3.4 Answersto 3.5 Exercise

Further A-Level Pure Mathematics, Core 2

Answer 1
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[ 8 marks]



(i) Boundary conditiong= 0,x=2 andy =0

x = Ad + Be X = 2=A+B
1+ 1 _ _4 1 1
= —Ae - =B = —A- =B
y=3Ae-5Be =0=73A"7
Simultaneous equations
2A+ 2B = 4
SUBTRACT 2A-3B =0
B =4
B = s andA = )
5 5
The particular solutions are,
X = Eet + ie‘4t
5 5
2 + 2 _a
= —e - —e€
Yy=%5¢"73
[ 4 marks]
Answer 2
. dx dy
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X =(A+ Bt)e’t



Differentiate this as we need g=” companion to thisx ="

dx

dt

Go back to the first equatio%
(B— A-Bt)e"
2y

y
General Solutions:x

y

Boundary conditiong;= 0, x =
x=(A+Bt) gt

y = %(B+2A+ 2Bt) e

The particular solutions are,

= (-1D(A+ Bt)e_t +Be

(B- A-Bt)e"

-3X + 2y

-3(A+ Bt)e‘t+2y
(B— A—Bt +3A+3Bt)e "
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100 andy = 200
= 100 = A

= 200 = %B+ASOB: 200

X = 100(1 + 2t)e
y = 200(1+t)et
[ 8 marks]
(i) x=100(1+ 2 x 2)e? = 677litres
y=200(1+2)e? = 812litres
[ 2marks]
(i)  Astbecomes Iargeveg_t tends towards zero

So the amount of both chemicals will tend towards zero.

[ 2marks]



Answer 3

(1) %:0.2x+0.2y

dt

Work on first equation:%

y
dy
dt
. dy
Work on second equatlonaT
5 0 _ dx
dt2 dt
5 0 _ dx
dt2  dt
d’x dx
5—5 — 3— + 0.9x
dt? at
d%x dx
— — 06— + 0.18
dt2 a

(i) The auxiliary equation is,
m? — 0.6m + 0.18 = 0
100 — 60m + 18 = 0

50n” — 30m+ 9 = 0

dy
— = -05 0.4
pn X + y
0.2x + 0.2y
dx . .
SE - X Makingy the subject
d_2x _ %X By differentiation
dt2 a )
-05x + 04y

—0.5x + 0.4(5% - x)
dt

—0.5x + 2% — 0.4x
dt

[ 3marks]

30++/900- 4 x50x 9

m

2 x 50

30 =/ (- 1)(900

General solutionx =

100

0.3 £ 0.3
eo'gt(Acos(O.Bt) + Bsin(0.3t))

Thatis,a = f = 0.3

[ 4 marks]



y:

(iii)  Differentiate part (ii) answer as we needya=" companion to thisx ="
dx

- = 231 (—0.3Asn(0.3t) + 0.3Bcos(0.3t) )

+ 0.3e0'3t(Acos(O.3t) + Bsin(0.3t))
0.3e**( (B + A) cos(0.3t) + (B — A) sin(0.3t) )

Go back to the first equatio% = 02x + 0.2y
dx
=5— - X
Y=

1523 (B + A)cos(0.3t) + (B — Asin(0.3t)) — (e23%(Acos(0.3t) + Bsin(0.3))
y = €23 {(15B + 1.5A — A)cos(0.3t) + (L5B — 1.5A — B) sin(0.3t)}
y = >3 {(0.5A + 1.5B) cos(0.3t) + (~1.5A + 0.5B) sin(0.31)}
y = 0.1e>3{(5A + 15B) cos(0.3t) + (=15A + 5B) sin(0.3t)}
[ 3marks]
(iv)  Use the = 0 conditionsx = 3 (Weasels)y = 111 (Foxes)
x = 231 (Acos(0.3) + Bsin(0.3) = A = 3
y = 0.1e>3{(5A + 15B) cos(0.3t) + (=15A + 5B) sin(0.3t)}
= 111 = 0.1(5A + 15B)
1110 = 15 + 158
B =73
Particular solutionsx = eo'at(Scos(O.Bt) + 73sin(0.3t))

y = 0123 {1110c0s(0.3t) + 320sin(0.3)}
To find the time whey = 07?
1110cos(0.3t) + 320sn(0.3t) = 0
320sin(0.3t) = —1110cos(0.3t)

tan(0.3t) = —%
= —-3.469
0.3t = -1.290 1.851 ...
t = 6.172years

Year Islands Foxes die out 823+ 6.172 = During2029
[ 5marks]



(v) x = e®3(3cos(0.3t) + 73sin(0.3))
The number of Weasels wher 6.172 will be...

x = e3%617203005(0.3 x 6.172) + 73sin(0.3 x 6.172)
4415

[ 1mark ]

(vi)  The graph shows that the Island Foxes cannot be the only source of fooc
the Weasels, as their population goes on rising after the Island Foxes ha'
died out. The question seemed to suggest that the populations of the twc
species were interrelated, but if this were so, the Island Foxes demise wc
have also caused the population of Weasels to suffer. This model is, per
a bit too simple to realistically capture population dynamics.

[ 2marks]

This document is a part ofathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedi€pendent School of the Year 2020”
© 2023 Number Wonder
Teachers may obtain detailed worked solutions to the exercises by email from mhh@shrewsbury.org.uk



