A-Level Mathematics Project
The Collatz Conjecture

Academic Perspectives

THE
COLLATZ
CONJECTURE

The easiest to understand unsolved problem in mathematics

1.1 An Introduction To The Collatz Conjecture

Is the image is of coral seaweed ? Or blood vessels ? Or the neural network o
some small creature ? In fact it's a beautiful representation of a sequence o
numbers generated from the Collatz conjecture. A conjecture is a mathematica
statement that is believed by the person making it to be true, but it may not be.
It's an invitation to look into something that another mathematician considers
interesting. The conjecture is named after the German mathematician Lothar
Collatz (1910-1990) who formulated it in 1937. Simple to state and understand,
to this day not known if the Collatz conjecture is true or false. The reputation of

the conjecture is such that if you were to settle the matter, one way or the other
you would immediately become famous, not just in the world of mathematics,

but across front pages of newspapers around the globe. We are going to take
look at the conjecture, and others like it, and perhaps get to the point where we
can produce interesting and colourful representations of the number sequence
involved, like the one above.



1.2 The Iteration At The Heart of the Collatz Conjecture

An iterative process is one in which you repeatedly carry out the same set of
instructions. The idea of iteration has been around for over two hundred years
but only since the invention of the desktop computer in the late 1970s has it
become mainstream mathematics. A flowchart can be used to describe ar

iteration.
( Start )

Think of the number
32

e N\ No
number in mind >
y N
~ Multiply by 3
Divide by 2 then add 1
« Write the number

that's in your mind

On the following diagram write out the numbers generated by the flowchart.

[ 2 marks ]

The iteration described in the flowchart shows that, if you start with the number
32, the sequence eventually reaches the number 1. You could, of course, stal
with a different positive integer. Would the same iteration rule, starting from this

different number, also pass through the number 1 ?

Let's begin to investigate by starting with the number 7.
(The 7 is my choice; you'll get to chose your own starting number soon enough!)



1.3 Starting From Seven

C Start )
v

Think of the number
7

No

number in mind

A
~ Multiply by 3
Divide by 2 then add 1
« Write the number

that's in your mind

On the following diagram write out the numbers generated starting from 7.

[ 3 marks ]



1.4 The Collatz Conjecture

The Collatz Conjecture claims thatp matter what positive integer you start
with, the resulting number sequence will always eventually pass through the
number one. Some sequences, like that starting from seven, increase an
decrease many times but the claim is that, all the sequences will “fall to earth”,
meaning that eventually the number one will occur. To this day no one has
found a counterexample of a starting number for which this does not happen, bu
nor can anyone find a logical explanation for why it will always happen.

1.5 The Search For A Counterexample

The most straight forward way to prove that the Collatz conjecture is false is to
find a counterexample. The counterexample would be a starting number that
perhaps causes the terms in the resulting sequence to increase and decree
several times before going into a loop, all without involving the number one. So,
for example, starting witk, the number path could look something like this;

Generally speaking, when faced with a conjecture, it's always worth initially
trying to find a counterexample. Trying to prove that something is true, when in
fact it is false, is a good way to waste a lot of time. This is because
mathematicians are primarily interested in showing that conjectures are true. The
following joke illustrate this;

My Mathematical Week
Monday: tried to prove my conjecture is true
Tuesday: tried to prove my conjecture is true
Wednesday: tried to prove my conjecture is true
Thursday: tried to prove my conjecture is true
Friday: realised that my conjecture is false

1.6 An Efficient Counterexample Search

Although you are, no doubt, keen to get started on trying out your own starting
number, let's look at a situation that will illustrate how we can massively
increase the efficiency of our search for a counterexample.

The basic idea behind an efficient search is this; From the work just done, you
already know what happens to many other starting numbers. For example, in the
red circle of the search that started with 7, you have the number 22. This mean:
that you already know what happens if 22 is used as the start number. So, th
only numbers worth trying now are numbers that did not occur in any circles of
a previous answer.



There is one other useful observation, best illustrated by an example;

=

v

Think of the number
100

e N\ No
number in mind >
A
~ Multiply by 3
Divide by 2 then add 1
« Write the number

that's in your mind

[ 2 marks ]

Notice that as soon as any number occurred that could be found in a previous
diagram you knew how the story would end. So when the number 22 occurred,
there was no need to do any more work; you knew how the path then made its

way to the terminating loop of [ 4, 2, 1].



1.7 Exercise
Marks Available : 30

This exercise is about adding a numbers in the correct places in the Collatz tree
on the adjacent page and updatingGloiatz 100 Tableat every opportunity.

Question 1
(1) Apply the Collatz iterative rule to the number 96, stopping at 10.

(2
[ 1 mark]

(ii) Why was there no need to proceed once the number 10 was reached ?

[1mark]
(iit)  Write these on the tree on the adjacent page in the appropriate place.
Update theCollatz 100 Tabldalso on the adjacent page).
[ 2 marks ]
Question 2
(1) Apply the Collatz iterative rule to the number 93, stopping at 40.

[ 2 marks ]
(i) Write these on the tree on the adjacent page in the appropriate place.
Update theCollatz 100 Tabl€also on the adjacent page).
[ 2 marks ]

Question 3

One part of working backwards to go up the tree instead of down is easy.
The number directly above any number is double that number.

Work backwards to add a number above 32 on the tree.

Update theCollatz 100 Table

[ 1 mark]



The Collatz Tree and Collatz 100 Table
As you obtain them, add answers from the exercise to this tree |
and update the grid (bottom right), to track numbers for which 50
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Question 4

(1) Work backwards to add above the 52 on the previous page, the number
104, then, above that, 208.
[1mark]
(ii) To continue going backwards (up) you need to deal with a branch.
We'll look at how to tell if there is a branch or not in the next lesson.
There are two numbers above the 208.
What are these two numbers ?
Write them on the tree on the previous page.
Update theCollatz 100 Table
[ 2 marks ]
Question 5
(1) Come down the tree, starting with 72.
After a short while a number already in the tree is encountered.
There are more circles than you need on the diagram !
(To see if you spot when to stop)
[ 2 marks ]
(i) Update the tree and ti@ollatz 100 tableon the previous page.
[ 2 marks ]
Question 6

(i)

(i)

Come down the tree, starting with 60.

After a short while a number already in the tree is encountered.
There are more circles than you need on the diagram !

(To see if you spot when to stop)

[ 2 marks ]

Update the tree and ti@ollatz 100 tableon the previous page.
[ 2 marks ]



Question 7

(1) Come down the tree, starting with 81.
After a short while a number already in the tree is encountered.
There are more circles than you need on the diagram !
(To see if you spot when to stop)

[ 2 marks ]
(ii) Update the tree and ti@ollatz 100 tabldwo pages back.
[ 2 marks ]
Question 8
(1) Come down the tree, starting with 57.
After a while a number already in the tree is encountered.
[ 3 marks ]

(i) What problem would be encountered if you tried to add this sequence
onto the tree we have been building over the last seven questions ?
[1mark]
(iit)  This sequence gives you eight more numbers to add toaitetz
100 tableof those numbers for which you know the conjecture is true.
Update theCollatz 100 tabléwo pages back.
[ 2 marks ]
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1.8 Answers

A-Level Mathematics Project
The Collatz Conjecture

1.8.1 Solution to 1.2ZT'he Iteration At The Heart of the Collatz Conjecture

[ 2 marks ]
1.8.2 Solution to 1.3 Starting From Seven

[ 3 marks ]
1.8.3 Solution to 1.6 An Efficient Counterexample Search

A AAD

OO0 C

[ 2 marks ]



1.8.4 Solutions to 1.7 Exercise

@@@@
[ 1 mark ]

(ii) The number 10 has already occurred (in the starting from 7 sequence)
and so, once we got it here we “knew how the story would end”.

Answer 1

(1)

[ 1 mark]
(i)  See tree an@ollatz 100 tabletwo pages further on.
[ 2 marks ]
Answer 2
(i)
[ 2 marks ]
(i) See tree an@ollatz 100 tabletwo pages further on.
[ 2 marks ]
Answer 3
See 64 above 32 on tree &dllatz 100 tabletwo pages further on.
[1mark]
Answer 4
(1) See 104 and 208 on tree two pages further on.
[1mark]

(i) See 69 and 416 on tree on the next page.
Add 69 toCollatz 100 tabletwo pages further on.
[ 2 marks ]



Answer 5

(i)

(The 7 occurred in 1.3 Starting From 7)

(i) See tree an@ollatz 100 tablepn the next page.

Answer 6

(i)

(The 70 occurred in Answer 2)
(ii) See tree an@ollatz 100 tablepn the next page.

Answer 7

(i)

(The 46 occurred in Answer 6)

(i) See tree an@ollatz 100 tablepn the next page.

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]

[ 2 marks ]



The Collatz tree and table after Question 7
has been answered
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Collatz 100 Table

3. 20
1 | 1] 2] 3] 4] 5] 6] 7] 8] 9] 10
64 10 11| 12| 13| 14| 15| 16 11 18 10 2D
| | 21| 22 | 23| 24| 25| 26| 27 28| 29| 30
39 5 31| 32| 33| 34| 35| 36| 37| 38| 39 | 40
| | 41| 42 | 43 | 44 | 45| 46 | 47| 48 | 49| 50
16 51 52| 53| 54 | 55| 56 | 57| 58 | 59| 60
3 61| 62| 63 | 64| 65| 66 | 67 | 68 | 69| 70
4 71172 73| 74 [ 75 [ 76| 77| 78 | 79 | 80
5 81| 82| 83| 84 | 85| 86 | 87 | 88| 89 90
1 91 |92 | 93| 94| 95 [ 96| 97| 98 | 99 [ 100

56

28

14

72

36

18



Answer 8

(i)

(ii) The extension does not fit onto the paper provided !

[ 3 marks ]

[ 1 mark]

(iii)  The eight numbers accounted for by this sequence are shaded
yellow in the following table;

1 2 3| 4 5 6 7 8 9/ 10
11| 12| 13| 14| 15 16 14 18 19 2
21| 22| 23| 24| 25 26 271 28| 29[ 30
31 (32| 33| 34| 35| 36| 37| 38 39 40
41 [ 42 | 43| 44| 45| 46| 47| 48 | 49| 50
51|52 | 53| 54| 55[ 56| 57| 58| 59| 60
61 | 62| 63 | 64| 65| 66| 67| 68 | 69| 70
71| 72| 73| 74| 75| 76| 77|, 78| 79| 80
81| 82| 83|84 | 85| 8| 87| 88| 89 90
91 (92| 93| 94| 95[ 96| 97| 98 | 99| 100

[ 2 marks ]
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Lesson 2
A-Level Mathematics Project
The Collatz Conjecture

2.1 A Mathematical Description

Drawing a flowchart to describEhe Collatz Rules time consuming and takes

up an excessive amount of space on the page. A more succinct description of th
iteration at the heart of the Collatz conjecture is this;

% if X is even
3x + 1 if xis odd

Our strategy to begin constructing the Collatz tree has been to pick a positive
integer that is not in our existing tree and work out its “fall to earth”. Here is the
Collatz 100 Tablehat we had worked out by the end of the previous lesson,

1 2 3| 4 5 6 7 8 9/ 10
11| 12| 13| 14| 15 16 174 18 19 2
21| 22| 23| 24| 25 26 271 28| 29[ 30
31 (32| 33| 34| 35( 36| 37| 38 39 40
41 | 42 | 43 | 44| 45| 46| 47| 48 | 49| 50
51 | 52 | 53| 54 | 55[ 56 | 57| 58| 59| 60
6l | 62| 63 | 64| 65| 66| 67| 68| 69| 70
71| 72| 73| 74| 75| 76| 77| 78| 79| 80
81| 82| 83| 84| 85| 8| 87| 88| 89 90
91 (92| 93| 94| 95| 96| 97| 98 | 99 | 100

The shaded numbers are those for which we know the Collatz conjecture is true.

We can be more certain of getting the whole tree by working our way up the
tree, starting from the 1 at the base. Computer visualisations of the tree, such a
the one below, known as the feather, usegtosv from the basapproach.

An algorithm that will let us move up instead of down is needed. Developing
this, which is attended to next, is a little tricky although the end result is

pleasingly simple to apply.



2.2 Grow from the Base
The Collatz tree often has a junction where two branches meet. For example, a
we have just seen, at the number 64 there is the following;

211128
|
64

This raises questions such as,
e Do all numbers end up being where two branches meet ?
e Can we, instead of flowing down the tree, flow up ?

Having the mathematical description of the tree is the key to answering these
guestionsThe Collatz Rulés,

if X is even

X
2
{3x+ 1 if xis odd

To find a reversing rule for the evens, consider going through the following
diagram “the other way”;

Xeyey —>| dvideby2 — Yeyen or oop
Yeven ™ ¢ X EVEN OR 0DD
YREVERE =

[ 2 marks ]

Finding a reversing rule for the odds is more tricky.

To make progress, consider going through the odd rule as before where we
multiply by 3 and add 1. What will come out will always be even.

Xoop—>

multiply by 3

—>  alll Yy

Furthermore, what comes out is one more than a multiple of three.

Xoop—>]

multiply by 3

>

add 1

— YEVEN AND

ONE MORE THAN A MULTIPLE OF THREE

So, for example, 10 is even and also one more than a multiple of 3 but 8,
although even, is not one more than a multiple of three. So when going in
reverse it's fine to put 10 in but not 8.

4_
yODD

4_

+«— X

EVEN AND

YREVERE =

ONE MORE THAN A MULTIPLE OF THREE

[ 3 marks ]



2.3 The Reversed Collatz Rule With Examples

Many animations of the Collatz conjecture start from the number one at the base
of the tree and draw the tree going upwards, rather than starting at a randomly
chosen starting number the drawing the part of the tree bdlog.Reversed
Collatz Rulés the algorithm of how to do this.

The Reversed Collatz Rule

One reverse always occurs and is given by,

Yreveme = 2X

Additionally, if x is even and one more than a multiple of three, then there is a
branch in the tree and a second reverse which is given by,

x—-—1
YREVERE = 3

Example #1 : Reversing 7

14

|
7

The always occurring reverse Wrevere = 2X = 2 X 7 = 14
As 7 is odd there is no second reverse.

Example #2 : Reversing 64
211128
|

64
The always occurring reverse Mrevere = 2X = 2 X 64 = 128
As 64 is even so ask yourself, is it also one more than a multiple of three ?
It is because 64 divided by 3 has remainder one third (remainder 0.33333...)

x—1 64 -1 63

There is a second reversgheyeme = 3 3 =3 = 21

Example #3 : Reversing 44

88

|
44

The always occurring reverse Mgrevere = 2X = 2 X 44 = 88

As 44 is even so ask yourself, is it also one more than a multiple of three ?
Itis NOT: 44 divided by 3 has remainder two thirds (remainder 0.66666...)
There is no second reverse.



2.4 Exercise

Marks Available : 22 plus 8 bonus
Question 1
(1) Find the two reversals of 202.

[ 2 marks ]

(i) Use your part (i) answers to help complete the following piece of tree.

38
|
[ 3 marks ]
Question 2
(1) Find all reversals of 42.
[ 2 marks ]
(i) Find all reversals of 256.
[ 2 marks ]

(1ii)  Use your part (i) and (ii) answers to help complete this piece of tree;

[ 3 marks ]



Question 3

Mini-Project (15 minutes)

This question is about reversing up the tree beyond the high point reached in this
exercise's first question, where 67 was reached.

Starting from 67 begin reversing up the tree.

Explore all branches but stop reversing on a particular branch if any number
greater than or equal to 400 occurs.

Draw the tree to illustrate your discoveries.

Update theCollatz 100 Tablas you progress.

1 2 3| 4 5 6 7 8 9/ 10
11| 12| 13| 14| 15 16 14 18 19 2
21 | 22| 23| 24| 25 26 274 28| 29( 30
31 (32| 33| 34| 35| 36| 37| 38 39 40
41 [ 42 | 43| 44| 45| 46| 47| 48 | 49| 50
51|52 | 53| 54| 55[ 56| 57| 58| 59| 60
61 | 62| 63 | 64 | 65| 66| 67| 68| 69| 70
71| 72| 73| 74| 75| 76| 77|, 78| 79| 80
81 (82| 83|84 8| 86| 87| 88| 89 90
91 (92| 93194 | 95[96 | 97| 98 | 99| 100

[ 10 marks ]

Question 4 (Bonus)
Write a computer program that takes a positive integer as input and writes out
the path that number takes as it “falls to earth”.

[ 8 bonus marks |
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2.5 Answers
A-Level Mathematics Project
The Collatz Conjecture
2.5.1 Solutions to 2.2 Grow From The Base

Reversing the rule for whenis even...

Xeyey —>| dvideby2 —> Y even oroop

<«—{ multiply by 2 |&—— X

yEVEN EVEN OR ODD

Yreveme = 2X
[ 2 marks ]

Reversing the rule for whenis odd...

ONE MORE THAN A MULTIPLE OF THREE

EVEN AND
ONE MORE THAN A MULTIPLE OF THREE

yODD<_ divideby3 |€—— subtractl |&—— X

Xx-1
3

YREVERE =

[ 3 marks ]



2.5.2 Solutions to 2.3 Exercise

Answer 1
(1) Reversing 202

671404

|

202

The always occurring reverse Mgreverse = 2X = 2 X 202 = 404

As 202 is even so ask yourself, is it also one more than a multiple of three ?
It is because 202 divided by 3 has remainder one third (remainder 0.33333...)

x—-1 202-1 201

There is a second reversgheyvere = 3 - 3 =3 = 67
(This shades 67 in th@ollatz 100 Tablge
[ 2 marks ]
(i)
671404
|
202

|
1011_608 100

|
304 50

||
15225

|
76

|
38

|
[ 3 marks ]



Answer 2
(1) Reversing 42

84
|

42
The always occurring reverse Wgevere = 2X = 2 X 42 = 84
As 42 is even so ask yourself, is it also one more than a multiple of three ?
Itis NOT: 42 divided by 3 has remainder zero thirds.
There is no second reverse.
(This shades 84 in theollatz 100 Tablg

[ 2 marks ]

(i) Reversing 256

85—L 512

|

256

The always occurring reverse Mgrevere = 2X = 2 X 256 = 512

As 256 is even so ask yourself, is it also one more than a multiple of three ?
It is because 256 divided by 3 has remainder one third (remainder 0.33333...)
X—-1 256 — 1 255

There is a second reversgheyeme = 3 - 3 =3 = 85
(This shades 85 in th@ollatz 100 Tablge
[ 2 marks ]
(i)
84 85— 512
]
42 256
| |
Zl_L 128
|
64
|
32

[ 3 marks ]



Answer 3

(This shades 39, 59, 78, and 89 in@wdlatz 100 Tablg

624
31|2
il
7|8 472
31) 23!6
-|\11|8 712
5|9 35|6
L
I
89

The updatedCollatz 100 Tables;

-L 536

I
268

I
134

I
67

404

|
202

1 2 3| 4 5 6 7 8 9/ 10
11| 12| 13| 14| 15 16 174 18 1 2
21 | 22| 23| 24| 25 26 274 28| 29[ 30
31 (32| 33| 34| 35| 36| 37| 38/ 39 4d
41 [ 42 | 43| 44| 45| 46| 47| 48| 49| 50
51|52 | 53| 54| 55[( 56| 57| 58| 59| 60
61 | 62| 63 | 64 | 65| 66| 67| 68| 69| 70
71| 72| 73| 74| 75| 76| 77|, 78| 79| 80
8182|8384 8 86| 87| 88| 89| 90
91 (92| 93194 | 95[96 | 97| 98| 99| 100

[ 10 marks ]



Answer 4
Here is a short program in Python

(Written by “Dawg” in 2015 on the stackoverflow website) :

print("This is The Collatz Sequence")

user = int(input("Enter a nunber: "))
def collatz(n):
print(n)
while n 1= 1:
if n %2 == 0:
n=nl//l 2
yi el d(n)
el se:
n=n*3+1
yi el d(n)

print(list(collatz(user)))

Sample of output:

This is The Coll atz Sequence
Enter a nunber: 3

3

[10, 5, 16, 8, 4, 2, 1]

[ 8 bonus marks ]
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Lesson 3
A-Level Mathematics Project
The Collatz Conjecture

3.1 The Monster 27 Sequence
Our Collatz 100 Tablafter two lessons looks like this;

Collatz 100 Table

1 2 3| 4 5 6 7 8 9 10
11| 12| 13| 14| 15 16 174 18 19 2
21| 22| 23| 24| 25 26 271 28| 29[ 30
31 (32| 33| 34| 35| 36| 37| 38/ 39 4d
41 | 42 | 43| 44| 45| 46| 47| 48 | 49| 50
51 [ 52 | 53| 54 | 55[( 56 | 57| 58| 59| 60
6l | 62| 63 | 64| 65| 66| 67| 68| 69| 70
71| 72| 73| 74| 75| 76| 77| 78| 79| 80
8182|8384 8| 86| 87| 88| 89| 90
91 (92| 93|94 | 95| 96| 97| 98 | 99 | 100

The obvious next number to try is 27.

If you have written your own computer program to generate Collatz sequences

use it to obtain the 27 sequence. Otherwise use the online Collatz calculator at;
https://goodcalculators.com/collatz-conjecture-calculator/

Complete the 27 sequence over the page.
e You stop once you get to a number for which you know how the story ends.

e Cross out the appropriate number<Caoilatz 100 Tabl€above).
e Don't forget to also cross out the 27.


https://goodcalculators.com/collatz-conjecture-calculator/

CaCaCaTaCataC
CaCaCaCaCr@aCy
e a0

[ 8 marks ]



3.2 Exercise

Marks Available : 44
Question 1
Completing theCollatz 100 Table

Use a Collatz calculator to systematically check the numbers that have not yet
been accounted for in the Collatz 100 Table. Do this with the aid of the
following diagrams. You will not need to fill in all of the circles each time
because as soon as you get a number that is already accounted for in the tab
you know how the story ends.

(1) Starting to working through the numbers not yet accounted for...

&-O-O-O-0-0-0-0
&O-O-O-O-0-0-0-0
&-O-O-O-0-0-0-0
&-O-O-0-C-0-0-0

[ 6 marks ]

[ 3 marks ]



(i)  Some more that join on to known numbers quickly...

[ 5 marks ]
(iv)  Another longer sequence ...
[ 3 marks ]
(v) Short ...
[1mark]

O-O-O-O-0-0-00

[ 2 marks ]



(vii) Going for the finish ...

[ 4 marks ]

Question 2

The Total Stopping Timeof a Collatz sequence is the number of times the
starting number is iterated before reaching the number 1.

For example, the number 8 hasratal Stopping Tim®f 3 because from the
number 8, the first iteration gives 4, the second iteration gives 2 and the third
iteration gives 1.

The online Collatz calculator gives thetal Stopping Time
Here are th@otal Stopping Time®r theCollatz 100 Tablg

Total Stopping Times 1 - 100

1 2 3 4 5 6 7 8 9 10
00 0 1 7 2 5 8 16 3 19
10 14 9 9 17 17 4 12 20 20

20 7 15 15 10 23 10 111 18 18 18

30 106 5 26 13 13 21 21 21 34 8

40 109 8 29 16 16 16 104 | 11 24 24

50 24 11 11 112 112 19 32 19 32 19

60 19 107 107 6 27 27 27 14 14 14

70 102 22 115 22 14 22 22 35 35 9

80 22 110 | 110 9 9 30 30 17 30 17

90 92 17 17 105 105 12 118 | 25 25 25

In the Total Stopping Times 1- 1@8ble,
(1) What is the longest stopping time ?

[ 2 marks ]
(ii) Which starting number has this longest stopping time ?

[ 2 marks ]



Amongst mathematicians there is considerable interest in Trataé Stopping
Times For example, you may have noticed that you often get two and
sometimes three different starting numbers next to each other with the same
Total Stopping TimeThis raises the question, can you get four, five, six, ...
consecutive starting values with the safnogal Stopping Tim&

(iir)  Complete the following Total Stopping Time table for starting numbers
between 101 and 200. You could write a computer program to do this

or use the online Collatz calculator.

Total Stopping Times 101 - 200

1 2 3 4 5 6 7 8 = 10

100

110

120

130

140

150

160

170

180

190

[ 12 marks ]

(iv)  Canyou get four, five, six, ... consecutive starting values with the same
Total Stopping Tim&
[ 4 marks ]
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3.3 Answers

A-Level Mathematics Project
The Collatz Conjecture

3.3.1 Solutions to 3.1 The Monster 27 Sequence

484
(1339453001729
(ss0)y(330)~(1e)~(»)
7288485
CaCaa®

00

iy
(o]
(o]

DOOOOO®O®®®
H-® O&® OO OO ®

[ 6 marks ]



The updated Collatz 100 Table is;

Collatz 100 Table

1

2

3

11

12

13

14

15

16

17

1¢

21

22

23

24

25

26

57

28

31

32

33

34

35

36

37

38

41

42

43

44

45

46

47

48

51

52

53

54

55

56

57

58

61

62

63

64

65

66

67

68

71

72

73

74

75

76

77

78

81

82

83

84

85

86

87

88

91

92

93

94

95

96

97

98

100

[ 2 marks ]



3.3.1 Solutions to 3.2 Exercise
Answer 1

(1) Starting to working through the numbers not yet accounted for...

[ 6 marks ]
(ii) A longer sequence...

[ 3 marks ]



(i)  Some more that join on to known numbers quickly...

[ 5 marks ]
(iv)  Another longer sequence ...
[ 3 marks ]
(v) Short ...
[1mark]

O-O-O-O0-0-006

[ 2 marks ]



(vii) Going for the finish ...

[ 4 marks ]
Answer 2
(1) 118

[ 2 marks ]
(i) 97

[ 2 marks ]
(i)
Total Stopping Times 101 - 200

1 2 3 4 5 6 7 8 9 10

100 25 25 87 12 38 12 100 | 113 | 113 | 113

110 | 69 20 12 33 33 20 20 33 33 20

120 95 20 46 108 | 108 | 108 46 7 121 28

130 28 28 28 28 41 15 90 15 41 15

140 15 103 | 103 23 116 | 116 | 116 23 23 15

150 15 23 36 23 85 36 36 36 54 10

160 98 23 23 111 | 111 | 111 67 10 49 10

170 | 124 31 31 31 80 18 31 31 31 18

180 18 93 93 18 44 18 44 106 | 106 | 106

190 44 13 119 | 119 | 119 26 26 26 119 26

[ 12 marks ]
(iv)  Four: none found between 1 and 200
Five: five consecutive 28s are highlighted
(There's also five consecutive 25s on the join between the two tables)
Six: none found between 1 and 200
[ 4 marks ]
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Lesson 4
A-Level Mathematics Project
The Collatz Conjecture

4.1 The Sign Flipped Collatz Rule

Entire books have been written about the Collatz conjecture. The current best
was published in 2010 and is titld@tie Ultimate Challenge: The 3x+1 Problem.

It is written by Jeffrey Lagarias who is a mathematics professor at the University
of Michigan, USA, and features a few guest chapters by other mathematicians
who have spent time working on this problem.

The Hltimate Challenge:
The 3x+1 Problem

The Ultimate Challenge: The 3x+1
Problem [Book] £54.50
Hardback - Non-fiction Amazon.co.uk

In 2021 an updated version of the first chapter was made available free of charge
on the arXiv websitenttps://arXiv.org/abs/2111.02635

There is a good Numberphile video that summarises the Collatz Conjecture
featuring Professor David Eisenbud (about 8 minutes).

Teaching Video https://www.NumberWonder.co.uk/v9120/2.mp4

Towards the end of the video there is a suggestion that a similar iteration be
looked atthe sign flipped Collatz rujevhich is what our last lesson on the topic
IS about.


https://arXiv.org/abs/2111.02635
https://www.NumberWonder.co.uk/v9120/2.mp4

4.2 If At First You Don't Succeed

When a problem seems difficult, one avenue to explore is that of similar

problems to see what sort of things happen there. Do they exhibit similar
behaviours or do different things occur ?

=

v

Think of the number
15

e N\ No
number in mind >
A
- Multiply by 3
Divide by 2 then subtract 1
< Write the number

that's in your mind

On the diagram write the number sequence generated by the flowchart.

[ 4 marks ]

This initial exploration of theign flipped Collatz rulegiven by,

% if X is even
3x -1 if xis odd

seems to suggest that it's likely to behave in much the same way as the original 1

y:

However, prepare for some surprises as you work through the exercise !



4.3 Exercise
Marks Available : 38

Question 1
Use thesign flipped Collatz rulegiven by,
% if x is even
y =
3 — 1 ifxisodd

(1) with a starting number of 39.

[ 4 marks ]

(i) with a starting number of 9.

[ 4 marks ]

(iit)  Comment on your answers.

[ 2 marks ]



Question 2
In this question we'll look a little more at thign flipped Collatz rule

% if xis even
y =
3x -1 if xis odd

(1) Complete the following diagram.

(i) Explain how the diagram shows thign flipped Collatz rulean have
different behaviour to the regular rule used by the Collatz conjecture.

[ 6 marks ]

[ 2 marks ]



Question 3
Watts' Conjecture
Here is an iterative rule that's a variation on those previously looked at.

% if xis even

y:
5x — 3 if xis odd

Watts' Conjecturelaims that all positive integers will
either

(a) Terminate inthe 1-loop[1, 2]
or

(b) terminate in the 3-loop [ 3, 12, 6 ]

To get a good initial feel for this iterative rule, work through the sequence genera

by starting from,
(1) The number 5

[ 4 marks ]
(ii) The number 15

[ 4 marks ]
(i)  The numbers less than 100 so far have partitioned as follows;

Watts' 100 Table

1 2 3| 4 5 6 7 8 9| 10
11| 12| 13| 14| 15 16 174 18 19 2
21| 22| 23| 24| 25 26 24 28| 29| 30
31| 32| 33| 34| 35[36| 37| 38 | 39| 40
41 |42 | 43| 44 | 45| 46 | 47| 48| 49| 50
91| 52| 53| 54 | 55 [ 56| 57| 58| 59 60
61| 62 | 63| 64| 65| 66 | 67| 68| 69 [ 70
71| 72| 73 [ 74| 75| 76| 77| /8| 79| 80
81 82| 83]|84|85([86| 87| 88| 8 90
91 (92| 93194 | 95196 | 97| 98 [ 99 | 100

An interesting pattern seems to emerge if the start numbers that go to
the 1-loop are coloured differently to those going to the 3-loop.

Investigate if this pattern continues to hold.
[ 12 marks ]
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4.4 Answers

A-Level Mathematics Project
The Collatz Conjecture
4.4.1 Solutions to 4.2 If At First You Don't Succeed

(1)

[ 4 marks ]

[ 4 marks ]

[ 4 marks ]

(i) Answer 1 exhibits behaviour like the regular Collatz sequence we've
previously looked at falling into a loop with 1 as smallest number.
Call this the 1-loop.
However, answer 2 shows that a Collatz like conjecture for the sign flippe
sequence would not be true as this sequence never gets to 1.
We've exhibited a number, 9, that does not “fall to earth”.
Instead it falls into a loop where 5 is the smallest number.
Call this the 5-loop.
[ 2 marks ]



Answer 2

(i)

[ 6 marks ]

(ii) The 21 falls into another, different, loop.
The smallest number in the loop is 17, so call it the 17-loop.
The equivalent of the Collatz conjecture is (again) NOT true for this iterat
Numbers seem to either fall into the 1-loop, or 5-loop or 17-loop.
It's not currently known if there are any other loops for this iteration.
[ 2 marks ]
Extra : If a sign flipped Collatz 100 table is made, and entries coloured
according to which loop they end up in the following results.

Sign Flipped Collatz Rule 100 Table

1 2
11 | 12
21 | 22
31| 32

41| 42
| 64 65| 66
1

There does not seem to be any obvious pattern...



Answer 3

(i)

(i)

(i)

Extra :

55225 11=52= 26=13= 62= 31=152= 76=38
=195 922 46=23= 112=56=228= 14 7= 32=
16=>8=>4=1[2,1loop]

[ 4 marks ]
155 72= 36= 18= 9= 42=21= 102= 51= 252
= 126= 63> 312= 156= 78= 39= 192= 96=
48= 24=[12, 6, 3 loop ]

[ 4 marks ]

An initial investigation suggests that the pattern may continue to
hold. However, some numbers give sequences that include some
numerically large integers. Sequences were terminated if a term
greater than 2,147,483,647 occurred.

So, there is more work to do on this !

Watts' 100 Table

[ 12 marks ]

Pick an iterative rule that is similar to that of the Collatz
conjecture and explore it, initially on paper.
Your rule should be of the form,

% if xis even

y:
ax *+ b if xis odd

for some integer values afandb that you have chosen.
You also get to pick if the sign is + er



| TERATION

| TERATION

| TERATION

| TERATION

| TERATION

ITERATION

ITERATION

ITERATION
ITERATION

THE COUWLATZ CONJECTURE STATES THAT IF YOU
PICK A NUMBER, AND IF ITSEVEN DIVIDE 1T B
TWC AND |F IT5 ODD MULTIFLY IT BY THREE AND
ADD ONE, AND YU REPEAT THIS PROCEDURE LONG
ENOUGH, EVENTUALLY YOUR FRIENDS WILL SToP
CALLNG TO SEE IF YOU WANT TO HANG OUT.
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