2.9 Answers
Further A-Level Pure Mathematics, Core 2
Applications of Differential Equations

2.9.1 Solutionsto 2.8 Exercise

Answer 1
d%x dx dx 1
— +2— +10Xx =0, whent =0, x =0, —=- —
dt2 dt W X dt 4
(1) Obtain the complementary function by solving the homogeneous equatio
d’x dx
— +2—+10x =0
dt2 dt
n? + 2m + 10 = O is the auxiliary equation
-2+xv4-4x10
m =
2
_ —2%4(-1)(36)
B 2
m=-1=+3i (complex roots)

. The complementary function is = e_t(Acos3t + Bsn3t)

Using the boundary conditions,

x:e_t(A0033t+Bsin3t) = 0=A

% = e_t(—BAsin3t + 3Bcos3t) — e_t(ACOS3t + Bsin3t)
1 1

= -——=(3B)-A ~.B=-—
4 12

The particular solution ix = — % e lsn3t

[ 6 marks]

(i) The motion is lightly damped because,
e there were two complex roots to the auxiliary equation.
¢ the graph shows that oscillations occurred.
[ 1mark ]



(iii)  First, find the time at which the maximum displacement occurs.

1 .
X=—-———e€e 9Sn3t
12

Il
o

. . dx
At maximum displacement, o

—ie_t3cos3t + i e lsn3t =0
12 12

Multiply through by12e"

—-3cos3t + sn3t =0

sn3t = 3cos3t
tan3t = 3
3t = 1.249
t = 0.416seconds
1  _0416
X=—-—=6e "7d9n (3 x 0416
12 ( )
= —0.0521metres
| x| = 5.21centimetres
[ 5marks]
Answer 2
(a) Obtain the complementary function by solving the homogeneous equatio
dh dh
4— +4—+ 3M =0
dt? dt
4nf + 4m + 37 = 0 is the auxiliary equation
M= —4++16-4x 4 x 37
- 2x 4
=4+ (-1)(576
- 8
=4+ 24
- 8
1 .
m = ) + 3 (complex roots)

.. The complementary function is also the general solution in this case.
(As the particular integral is zero)

_t
h=e 2(Acos3t + Bsin3t)
[ 2marks]



(b)

(c)

Boundary conditions; when= 0, h = —20 and% = 55

_t
h=e 2(Acos3t + Bsn3t) => —-20 = A

-1 _t
% = e 2(-3Asn3t + 3Bcos3t) — %e 2(Acos3t + Bsn3t)

1
:>55=(SB)—EA = 55 =3B+10= B =15

_t
The particular solution i = e 2 (—20cos3t + 15sn3t)

At maximum displacement, % =0

_t 1
e 2 (60sn3t + 45cos3t) — % e 2(-20cos3t + 15sn3t) = 0

120sin3t + 90cos3t + 20cos3t — 15sin3t = 0
105sn3t + 110cos3t = 0

tan3t = —1—10
105
tan3t = —2
21
3t = -0.8086 2.333..
t = 0.778seconds

_ 0778
Displacementistherh = e 2 (-20c0s2.333 + 15sn2.333)

= 16.7cm
[ 8 marks]

Ast becomes large, the exponential term in the end-of-board displaceme
equation becomes small, andrswill also become small. From experience,
this is how a diving board behaves once the diver has jumped off the enc
initially large oscillation fading reasonably quickly with the passage of tim
returning to it's stationary equilibrium state.
(Technically the model has a negligible oscillation indefinitely)
I'd say it's a good model, for valuestdifetween 0 and 10 seconds.
(If 10 seconds is what is meant by large)

[ 2marks]



Answer 3
(a) The given boundary conditions are telling us that wiheg,

d?x dx
_dtz = 13_6, E = O and X = —20
d?x dx
K—5 + 2k— + 17X =
S 92 + pm + 0
= 5k (136) + 2k (0) + 17 x (-20) = O
68k = 340
k=5
[ 2 marks]
(b) Obtain the complementary function by solving the homogeneous equatio
d’x dx
25— + 10— + 1% =0
az "t

25nf + 10m + 17

0 is the auxiliary equation
-10++/100- 4 x 25 x 17

m= 2 x 25
10+ D (1600
- 50
m = -0.2 + 0.8i (complex roots)

.. The complementary function is = e_O'Zt(AcosO.8t + Bsin0.8t)

Using the boundary conditions,

x = ¢ %2 (Acos0.8t + Bsn0.8t) - -20= A
% - ¢ %2Y 0.8Asn0.8t + 0.88cos0.8t)
— O.Ze_O'Zt(AcosO.St + Bsin0.8t)

— 0 = (0.8B) - 02A

08B = 0.2A
B=-5
The particular solution ix = e_O'Zt(— 20c0s0.8t — 559n0.8t)
[ 7marks]
(c) h=230+e%*C 2000508 x 15 — 5sin(0.8 x 15)
= 29.3metres
[ 2marks]

(d) It's unlikely that the rope will remain taught.
If it goes slack the tourist becomes a projectile for part of the motion.
[ 1mark ]



Answer 4

(1) a is the phase shift of the sine wave part of the expression but from the
graph it is clear that there is no phase shift.
Alternatively, notice that wheh= 0,x = 0 as the graph is at the origin.
sn(wt + a) = 0 with t =0 becomesin(a) = 0 .. =0

[ 1mark ]
(i) From the graph? = 125 seconds and you may suspect thisis 4
f = 1 = = = 0.0796Hertz (Cycles per second)
P A
P = 2T sow = 2T = 2T = iradians/second
) P 4 2
[ 3marks]
Answer 5
(a) Obtain the complementary function by solving the homogeneous equatio
d%x dx
100—5 + 60— + 1 =0
dt? dt

100m? + 60m + 13

0 is the auxiliary equation

- 60+ +/3600- 4 x 100 x 13
2 x 100
~60 + D) (1600_
- 200
—-60 £ 40
200
m=-03=* 0.2 (complex roots)

m =

. The complementary function s = e_o'?’t( Acos0.2t + Bsin0.2t)

. : : . d*x dx
For the particular integral let = U in which case? =4 - 0

I . d?x dx .
Substituting this mtoloom + GOE + 13 = 26 gives,
13U = 26soU = 2

e 0.3t

The general solution s = (Acos0.2t + BIn0.2t) + 2

[ 4 marks]



dx

(b) Use the boundary conditions: whiers= 0, x = OandE = 10
x = € %3 (Ac0os0.2t + BSn02t)+2 = 0=A+2 = A= -2
dx

- = e 03'(_02Asn0.2t + 0.2Bcos0.2t)

~ 03¢ %3 (Acos0.2t + Bsin0.2t)
— 10 = 02B - 03 x A
10 = 0.2B + 0.6
B = 47

The particular solution ix = e_0'3t(—20050.2t + 479n0.2t) + 2
At maximum concentration, ax =0
—0.3t - ~0.3t . _
e (049n0.2t + 94c0s0.2t) — 0.3e (—2c0s0.2t + 47sin0.2t) = 0

4sn0.2t + 94cos0.2t + 6¢c0s0.2t — 141sn0.2t = O
—137sn0.2t + 100cos0.2t = O

tan0.2t = @
137
0.2t = 0.631 ...
t = 3.15weeks

Concentration is then,
x = & 93%315 5005(0.2 x 3.15 + 47sin(0.2 x 3.15) + 2

= 121 ug/ml
[ 8marks]



(c)

Assume that any oscillations are negligible wherl0

e 03%10_2005(0.2 x 10) + 47sin( 0.2 x 10) + 2

= 4.17ug/ml
Which suggests it is safe to give the second dose after 10 weeks

X

A graph confirms the assumption about asgillations being
negligible after ten weeks.




Answer 6
(1) The particle will exhibit (undamped) simple harmonic motion because

2
X = —200x is of the form(;T;( = —? X with w® = 200
[ 1mark ]

. d?x

i — + 20k =

n? + 200 = O is the auxiliary equation
2
m? — (10v2i) =0

+10v/2i  (complex roots)
(Acos(10v2t) + Bsin(10V2 t))
Using thet = 0 boundary conditions;= 0.3 and the velocity is 0 mts

m

The general solution ig

X = Acos3t + Ban3t = 03=A
% = (-10v/2 Asin(10v/2't) + 10v/2 Beos(10vV2t) ) = B =0
The particular solution isx = 0.3cos(10V 2 t)
[ 7marks]
(i) Period: P = %
w
. 2n y V2
S o10v2 T V2
av2
= seconds
10
Amplitude : 0.3 metres
[ 3marks]
(iv) % = (-3V2sn(10vV21t))

. Maximum speed i8V2 m.s?  (Approximately 4.24 m:%
[ 2marks]



Answer 7

d2X dx —t
—5 +5— +6x = 2e
dt? dt
(a) Obtain the complementary function by solving the homogeneous equatio
d?x dx
—5 +5— +6x=0
dt? dt X

n’ +5m+ 6 = 0 is the auxiliary equation
(m+3)(m+2)=20
Eitherm = -3 orm = -2  (two distinct real roots)

. The complementary function s = Ae 3+ Be 2

For a particular integral trx = Uet
. . d _
in which cased—)t( = -Uge!
d2X —t
and —5 = Ue
dt?

Substitute these into the question's differential equation...
Ue'-5Ue!+6Ue! = 26"
2uet = 26t
u=1
.. The particular integral isx = et

The general solution ig = Ae B 4 gt

Use the boundary conditions: whes= 0, x = 0 and% =2
x:Ae_3t+Be_2t+e_t = 0=A+B+1
%:—BAe_St—ZBe_&—e_t — 2=-3A-2B-1

Solve these simultaneously to get= —1 andB = 0

The particular solution ix = —et et

[ 8 marks]

(b) At a maximum (or minimum) distance

dx
dt
3e‘3t —_el=0p

=0



Multiply through bye3t

3-¢et =0
e2t =3
2t = In3
1
t = —1In3
2
= In+/ 3 seconds
At this time,
X = _e—sln\/? " e—ln«/?
-3 -1
_ _dnvd T gnvs
-3 -1
= -vV3 +vV3
1
- 3V3 V3
B -1+3
- 3V3
2 y V3
- 3V3 T V3
:_égi -

To determine the nature of the turning point...
d° —3t | -t

— =-9e T + e

dt2
= _9e3InV3 | & IV3 singt = InV3

-3 -1
_gdnV3 T gnV3

__9y3 S+v3 !
9 1
T T3V3 V3
2V3
I

As this is negativex is indeed a maximum.
[ 7marks]
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