et ((=2)sin(2t) + 2Bcos(2t)) — € '(cos(2t) + Bsin(2t))

= el (=2 -B)sn() + e '(2B - 1)cos(2t)

From% = 1 whent = 0,

1=(2B-1)
B=1

.. The particular solution jsx = e_t( cos(2t) + sin(2t))

[ 4 marks ]
cos(2t — a) = cos2tcosa + Sn2tsna
We have cos(2t) x 1 + sin(2t) x 1
So cosa =1 and sina =1
s tana = Sna - _ 1 giving a = z
cosa 4

Also, R= V12 + 12 = V2

gt (cos(2t) + sin(2t))

ﬁe‘tcos(Zt—%), k:—l,R:\/?,a:%

X



(iv)  Thet-axis crossing points will be given b;as(Zt — i) =0

4
7 QL
4 2 2
ot = X I
4 4
R A 13
- 8, 8...

Thex-axis crossing point is given wheér O,
V2 & cos(O - %)

=1
From part (iif) you know the curve is essentially a cosine wave that has

X

JT

been translated 4 | but its dampened by a decaying exponential
0

envelope. Here's the accurate graph from by graph-plotter.

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2023 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



Lesson 6
Further A-Level Pure Mathematics, Core 2
Differential Equations Il
6.1 Complementary Function + Particular Integral
Via consideration of the discriminant of the auxiliary equation, we have
developed techniques to solve second-order, linear, homogeneous, differentia
equations with constant coefficients. That is, equations of the form,
2
a% + b% +cy=0
It is the zero on the right hand side that earned it the descriptor “homogeneous”.
With not much extra work, we can extend our repertoire to handle the situation
where the zero is replaced with a function ®f In other words,
“nonhomogeneous” differential equations of the form,
2
a% + b% +cy = f(x
To solve this type of nonhomogeneous equation, first find the general solution of
the corresponding homogeneous differential equation. This general solution is
called the complementary function, CF.

Complement of

Event A Event A
\ A F \ A

The hunt is then on to find a particular integral, Pl, which is a function that
satisfied the nonhomogeneous differential equation. Here we take the advice o
mathematicians that have gone before us. Their collective wisdom is contained
in the following table. Depending on the naturd ¢f) they suggest what form

the particular integral will take.

Form off (x) Form of PI

u U

ux + v Ux +V

ux' + .+ VX +w UX' + .. +Vx+ W
u cos kx U coskx + V sinkx
v sinkx U coskx + V sinkx
ucoskx + vsinkx U coskx + V sinkx
u ekx U X

ue—kx Ue—kx

The general solution to the nonhomogeneous equation is then CF + PI



6.2 Example
Find the general solution to the differential equation,

d2y dy
—_— —_— 1 =
2 8 ix + 12y = 36X

[ 6 marks ]

I THINK'THAVE'A'GRASP ON'SOME™
OF THESE r:nmml-mgnnus

" AARARND IT'S GONE

—
imgflip.com



6.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

Question 1

Find the general solution to the differential equation,
dy  dy
—5 —2— -3y =6
dx? dx ¥

[ 6 marks ]



Question 2
Find the general solution to the differential equation,

[ 6 marks ]



Question 3
Find the general solution to the differential equation,
d2y

W—y:ZXZ—x—B

[ 6 marks ]



Question 4

Find the general solution to the differential equation,
d2y .
—5 + 4y = Inx
dx 4

[ 6 marks ]



Question 5
Find the general solution to the differential equation,
dy ., dy

—= + 2— +Vy = 25c0s2x
dx dx y

[ 7 marks ]



Question 6
Further A-Level Examination Question from June 2012, Paper FP2, Q4 (Edexcel
Find the general solution to the differential equation,

d?x dx .
— +5— + 6Xx = 2cost — d9nt
dt2 dt

[ 9 marks ]
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6.4 Answers
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

6.4.1 Solution to 6.2 Example

dy dy
W — d_ + 12y = 36X

Obtain the complementary function by solving the homogeneous equatio

dy ,dy
— _ 12y = 0
dx2 dx t 1y =

m’ — 8m+ 12 = 0 is the auxiliary equation
(mMm-6)(M-2) =
Eitherm = 6 orm = 2

We have two distinct real roots

". The complementary function i = Ae™ + Be¥
For a particular integral try = Ux + V (note the V” is needed)

dzyo

in which case% = U and

Substitute these into the question's differential equation...
0-8U + 12(Ux + V) = 36X
- 8U + 12Ux + 12V = 36x
Coefficients ofx : 12U = 36 givesU = 3
Terms independentaf : —8U + 12V = 0 givesV = 2

. The particular integral isy = 3x + 2

The general solution iy = Ae® + Be™ + 3x + 2
[ 6 marks ]



6.4.2 Solution to 6.3 Exercise

Answer 1
2
Lo A
adx dx
Obtain the complementary function by solving the homogeneous equatio
2
ay LA 5
dx2 dx

n’ — 2m -3 = 0 is the auxiliary equation
(m+1)(m-3) =0
Eitherm = -1 orm =3

We have two distinct real roots

. The complementary function ig = Ae X + Be™

For a particular integral try = U

in which caseﬂ = 0 and d—2>2/ =0
dx dx

Substitute these into the question's differential equation...
0-0-3U =6
Uu=-2
. The particular integral isy = —2

The general solution iy = Ae X + Be™ — 2
[ 6 marks ]



Answer 2

dy . dy 3x
—5 —-3—+2y=5
dx? ax Y ©
Obtain the complementary function by solving the homogeneous equatio
dy . dy
— 7 _ =1 v =
dx2 3 ax Y 0
n’ - 3m+ 2 = 0 isthe auxiliary equation

(m-1)(m-2)=20
Eitherm = 1orm = 2
We have two distinct real roots
. The complementary function i = Ae* + Be>

For a particular integral try = ue™

2
in which caseﬂ = 3ue andd—}zl = 9u ¥
dx dx

Substitute these into the question's differential equation...
oUue™ — 3 x 3UeX + 2ue™ = 5e*
U -9U +2U =5
U =25
. The particular integral isy = 2.5 e

The general solution iy = Ae€ + Be™ + 2.5
[ 6 marks ]



Answer 3

2
d_xszl -y = 2x% - x - 3
Obtain the complementary function by solving the homogeneous equatio
Y
dx2

m’ - 1 =0 isthe auxiliary equation
(m+1)(m-1)=20
Eitherm=-1orm=1
We have two distinct real roots

. The complementary function is = Ae * + Be*

For a particular integral try = UX? + VX + W

dy d%y

in which case—— = 2Ux + V and — = 2U
dx dx

Substitute these into the question's differential equation...
2U —UX - Vx-—W =2x-x-3

Matching coefficients k% : U =-2

Matching coefficientsox : V =1

Terms independent of 20 - W = -3 givesW = -1

. The particular integral isy = —2x% +x-1

The general solution iy = Ae * + Be - 2x% + x - 1
[ 6 marks ]



Answer 4

d2y .
—= + 4y = InX
dx y

Obtain the complementary function by solving the homogeneous equatio

d%

—5 +4 =0
dx? y

n? + 4 = 0 isthe auxiliary equation
m’ - (2> = 0

(m+ 2i)(m- 2) = 0 difference of two squares
Eitherm = —2i orm = 2i
We have two complex roots
. The complementary function ¥ = Acos2x + Bsin 2x

Ucosx + VInx

For a particular integral try

in which case% = —Usnx + Vcosx
a2 .
and —32/ = —Ucosx — Vsinx
dx

Substitute these into the question’'s differential equation...

—Ucosx — Vsinx + 4Ucosx + 4Vsinx = sinX
Matching coefficients ofosx : — U +4U = 0 givingU = 0
Matching coefficients oéinx : -V + 4V = 1 giving V = %
.. The particular integral isy = %sinx

o . 1 .
The general solution ig = Acos2x + BsSn2x + 3 sinx

[ 6 marks ]



Answer 5

d%

—5 + ZQ +y = 25c0s2x

dx? dx
Obtain the complementary function by solving the homogeneous equatio
dy . dy
— +2—+y=20
dx? ax Y
n’ +2m+ 1 = 0 isthe auxiliary equation
(m+ 1)2 =0
m=-1

We have a repeated root
.. The complementary function is = (A + Bx) e *
For a particular integral try = Ucos2x + Vsin 2x

in which caseﬂ
dx

d%y
and W

Substitute these into the question's differential equation...
—4Ucos2x — 4Vsin2x — 4Usin2x + 4Vcos2x + Ucos2x + Vsin2x = 25c0s 2x

—2Usin2x + 2Vcos 2x

—4Ucos2x — 4Vsin 2x

Matching coefficients ofos2x : - 4U + 4V + U = 25
- 3U +4V = 25
Matching coefficients oéin2x : -4V -4U +V =0
-4U -3V =0

-9U +12v = 75

ADD -16U - 12V =0

-29U =75
U -3andV =4

. The particular integral isy = —3cos2x + 4sin2x

The general solution ig = (A + Bx) € * — 3cos2x + 4sin2x
[ 7 marks ]



Answer 6

3—2 + 5% + 6X = 2cost — sint
Obtain the complementary function by solving the homogeneous equatio
2—2( + 5% +6x =0
m’ + 5m+ 6 = 0 is the auxiliary equation
(m+3)(m+2)=20
Eitherm = -3 orm = -2

We have two distinct real roots

. The complementary function is = Ae ¥+ Be 2

Ucost + Vsaint

For a particular integral trx

. ) dx .
in which case— —Usnt + Vcost

dt
d
dt?
Substitute these into the question’'s differential equation...

and = —Ucost — Vsnt

—Ucost — Vsint — BU sint + 5Vcost + 6U cost + 6Vsint = 2cost — sint

Matching coefficients ofost : — U + 5V + 6U = 2
50U + 5V =2
Matching coefficients oint : -V —-5U + 6V = -1
-5U +5/ =-1
50U + 5V = 2

ADD -5U + 5/ = -1

wov =1
1 3
V=—andU = —

10 10
". The particular integral isy = icost + isint
- nep I =10 10

o — — 1 .
The general solution ig = Ae *iBe 4 icost + —sdint
10 10
[ 9 marks ]
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Lesson 7
Further A-Level Pure Mathematics, Core 2
Differential Equations Il
7.1 Dark Art Particular Integrals

Previously, the following table of suggested particular integrals was given. It has
working well with the second order nonhomogeneous differential equations so
far considered.

Form off (x) Form of PI

u U

ux + v Ux + VvV

ux' + ..+ VX+w UX + .. +Vx+W
u cos kx U coskx + V sinkx

vV sin kx U coskx + V sinkx

ucoskx + vsinkx U coskx + V sinkx

uekx U kX

ue—kx Ue — kx

However, finding a particular integral can sometimes be something of a dark art
and what a skilled mathematician chooses may not be obvious to beginners.

There is one additional piece of “wisdom from the elders” that we will embrace.

Clash of Function : An “Advice” Algorithm
When solving an equation of the form,

:)2()2/ + b& + cy = f(xX), wherea, b andc are constanis

and having obtained the complementary function,

if a piece,g(x), of a proposed particular integrpkx), has already occurred in

the complementary function, modify the particular integral by multiplying it by
X. That is, replace (x) with x p(x).

Repeat this process, if necessary, until there is no piece in common in any par
of the complementary function or particular integral.

Note: this advice algorithm was already at work within the complementary
function when a repeated root occurred.



7.2 Example
Find the general solution to the differential equation,

&y PR AP

dx? dx

[ 6 marks ]

What do you call the sudden urge to solve a differential equation ?

Calculust !




7.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 40

Question 1

Find the general solution to the differential equation,
dy  dy 3
- 2 _ By =
a2 T dx y =8

[ 8 marks ]



Question 2
y satisfies the differential equation,

(1)

(i)

(i)

dy . dy 2
W_ &:ZX—X-I-].

Find the complementary function for this differential equation.

[ 3 marks ]

Explain, with reference to your part (i) answer, why the “obvious”

particular integral ofy = Ux® + Vx + W is not suitable.

[ 2 marks ]

By using a suitable particular integral, find the general solution.

[ 8 marks ]



Question 3
Find the general solution to the differential equation,
d% dy

o7 t12 -+ 36y = 6e &

[ 9 marks ]



Question 4
Find the general solution to the differential equation,

2
% + 16y = cos4x

[ 10 marks ]
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7.4 Answers
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

7.4.1 Solution to 7.2 Example
2
dy 9

dx®  dx

Obtain the complementary function by solving the homogeneous equatio
2

dy _,d

dx? dx

m2— 4m

= 12

=0

0 is the auxiliary equation
m(m-4) =20
Eitherm = 0orm = 4
We have two distinct real roots
- The complementary function ig = Ae™ + Be™
y = A+ Be¥™
For a particular integral we'd normally tgy= U but this function of a

constant is already in the complementary function.

Instead, tryy = Ux in which caseﬂ =U andd—2y =0
dx dx?
Substitute these into the question's differential equation...
0-4U = 12
Uu=-3

. The particular integral isy = — 3x

The general solution ig = A + Be™ — 3x
[ 6 marks ]



7.4.2 Solutions to 7.3 Exercise

Answer 1
d , dy 3
— _ By =
a2 " dx y =€
Obtain the complementary function by solving the homogeneous equatio
dx2 dx

n+m-6 =0 isthe auxiliary equation

(m+3)(m-2)=0

Eitherm = -3 orm = 2
We have two distinct real roots
~. The complementary function ig = Ae X + Be™
For a particular integral we'd normally tgy = Ue > but the function
>

(a multiple ofe ™) is already in the complementary function.

Instead, tryy = Uxe > in which case

dy = Ux(—3)e"3x + Ue

dx

dy — 3 — 3 — 3
and—dx2 = (-3Ux)(-3) e 7+ (-3U)e ™ + (-3)Ue

= 9Uxe ¥ - eUe ¥
Substitute these into the question's differential equation...
Uxe X - gUe X - 3Uxe X+ Ue ¥ - suxe X = ¢
-5U =1
U=-—

. The particular integral isy = — % x e

L _ 1
The general solution iy = Ae > + Be® - < x e

[ 8 marks ]



Answer 2

dy  _ dy 2
W_ &ZZX—X-F].

(1) Obtain the complementary function by solving the homogeneous equatio
dy . dy

dx2 dx 0
n’ — 6m = 0 is the auxiliary equation
m(m-6) =20
Eitherm = 0orm = 6
We have two distinct real roots
. The complementary function ig = Ae™ + Be™
= A+ Be¥
[ 3 marks ]
(ii) For a particular integral we'd normally tgy = UxX® + Vx + W but

there is already a constant in et (i) answer's complementary function.

[ 2 marks ]
(iii)  Instead, tryy = UxX® + Vx% + Wx in which case
dy = 3Ux% + 2Vx + W
dx
andd—zg = 6Ux + 2V
dx

Substitute these into the question's differential equation...
BUX + 2V — 18Ux% — 12Vx — 6W = 2x° — x + 1
~18UX% + (BU — 12V) X+ 2V — BW = 2x° — x + 1

Matching coefficients ok® : —18U = 2 giving U = —%
Matching coefficients ok : 6U — 12V = -1 giving V = %
- . 17
Terms independent af 2V — 6W = 1 givesW = T
: . . 1 3 1 - 17
. The particular integral isy = — — — X - —
particular integral isy 9X+36X 108x
PRI 6X 1 3 1 > 17
The general solution iy = A+ Be™” - — — X - —
? SoLtony = A 9" T 36" 108

[ 8 marks ]



Answer 3

d%y dy 6
W+12&+36y: 6e
Obtain the complementary function by solving the homogeneous equatio
d%y dy
—5 + 12— =
I + Ix + 36y =0
n + 12m + 36 = 0 is the auxiliary equation
(m+ 6)2 =0

m= -6

We have repeated roots

.. The complementary function i = (A + Bx) g &
For a particular integral we'd normally tgy= Ue  put that function
(a multiple ofe GX) is already in the complementary function.

Instead we start to considgr= Uxe ® but this too causes a clash.

Thus we end up trying = Ux’e &

dy 2 — 6X — 6X
— = UX°(-6 2U
X X (—06)e + xe
dy 2 — 6x — 6x
andm = (-6Ux?)(-6)e & + (-12Ux)€

+ (2Ux) (-6)Ue & + 2ue &
= 36Ux% e & - 24uxe & + 2ue &
Substitute these into the question's differential equation...
3UxP e & - 2aUxe ™ + 2ue &
— 720x% & 1 24uxe ® + 36U e & = e &
2ue X = pe &
U =3

~. The particular integral isy = 3x°e &

The general solution iy = (A + Bx + 3x°)e &

[ 9 marks ]



Answer 4

d2y

—= + 16y = cos4x
dx? y

Obtain the complementary function by solving the homogeneous equation,

d%

—> +16y = 0
dx? Y

n? + 16 = 0 is the auxiliary equation
m - (4> = 0

(m+ 4i)(m-4i) = 0 difference of two squares

Eitherm = —4i or m = 4i (We have two complex roots
. The complementary function ¥ = Acos4x + Bsin4x
For a particular integral we'd normally tgy= Ucos4x + Vsin4x but a

piece of thiga multiple ofcos4x) is already in the complementary function.

Instead try, y = Uxcos4x + Vxsin4x
in which case% = UXx(—49n4x) + U cos4x + Vx4 cosdx + V sin4x
= (—4UX + V) sndx + (U + 4Vx) cos4x
andg—)z(g = (—4Ux + V)(4cos4dx) + (—4U) sindx

+ (U + 4Vx)(—4sin4dx) + (4V) cos4x
= (-16Ux + 8V) cos4x + (—8U — 16VX) sin4x
Substitute these into the question's differential equation...
(—16Ux + 8V)cos4x + (—8U — 16VX)sindx + 16Uxcos4x + 16Vxsndx = cos4x
(-16Ux + 8V + 16Ux) cos4dx + (—8U — 16VX + 16VX) sindx = cos4x

8V cos4x — 8U sin4dx = cos4x

Matching coefficients ofosx : 8V = 1 giving V = %
Matching coefficients oéinx : 8U = 0 givingU =0

: . . 1 .
. The particular integral isy = ) X sin4x

o . 1 .
The general solution ig = Acos4x + Bsin4x + ) X Sin4x
[ 10 marks ]
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Lesson 8
Further A-Level Pure Mathematics, Core 2
Differential Equations Il
8.2 Consolidation #2
Abbreviated summary;

e Separating the variables can solve some first-order differential equations.

o A first-order differential equation of the formg—z + P(X)y = Q(x) can be

solved by multiplying every term by the integrating fackos <—:-I PO dx

e The nature of the roots andg of the auxiliary equation determine the general

solution to the second order differential equatmlgx—zz + b% +cy=0

The general solution depends on the auxiliary equation’s discrininant,
o CaselD >0 :y=Ae™+ B for arbitraryA B.
O Case2D =0 : y=(A+Bx)e” for arbitraryA, B.
O Case3D < 0 :vy=&*(Acosqx + Bsingx), for arbitraryA B.

e Particular Integral suggestions,

Form off (x) Form of PI

ux' + ...+ VvX+w UX' + .. +Vx+ W
ucoskx + vsinkx U coskx + V sinkx
u ekx U X

e But watch out for...

Clash of Function : An “Advice” Algorithm

When solving an equation of the form,
+ b— + ¢y = f(X), wherea, b andc are constanis

dzy
dx

and havmg obtained the complementary function,

if a piece,g(Xx), of a proposed particular integrpkx), has already occurred in

the complementary function, modify the particular integral by multiplying it by
X. That is, replace (x) with x p(x).

Repeat this process, if necessary, until there is no piece in common in any par
of the complementary function or particular integral.




8.2 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50

Question 1
Find the general solution to the differential equation,

Y +2V2y +2y =10

[ 5 marks ]



Question 2
Find the general solution to the differential equation,

y' -y - 12y = 144

[ 7 marks ]



Question 3
Find the general solution to the differential equation,

Yy’ — 7Y + 10y = x€*

Assume the particular integral is of the forfx + V) €

[ 10 marks ]



Question 4

(1) Find the value oU for whichy = ue® isa particular integral of the

differential equationy” — 4y + 13y = &~

[ 4 marks ]

(i) Using your answer to part (i), find the general solution to the differential
equation.

[ 5 marks ]



Question 5

The differential equatiory” — 4y + 4y = 4€®Xis to be solved.
(1) Find the complementary function.

[ 3 marks ]

(i)  Explain why neithertUe® nor Ux e can be a particular integral.

[ 2 marks ]

A particular integral has the forra 2 &

(iit)  Determine the value of the constahand find the general solution.

[ 6 marks ]



Question 6
Cameron, who is skilled in the dark arts, is about to advise you on the particular
integral to use when solving the differential equation,
y'+y = 3sn2x
Although your natural inclination is to assume a particular integral of the form
y = Usin2x + Vcos2x, Cameron assures you thasin 2x is sufficient.
(1) Given that Cameron speaks wise words, determine the vallie of

[ 4 marks ]

(i) Using your answer to part (i), find the general solution to the differential
equation.

[ 4 marks ]
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8.3 Answers
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

8.3.1 Solutions to 8.2 Exercise

Answer 1

Y +2V2y +2y =10

Obtain the complementary function by solving the homogeneous equatio
Y +2V2y +2y =0
m’ +2v2m+ 2 = 0 isthe auxiliary equation

(m+vZ) =0
m= -2

We have a repeated root

.. The complementary function i = (A + Bx) e‘ﬁx
For the particular integray = U, givingy =y’ =0
Substitute these into the question's differential equation...
0+2x0+2U =10
U=>5
.. The particular integral isy = 5

The general solution ig = (A + Bx) e‘ﬁx +5

[ 5 marks ]



Answer 2

y' -y - 12y = 144

Obtain the complementary function by solving the homogeneous equatio
y' -y -1y =0
n —m- 12 = 0 is the auxiliary equation
(mMm+3)(m-4) =0
Eitherm = -3 orm = 4
We have two distinct real roots
. The complementary function ig = Ae X + Be™
For a particular integral try = Ux + V (note the V" is needed)
in which casey’ = U andy” = 0
Substitute these into the question’'s differential equation...
0-U - 12(Ux + V) = 144
- U - 12Ux — 12V = 144
Coefficients ok : —12U = 144 givesU = —-12
Terms independentaf : —U — 12V = 0 givesV =1
. The particular integral isy = —=12x + 1

The general solution iy = Ae” > + Be™ — 12x + 1
[ 6 marks ]



Answer 3

Yy’ — 7Y + 10y = x€*

Obtain the complementary function by solving the homogeneous equatio
y' ' — 7/ + 10y = 0
m? — 7m + 10 = 0 is the auxiliary equation
(m-2)(m-5)=0
Eitherm =2 orm =5
We have two distinct real roots
. The complementary function iy = Ae™ + Be™
For the particular integraly = (Ux + V) €
Yy = (Ux + V) € + U
= (Ux+ U + V)€
Yy = (Ux+ U + V) + U
= (UX + 2U + V)€
Substitute these into the question's differential equation...
(UX +2U + V)E¥ = 7(Ux + U + V)" + 10(Ux + V) € = x€&*
4Ux — 5U + 4V = x

. - . 1
Matching coefficients ofx : 4U = 1 giving U = 7
. 5 . 5
Terms independent gf : - 2 + 4V = 0qgiving vV = 16
*. The particular integral isy = (l + i) e
- nep I =17 " 16
The general solution iy = Ae®™ + Be™ + (% + %) e

[ 10 marks ]



Answer 4
(i) y= U&=y =20y =4aue™
Substituting these intg” — 4y + 13y = e gives,

e — 4 x 2Uue®™ + 13 x Ue™ =

4U - 8U + 13U = 1
U =1

1

Uu==

9

[ 4 marks ]

(i) Obtain the complementary function by solving the homogeneous equatio
y' -4y + 13y =0
m? — 4m + 13 = 0 isthe auxiliary equation

4++16-4x1x13
2

4 + J=1)(36)

2

m =

4 + 6i

N

2+ 3

We have two complex roots

.. The complementary function ig = e (Acos3x + Bsin3x)

The general solution ig = € (Acos3x + Bsin3x) + %ezx

[ 4 marks ]



Answer 5

(i) ¥ -4y +4y = 4™
Obtain the complementary function by solving the homogeneous equatio

y' -4/ +4 =0

n’ — 4m + 4 = 0 is the auxiliary equation
(m-2y% =0
m= 2

We have a repeated root

.. The complementary function iy = (A + Bx) e
[ 3 marks ]

(i) Both Ue® and Ux e are part of the complementary function.

[ 2 marks ]
(iii)  Forthe particular integray = Ux? e
y = U 2> + 2uxe™
= (2Ux® + 2Ux)
v = (2Ux® + 2Ux)2€e> + (4Ux + 2U ) &
= (4Ux% + 8Ux + 2U ) €
Substitute these into the question's differential equation...
(4Ux® + 8Ux + 2U ) € — 4(2Ux% + 2Ux) € + 4Ux’e™ = 4 &
2U =14
Uu=2

. The particular integral isy = 232 &

The general solution ig = (A + Bx + 2x2)e2X
[ 6 marks ]



Answer 6
(1) y = Usn2x = y = 2Ucos2x = Yy’ = —4Usin2x
Substituting these intg” + y = 3sin2xgives,

—4Usin2x + Usin2x = 3sin2x
-4U + U =3
-3U =3
u=-1

[ 4 marks ]

(ii) Obtain the complementary function by solving the homogeneous equatio
y'+y=20
m’ + 1 =0 isthe auxiliary equation
m = -1

We have two complex roots

.. The complementary function iy = e (Acosx + Bsinx)

The general solution ig = (Acosx + Bsinx) — sin2x
[ 4 marks ]
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Lesson 9
Further A-Level Pure Mathematics, Core 2
Differential Equations Il
9.1 Boundary Conditions

The general solution to a second order differential equation typically involves
some arbitrary constants that we have tended to AalaeldB. A question may
provide some extra information, some boundary conditions, that allow the
particular solution to be found, that is, to work out numerical values &ndB.
Usually, two pieces of extra information will be given. Each piece may vyield the
value one of the arbitrary constants or you may need to set up and solve twc
simultaneous equations to get the values.

9.2 Example
Given thaty (0)= 1 andy(0)= 0, find the particular solution to the differential

equationy” + 5y + 4y = 4

'M SeNSING
You Ay STILL

e SoMe
BoIAR? 1SSUeS

[ 8 marks ]



9.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1

Given thaty (0)= 18 andy(0)= 36, find the particular solution to the differential
equationy” + 7y — 8y = 72

[ 8 marks ]



Question 2
Given thaty’ (0)= 0 andy(0)= 4, find the particular solution to the differential

equationy” + 12y + 3% = 10e ¥

[ 9 marks ]



Question 3
2

Findy in terms ofk andx, given that% + k2y = 0 wherek s a constant,

andy = 1and%:1atx:0

[ 8 marks ]



Question 4
Further A-Level Examination Question from June 2014, FP2, Q5 (Edexcel)
(a) Find the general solution of the differential equation

d%y dy _y
—2 s 22 {10y = 27
dx2 * dx + 10y €

[ 6 marks ]

(b) Find the particular solution that satisfigs= 0 and% = Owhenx = 0

[ 6 marks ]



Question 5
Further A-Level Examination Question from June 2017, FP2, Q5 (Edexcel)
(a) Find the general solution of the differential equation,

[ 8 marks ]



(b) Find the particular solution of this differential equation for which

dy
y and — when x

[ 5 marks ]
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9.4 Answers
Further A-Level Pure Mathematics, Core 2
Differential Equations Il

9.4.1 Solutions to 9.2 Example
Y +5yY +4y =4
Obtain the complementary function by solving the homogeneous equatio
Y +5Y +4y =0
n’ + 5m+ 4 = 0 is the auxiliary equation
(m+4)(m+1) =20
Either m = -4o0orm = -1
Two distinct roots
. The complementary function iy = Ae" ™ + Be X
For the particular integray = Usoy =y =0
Substitute these into the question's differential equation...
0+5x0+4U =4
Uu=1
The particular integral ig = 2
The general solution iy = Ae” ™ + Be X + 1

from whichy = —4Ae ¥ — Be™*
From the boundary conditiony’ (0) = 1, y(0) = 0
A+B+1=0and -4A-B=1
Solving these simultaneously...
-4A-B= 1
ADD A+B=-1

-3A=0
SoA=0andB = -1
The particular solution is,
y=1-¢*
[ 8 marks ]



9.4.2 Solutions to 9.3 Exercise

Answer 1

y +7y -8 = 72

Obtain the complementary function by solving the homogeneous equatio
Y +7y -8 =0

m? + 7m — 8

(mMm+8)(m-1)=20

0 is the auxiliary equation

Either m= -8orm= 1

Two distinct roots
. The complementary function iy = Ae & + B&*
For the particular integray = Usoy =y =0
Substitute these into the question's differential equation...

0+7x0-8U = 72

Uu=-9

The particular Integral ig = — 9
The general solution iy = Ae & + Be&* - 9

from whichy = —8Ae & 4 B&
From the boundary conditiony (0) = 18, y(0) = 36
-8A+B=18andA+ B -9 = 36
Solving these simultaneously...
A+ B =45

SUBTRACT - 8A+ B =18

9A = 27
SoA =3andB = 42
The particular solution is,

y=36442e -9
[ 8 marks ]



Answer 2
Y’ + 12y + 3% = 10e ¥
Obtain the complementary function by solving the homogeneous equatio
y' + 12y + 3% =0
n + 12m + 37 = 0 is the auxiliary equation

-12+ /144 - 4 x 37
2

=12+ (=14

2
= -6 *1i (complex roots)

m =

.. The complementary function iy = e_6x( Acosx + Bsinx)
Particular integraly = Ue"®soy = —4Ue ¥ andy” = 16Ue ¥

Substitute these into the question’'s differential equation...

16Ue ¥ — 48U ¥ + 3Ue ™ = 10 e ¥
50 = 10
U=2

The particular integral ig = 2 g &

The general solution iy = & ®(Acosx + Bsinx) + 2 &

from whichy = e_GX(—Asinx + Bcosx)

— 66 ®(Acosx + Bsnx) — 8 ¥

From the boundary conditiony’ (0) = 0, y(0) = 4
B-6A-8=0andA+2=14

So A=2andB = 20

The particular solution is,

y = 6 ®(2cosx + 20sinx) + 26 ¥
[ 9 marks ]



Answer 3

S—Z+k2y=0, y = 1and% =latx =0
m + k% = 0 is the auxiliary equation
n? — (ki’> = 0
e = (ki)®

m = *Ki (complex roots)
.. The complementary function iy = Acoskx + Bsinkx

Which is also the general solution to the homogeneous differential equati

ﬂ = — Aksinkx + Bk coskx
dx
2
d_32/ = —Akzcoskx— Bkzsinkx
dx

Substitute these into the question's differential equation...

— AK®coskx — Bk®sinkx + k*( Acoskx + Bsinkx) = 0
which is consistent, as it should be
Making use of the boundary conditions,
y = Acoskx + Bsinkx = 1 = A

dy

= —Aksinkx + Bkcoskx = 1 = Bk soB = i
dx k

.y = coskx + %sinkx

[ 8 marks ]



Answer 4

dy ) dy x
W + 2& + 10)/ = 27e
(a)  Obtain the complementary function by solving the homogeneous equatio
dy . dy
—= +2— + 10y =
a2 A O =0
m’ + 2m + 10 = 0 is the auxiliary equation

-2+V4-4x1x10
2

—2 + /(~1)(36)

2
= -1+ 3i (complex roots)

m =

. The complementary function is = € *( Acos3x + Bsin3x)

For a particular integraly = Ue *

dy — X dzy — X
& = —-Ue andﬁ = Ue

Substitute these into the question's differential equation...
Ue X - 2ue ™ + 10Ue * = 27 *
QU = 27
U=3
X

. The particular integral isy = 3e

The general solution ig = € *(Acos3x + Bsin3x + 3)
[ 6 marks ]

dy

vl e X (-=3Asin3x + 3Bcos3x) — € *(Acos3x + Bsin3x + 3)

(b)

Making use of the boundary conditions,= 0 and % = Owhenx = 0

0=A+3=A=-3
0=3B-A-3=B=0

Particular solutiony = 3¢ *(1 — cos3x)
[ 6 marks ]



Answer 5

d%y dy .
W - a = 269n3X

(a)  Obtain the complementary function by solving the homogeneous equatio
d’x dx
—5 -2— =0
dt? dt
nm’ — 2m = 0 is the auxiliary equation

m(m-2) =20

Eitherm = O or m = 2  (two distinct real roots)
. The complementary function i = A + B

For a particular integral try = Ucos3x + Vsin 3x

in which case% = —3Usn3x + 3Vcos3x
d2y .
and—2 = —9Ucos3x — 9Vsin 3x
dx

Substitute these into the question's differential equation...
—9Ucos3x — 9Vsin3x + 6Usin3x — 6Vcos3x = 26sn 3x
Matching coefficients oos3x : — 9U - 6V = 0

-3U -2V =0
Matching coefficients o§in3x : 6U — 9V = 26

- 6U -4V =0
ADD 6U — 9V = 26
—-13V = 26

4

V =-2andU = —

3

. . . 4 .
. The particular integral isy = 3 CcosS3X — 2sn3X
o 4 .
The general solution ig = A + Be™ + 3 cos3x — 2sn3x

[ 8 marks ]



(b) % = 2B6® — 45n3x — 6cos3X

Using the boundary conditions that= 0 and % = 0whenx =0

y:A+Be2X+%cos3x—23in3x:>0:A+B+§

B e 45n3x— 6cosX = 0 = 2B 6

dx
So,B=3andA = —1?3
. o 4 :
The particular solution isy = — 3 + 36+ 3 cos3x — 2sn3x

[ 5 marks ]
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