1.3 Answers

Further A-Level Pure Mathematics, Core 2
Applications of Differential Equations

1.3.1 Solution to 1.2 Exercise

Answer 1
2 2
(1) Yes, becaused—;( = —9xis of the formd—;( = —w?’X Withw = 3

dt dt

which is the equation that characterises simple harmonic motion.
[ 1mark ]
. d?x
I — + X =0
m’ + 9 = 0 isthe auxiliary equation
m’ - (3)° =0
n = (3)°
m= +3i (complex roots)
The general solution ig = eOt(ACOS3t + Bsin3t)
X = Acos3t + Bsin3t
% = —3Asn3t + 3Bcos 3t
Using the boundary conditions,tat 0,x = 1 and the velocity is 4 mls
X = Acos3t + Bsin3t =>1=A
% = —3Asn3t + 3Bcos3t = 4 = 3BsoB = %
The particular solution isx = cos3t + %sinS‘t
[ 5marks]

(iii)

In general,x = Rsin(wt + o) = Rsnwtcosa + Rcoswt sina

sna 1x3
Sotana = =
cos a 4
a =064 and R-= 12+(i)2 _ 2
T B 3/ 3

X = %sin(St + 0.644) giving Xyax = %metres

First occurs whesin( 3t + 0.644) = 1, when, 3t + 0.644 = %

Solve this to get = 0.309 seconds.
[ 4 marks]



Answer 2

(i)

(i)

(iii )

(iv)

ﬁ and soa = t + 5v
dt

becomes% =t + bv

‘.%—5V=t ]
[ 1mark ]
d?x

dx
a=——5andv=—soa=1t+5v
dt? dt

can be recast asd—zx =t+ dx

dt? dt

d%x dx

Atz T dt

This is not in the form of the differential equation for SHM

|
—
(6]

=t

[ 2marks]

fP(x) dt = f (-5 dt = -5t so integrating factor i

[ 1mark ]
dv
- _ =t
ot ov
Multiply through by the integrating factor
_5t dv _ 5t
— -5
e pn e

integrate both sides with respect to

v=te
ety = —ij‘t(—S) e Xt
5

1 5t _ 5t )
—E(te —fe dt + ¢

——(Ste_5t +j(—5) e tdt + cl)

=-> (5te_5‘+ e c2)+
1

25

\Y (—5t—1+C395t)

1

Use the boundary conditionr= 0 whent=0: 0 = —(0 - 1 + ¢3)

25
=1

2i5(e5‘—5t—1)

Vv

[ 5marks]



Answer 3
(1) It's simple harmonic motion.
[ 1 mark ]
d?x
(i) The equation is of the fornﬂ\dt—2 = —w X

2 2

Using the information given 5 = -0 x 1sow” =5

d?x

‘. F:—SX

[ 2marks]
d’x
(i) o2 + 5% =0

n? + 5 = Ois the auxiliary equation
2

m? — (V5i) =0
m = +./5 i (complex roots)

X = AcosvV5t + Bsiny5 t

% = —\/5Asiny/5t + V5 Bcosy/5 t

d%x

dt?
Using the boundary conditions thatat= 0, v = 6andx = 5
x = Acosy/5t + BsinyV5t = 5= A

d . 6V 5
VB AsnYEt+VEBosvEt = 6= VEBs0B - TW

. X = 5c0sV5t + 6? siny5 t

= —5AcosyV 5t — 5Bsiny5 t

[ 7marks]
2
(|V) DMAX:\/52+($)
_ V805
-5

[ 2marks]



Answer 4

3—2+6%+9x:0033t
(a) Obtain the complementary function by solving the homogeneous equatio
3—2( + 6% + X% =0
m’ + 6m+ 9 = 0 isthe auxiliary equation
(m+ 3)2 =0
m = -3 (repeated root)

.. The complementary function is = (A + Bx) e

For a particular integral trx = Ucos3t + Vsin3t

in which case% — _3Usin3t + 3Vcos3t
d?x )
and—2 = —9Ucos3t — 9Vsn3t
dt

Substitute these into the question's differential equation...
— 9Ucos3t — 9vsn3t — 18Usin3t + 18Vcos3t + 9Ucos3t + 9Vsin3t = cos3t
(-9U + 18V + 9U ) cos3t + (-9V — 18U + 9V) sin3t = cos3t

18 = 1soV = —
-18J =0soU =0

. . . 1 .
. The particular integral isx = 18 sn3t

3t

L _ 1 .
The general solutionigs = (A+ Bt) e ~ + EsnBt

[ 8 marks]

(b) %:(A+ Bt)(—3)e_3t+Be_3t+%0033t

Use the boundary conditions: whies= 0, x = %and% =0

_3t 1 . 1
= (A+Bt)e + —san3t A= —
x=( ) 18 = 2

_ _ 1
% = (A+Bt)-3e 3, Be ¥+ = cos3t
dt 6
:>—§+B+i=OSOB:i
2 6 3
The particular solution ix = (i + it) ey isin3t
2 3 18

[ 5marks]



(c)

From % = (A+ Bt)(—3)e_3t +Be ¥4 %cos3t

dt
with the values oA andB just worked out,
dx ( 1 4 ) 3 4 3z 1
— ==+ =t](-3e T+ —e T + —cost
dt 2 T 3t)ed 3 6
For a turning point, we require,
1 4 _x 4 _3 1
—+ —=t](-3e 7+ —e " +—cos3t =0
( > "3 )( ) 3 6

Fort > 30, the terms involvinga_3twill be negligible.

- Solve cos3t = 0
x 3 @2n-1)n
3t = 7, 7, ceey #,
2 3t (2n - 1)m
5 5 5
We want-2 = DT 45
on- 1> 2XO
JU
2n -1 > 573
n > 291 = n = 30(must be an integer)
‘= (2x30-1)x
6
5
T 6
1 .(3><5971)
X = —snf ——
18 6
3 1
18

The coordinates ok are thus( ﬁ, - i )
6 18

[ 2 marks]



Answer 5

. 1 .
a I 0 = —tan3t
(a) (i) >
d—e = itcos3t+isin3t
dt 4 12
2
. 1 1
d_g = —itsn3t+—0033t+—0053t
dt 4 4 4
= icoth—itsinBt
2 4
Now to show that these bits satisfy the given equation...
d%0
LHS = —5 + 90
dt?
1 3 . ( 1 ) )
= — — —tsn3t + ——tsin
2cos3t4$|3t 91293t
= icos3t—itsin3t+§tsin3t
2 4 4
1
= — cos3t
2
= RHS O

So the particular integral is indeed = % tsin3t

[ 4 marks]

(i) Obtaining the complementary function...

2
_((jzltg + 99 = 0 homogeneous equation
n’ + 9 = 0 isthe auxiliary equation
2
m - (3)" =0

m = =3I (complex roots)

. The complementary function 8 = Acos3t + Bsin3t

General solutiond = Acos3t + Bsn3t + %tsin3t

[ 4 marks]



(b) Now to use the boundary conditioniemt =0, 6 = % andz—f =0

60 = Acos3t + Bsn3t + itsin3t = A= T
12 3

d_0 = —3Asin3t + 3Bcos3t + itcos3t - isin3t = B=0
dt 12 12
. . 7T 1 )
Particular solutiond = 3 cos3t + ET) tsn3t
When t =10,
T 10 .
= —c0os30 + —sn30
“=73 D)
= —0.662

[ 4 marks]
(c) As the question does not specify which side of the downward

vertical the% was, the sign of is unimportant.

As 0.662 is close to 0.62 the model seems good whetd
(‘although that's only been checked for one valug.of

[ 1mark ]

1 . . . . :
(d) It's theE cos 3t that is forcing the motion so for simple harmonic

motion that will need to be removed. So the obvious modification

2
would be to switch to using the equatieddntg +90 =0

[ 1mark ]
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