Push The Pace #1
Answers

Further A-Level Pure M athematics
Push The Pace Revision Papers

Answer 1
For the cylinder formed by rotating the stem of the funnel abouwt#xés,

Vevuinpber = 7 X 12 x 4
= 4x
For the bowl! formed by rotating the arc of the circle abouytes,

o 2
Veow. = 7 [, 37~ (y - 10)* dy

w ij?—y2+20y—1OOdy

azfj—y2+ 20y — 63 dy

n[—ﬁ + 10y — 63‘5/}

9
3 4

Jl’|:— 243 + 810 — 567 + % - 160 + 252}

3407
3

Total Volume is 352

cm®  (About 368.6 cri)

[ 3marks]
Answer 2
AB = ki
X+ 1 2\(x—-4 x—2_k10
X+2 -3 0 -2/ "\o1

(X+1)(x-4) xX2-x-6 —k(lo)
(x+2)(x—4) x2+2 | 01

(X+1)(x—4) (x+2)(x-23) (1 o)
=k
(X+ 2)(x —4) X2 + 2 01

Thus,x = —2 (to get the zerognd the multiplication is then

60 _klo
06/ 01
Sok = 6 whenx = -2
[ 3marks]



Answer 3

k
Y (3r—k) =90
r=1
k k
3 r-k>1=090
r=1 r=1
3><k(k+1)—k2=90

3K(k + 1) — 2k? = 180
k> + 3k - 180 = 0
(k + 15)(k — 12) = 0
Either k = — 15 (reject) ork = 12

The only answer ik = 12
[ 3marks]



Answer 4

(a) 4x2+10x—24:4[x2+§x}—24
2
S
4 16
2
:4(x+£)—§—24
4 4
2
:4(x+£) _ 1A (a:4,b:£,c:—£
4 4 4
[ 3marks]
2
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(b) XT3y 16
2 2
(oo 3 (4]
4 4

Now to use the formulae booklet (page 12) where we are told that,

J.\/lef ?dx = arcosh(%),ln{x+ X2—a2} +c forx > a

By all means use the first result, we're going for the second...

5 6
js VAx2 + 10x — 24 i
=i ° 6 dx
275 J(x+ 37 - (47

e 3o -G
o (5T -l [
-o[nf - 5] -nl - 28]
=3|n{%}

[ 5marks]



Answer 5

2
Begin by solving the homogeneous equatidh,g% + 5% -2y=0

This has auxiliary equatiori?,m2 +5m-2=0
(3M-1)(m+2) =0

. 1 -
Either m = 3 or m = —2 (Two distinct real roots)

. . 1x — 2X
The general solution ig = Ae®” + Be

For the particular integral try = UX? + VX + W
2

in which cased—y = 2Ux + V and d—g = 2U
dx dx

Substitute these into the question's differential equation...
3x2U +5(2Ux + V) - 2(UX’ + Vx + W) = 8 + 6x — 2%
6U + 10UX + 5V — 2UX2 — 2VX — 2W = 8 + 6x — 2%
(6U + 5V — 2W) + (10U — 2V )X — 2UX® = 8 + 6x — 2X°
Match up coefficients off U =1
Match up coefficientsaof : V = 2
Terms independent af 6+ 10-2W = 8 givesW = 4

.. The particular integral iy = X2+ 2X + 4

2

. . Lx — 2X
The general solution ig = Ae3” + Be " + X"+ 2x + 4

1
from Which% = %e3 - ZBe"2 +2x+ 2

From the boundary conditiong, = 6 and % = 5whenx =0

6=A+B+4 and5:2—28+2

Solving these simultaneously...
A+ B
SUBTRACT A — 6B

2
9

MB=-7s0B=-1andA =3

2

ix
— e Xy x4+ 4

The particular solution ig = 3e3
[ 12 marks]



Answer 6
You could use the various rules for sum or products of roots.
Here is a “first principles” approach.

4x3 — 12x% — 13+ k = 0
Divide through by 4

x3—3x2—1—3x+£=0
4 4

Let the roots be(a — d), a, (a + d) which are in arithmetic progression.
(For some constaa
In consequence(x —a+d)(x—a)(x—a—-d) =0
((x—a)z—dz)(x—a): 0
(x2—2ax+a2—d2)(x—a) =0
x> — 2ax® + (a2 - dz)x
—ax +r2ax-a+ad® =0
x3’—3ax2+(3a2—d2)x—a3+ad2 =0

Match up coefficients i a=1

- 1 1
Match up coefficients of 3% - d° = —73 so d® = 3+ TS
5
d=+—
2
3 7
So the roots are;, = — 5 X =1 andx = 5
[ 6 marks]
Answer 7
1 2 0}/[x 3
(a) In matrix form the equations are2 -5 3 ||y| = |8
0 6 -2/\z 0

However, the X 3 matrix has a determinant of zero.
To see this either use your calculator or, expand along the upper row,

1 2 O

-5 3 2 3 2-5
2-5 3 =(1)‘ ‘—2‘ +0‘ ‘
0 6 -2 6 -2 0-2 0O 6

=10- 18+ 8
=0 as claimed.

This means that there is no unique solutions and so the planes do not

meet at a single point.
[ 5marks]



1 2 0
(b) Look at the normal vectors which gi2|, |- 5| and | 3| but none of
0 6 2

these are parallel.
Multiply the upper row by 15, the middle yand the lower by 5

15 30 O0}X 45
12 -30 18 ||Yy| = |48
0 30 -10/\z 0

Combine upper and middle equations,
15x + 30y + 0z = 45
ADD 12x — 30y + 18z = 48

27X + 18 = 93
9% + 6z = 31 *
Combine lower and middle equations,
Ox + 30y — 10z = O
ADD 12 — 30y + 18z = 48

12x + 8z = 48

X+ 2z=12 *

As the two starred equations are not consistent, the three planes
form a prism.

[ 6 BONUS marks]
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