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Push The Pace #1

You have thirty-five minutes to answer seven examination questions
Marks Available : 40 (+ 6 bonus)

Further A-Level Pure Mathematics
Push The Pace Revision Papers

Question 1

Further A-Level Examination Question from October 2021, Paper 1, Q6 (OCR)
O is the origin of a coordinate system whose units are cm.

The pointsA, B, CandD have coordinates (1, 0), (1, 4), (6, 9) and (0, 9) respective

The arcBC s part of the curve with equatioxﬁ + (y - 10)2 = 37

The closed shap@ABCDis formed, in turn, from the line segmef# andAB, the
arcBC and the line segmen®D andDO (see diagram).
A funnel can be modelled by rotati@ABCDby 27 radians about thgaxis.

AT

Find the volume of the funnel according to the model.

[ 3marks]



Question 2

Further A-Level Examination Question from June 2020, Paper 2, Q4 (AQA)
The matrice\ andB are defined as follows,

_[x+1 2 _[x-4 x-2
A_(x+2 —3) B‘( 0 —2)
Show that there is a valuexfor whichAB =klI, wherel is the 2x 2 identity
matrix andk is an integer to be found.

[ 3marks]

Question 3
Further A-Level Examination Question from June 2019, Paper 2, Q4 (AQA)

k
The positive integek is such that, 2 (3r — k) =90
1

r=
Find the value ok

[ 3marks]



Question 4
Further A-Level Examination Question from June 2022, Paper 4, Q7 (WJEC)

(a) Express4x2 + 10x — 24 in the forma(x + b)2 + ¢, wherea, band
c are constants whose values are to be found.

[ 3marks]

5
(b)  Hence evaluate the integraji3 N 6 dx
X

+ 10x — 24
Give your answer correct to 3 decimal places.

[ 5marks]



Question 5

Further A-Level Examination Question from June 2022, Paper 4, Q12 (WJEC)
Find the solution of the differential equation,

d%y dy 2
W+5&—2y:8+6x—2x
dy

wherey = 6 and& = 5whenx = 0

[ 12 marks]



Question 6
Further A-Level Examination Question from May 2020, Paper 1, Q8 (AQA)
The three roots of the equation,

4x3 — 12x% — 13+ k = 0

wherek is a constant, form an arithmetic sequence.
Find the roots of the equation.

[ 6 marks]



Question 7
Further A-Level Examination Question from June 2022, Paper 4, Q5 (WJEC)
(a) Determine the number of solutions of the equations,

X+2y =3
2X -5+ 32 =28
by -22=0

[ 5marks]

(b) Each of the three equations in part (a) has the geometric interpretation
of being a three dimensional plane. Backed up by a rigorous analysis
determine the configuration of the three planes.

[ 6 BONUS marks]
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In October 2020, Shrewsbury School was voledi€pendent School of the Year 2020”
© 2025 Number Wonder
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Push The Pace #1
Answers

Further A-Level Pure M athematics
Push The Pace Revision Papers

Answer 1
For the cylinder formed by rotating the stem of the funnel abouwt#xés,

Vevunper = 7 X 12 x 4
= 4x
For the bowl! formed by rotating the arc of the circle abouytes,

o 2
Veow. = 7 [, 37~ (y - 10)* dy

w ij?—y2+20y—1OOdy

azfj—y2+ 20y — 63 dy

n[—ﬁ + 10y — 63‘5/}

9
3 4

Jl’|:— 243 + 810 — 567 + % - 160 + 252}

3407
3

Total Volume is 352

cm®  (About 368.6 cri)

[ 3marks]
Answer 2
AB = ki
X+ 1 2\(x—-4 x—2_k10
X+2 -3 0 -2/ "\o1

(X+1)(x-4) xX2-x-6 —k(lo)
(x+2)(x—4) x2+2 | 01

(X+1)(x—4) (x+2)(x-23) (1 o)
=k
(X+ 2)(x —4) X2 + 2 01

Thus,x = —2 (to get the zerognd the multiplication is then

60 _klo
06/ 01
Sok = 6 whenx = -2
[ 3marks]



Answer 3

k
Y (3r—k) =90
r=1
k k
3 r-k>1=090
r=1 r=1
3><k(k+1)—k2=90

3K(k + 1) — 2k? = 180
k> + 3k - 180 = 0
(k + 15)(k — 12) = 0
Either k = — 15 (reject) ork = 12

The only answer ik = 12
[ 3marks]



Answer 4

(a) 4x2+10x—24:4[x2+§x}—24
2
S
4 16
2
:4(x+£)—§—24
4 4
2
:4(x+£) _ 1A (a:4,b:£,c:—£
4 4 4
[ 3marks]
2
5 121
o (e 5 -
(b) XT3y 16
2 2
(oo 3 (4]
4 4

Now to use the formulae booklet (page 12) where we are told that,

J.\/lef ?dx = arcosh(%),ln{x+ X2—a2} +c forx > a

By all means use the first result, we're going for the second...

5 6
js VAx2 + 10x — 24 i
=i ° 6 dx
275 J(x+ 37 - (47

e 3o -G
o (5T -l [
-o[nf - 5] -nl - 28]
=3|n{%}

[ 5marks]



Answer 5

2
Begin by solving the homogeneous equatidh,g% + 5% -2y=0

This has auxiliary equatiori?,m2 +5m-2=0
(3M-1)(m+2) =0

. 1 -
Either m = 3 or m = —2 (Two distinct real roots)

. . 1x — 2X
The general solution ig = Ae®” + Be

For the particular integral try = UX? + VX + W
2

in which cased—y = 2Ux + V and d—g = 2U
dx dx

Substitute these into the question's differential equation...
3x2U +5(2Ux + V) - 2(UX’ + Vx + W) = 8 + 6x — 2%
6U + 10UX + 5V — 2UX2 — 2VX — 2W = 8 + 6x — 2%
(6U + 5V — 2W) + (10U — 2V )X — 2UX® = 8 + 6x — 2X°
Match up coefficients off U =1
Match up coefficientsaof : V = 2
Terms independent af 6+ 10-2W = 8 givesW = 4

.. The particular integral iy = X2+ 2X + 4

2

. . Lx — 2X
The general solution ig = Ae3” + Be " + X"+ 2x + 4

1
from Which% = %e3 - ZBe"2 +2x+ 2

From the boundary conditiong, = 6 and % = 5whenx =0

6=A+B+4 and5:2—28+2

Solving these simultaneously...
A+ B
SUBTRACT A — 6B

2
9

MB=-7s0B=-1andA =3

2

ix
— e Xy x4+ 4

The particular solution ig = 3e3
[ 12 marks]



Answer 6
You could use the various rules for sum or products of roots.
Here is a “first principles” approach.

4x3 — 12x% — 13+ k = 0
Divide through by 4

x3—3x2—1—3x+£=0
4 4

Let the roots be(a — d), a, (a + d) which are in arithmetic progression.
(For some constaa
In consequence(x —a+d)(x—a)(x—a—-d) =0
((x—a)z—dz)(x—a): 0
(x2—2ax+a2—d2)(x—a) =0
x> — 2ax® + (a2 - dz)x
—ax +r2ax-a+ad® =0
x3’—3ax2+(3a2—d2)x—a3+ad2 =0

Match up coefficients i a=1

- 1 1
Match up coefficients of 3% - d° = —73 so d® = 3+ TS
5
d=+—
2
3 7
So the roots are;, = — 5 X =1 andx = 5
[ 6 marks]
Answer 7
1 2 0}/[x 3
(a) In matrix form the equations are2 -5 3 ||y| = |8
0 6 -2/\z 0

However, the X 3 matrix has a determinant of zero.
To see this either use your calculator or, expand along the upper row,

1 2 O

-5 3 2 3 2-5
2-5 3 =(1)‘ ‘—2‘ +0‘ ‘
0 6 -2 6 -2 0-2 0O 6

=10- 18+ 8
=0 as claimed.

This means that there is no unique solutions and so the planes do not

meet at a single point.
[ 5marks]



1 2 0
(b) Look at the normal vectors which gi2|, |- 5| and | 3| but none of
0 6 2

these are parallel.
Multiply the upper row by 15, the middle yand the lower by 5

15 30 O0}X 45
12 -30 18 ||Yy| = |48
0 30 -10/\z 0

Combine upper and middle equations,
15x + 30y + 0z = 45
ADD 12x — 30y + 18z = 48

27X + 18 = 93
9% + 6z = 31 *
Combine lower and middle equations,
Ox + 30y — 10z = O
ADD 12 — 30y + 18z = 48

12x + 8z = 48

X+ 2z=12 *

As the two starred equations are not consistent, the three planes
form a prism.

[ 6 BONUS marks]
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Push The Pace #2

You have thirty-five minutes to answer seven examination questions
Marks Available : 40 (+ 6 bonus)

Further A-Level Pure Mathematics
Push The Pace Revision Papers

Question 1
Further AS-Level Examination Question from October 2020, Paper 1, Q2 (OCR)

The Argand diagram shows two complex numlzgesdz,

]ImA

O]

Re

(a) Mark points representing each of the following complex numbers,

k
° Z
° L -4
[ 2marks]
(b)  Inthe case wherg = 1 + 2i andz, = 3 + i, find -2 ;k 24 in the form
1

a + bi, wherea andb are real numbers.

[ 2marks]



Question 2
Further A-Level Examination Question from June 2022, Paper 4, Q1 (WJEC)

A functionf has domain(— e, ) and is defined byf (x) = cosh™x — 3coshx

(a) Show that the graph gf = f (x) has only one stationary point

[ 4 marks]

(b) Find the nature of this stationary point.

[ 3marks]

(c) State the largest possible rangef ¢k)

[ 1mark ]



Question 3

Further A-Level Examination Question from June 2019, Paper 2, Q2 (WJEC)
When plotted on an Argand diagram, the four fourth roots of the complex numbel
9 — 3V 3 i lie on acircle. Find the equation of this circle.

[ 4 marks]

Question 4
Further A-Level Examination Question from June 2019, Paper 2, Q9 (OCR)

1
The diagram shows the curve= v/ sinf e3 S0 foro< 6 <

(a) Find the exact area enclosed by the curve.

[ 4 marks]



o=

(b) Show that the greatest valueradn the curve |§/ g e

[ 7marks]



Question 5
Further A-Level Examination Question from June 2019, Paper 2, Q10 (OCR)
(a) Use differentiation to find the first two non-zero terms of the Maclaurin

expansion ofln(% + cosx)

[ 4 marks]

(b) By considering the root of the equatilurr( % + cosx) = 0deduce

that v = 3\/3In(%)

[ 3marks]



Question 6
Further A-Level Examination Question from June 2020, Paper 2, Q12 (AQA)

b b
(a) Given thatl = f e2tsintdt, show thatl = [qutsint + re2tcost]
a
a

whereq andr are rational numbers to be found.

[ 6 marks]



(b) A small object is initially at rest. The subsequent motion of the object is

modelled by the differential equation,
dv .
— +v = 5€snt
dt

wherev is the velocity at time

Find the speed of the object whtemn 27, giving your answer in exact form.

[ 6 BONUS marks]
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Answers

Further A-Level Pure M athematics
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Answer 1
(a)
]ImA
4
R
/! L 22
— >
N L Re
\\ ,I},
s
LH — 7 !
2 1 . .
Y4
[ 2marks]
L -7 3+i-1-2
b =
(b) y4] 1-2i
2 — i 1+ 2
= — X :
1- 2 1+ 2
2 i+ 4 —2i°
2
1 - 4i
4 + 3i
5
4 3. 4 3
— 4+ —i a=—b=—
5 5 5 5

[ 2 marks]



Answer 2

(a)

(b)

(c)

f(x) = coshx — 3coshx

fr(x) = 3cosh® xsinhx — 3sinhx

3sinhx (coshzx - 1)

3sinhx (sinhzx) using the identitycoshzx ~snhPx =1

= 3sinh®x
For a stationary poinf, (x) = 0
3sink®x = 0
snhx = 0
x=20

So the graph df(x) only has one stationary point which is at the origin
[ 4 marks]

f7(x) = 9 sinh? x cosh x

but f”(0) = 0 so this method has failed !

Instead look at the gradient either sidexof 0

There is no need to worry about how close to ga te 0 as we know
that there are no other stationary points.

f'(-1 = 3sinh® (-1) = —4.86, negative gradient

f"(+1 = 3sink’® (+1) = +4.87, positive gradient

The stationary point is a minimum.
[ 3marks]

We know the graph has a minimum at whes 0
This has a value of (0) = cosh® (0) — 3cosh(0)
=-2

So the greatestrange is 2 < f(X) < o
[ 1mark ]



Answer 3

We are told thatz* = 9 — 3v/3 i

Complex variable equations of the forfh = ¢ have roots that lie on a circle
with centre at the origin so we just need the radius of this circle (because we

don't care where on the circle the roots are; we don't need to worry about angles’

| =9 - 3V3i|
= v 108
.7t =108 arg(angle we don't care about)

z

1

1088 arg(angles we don't care about)
. . . 2 1
Equation of circle isx” + y2 = 108*
X + V2 = 322.

[ 4 marks]



Answer 4

1 7o
(a) Area = ?J.Or de

1 7 . 2 coséh
_ = 3
=3 IO shfe deo

n 2
(— %) J.o (— % sno ) es cose de setting up chain rule backwards

_ 3 [e%cose]”
4 0
3) _2 2
= [-Z)|le 3 = g3
[2)le? -
3( 2 _2
- — e3 — e 3
3 (o - o)
[ 4 marks]
d
(b) Greatest occurs whené =0
1
(Ve et ®’) = 0
. 1 . i 1 . -1 1
v sné (—Esne)e3cose + > (sino@) Zcoseef‘cose =0
1 3 1
%(e3cosg>(—2(sin0)2 + 3(sn6) 2(:050) =0
_ 3 _ 1
(—2(sm0)2 + 3(sinoh) 20038) =0
— 2sn%0 + 3cosf = 0
—2(1—00320)+3cos(9 =0
2cos’ 0 + 3cosf — 2 = 0
(2cosf — 1)(cosO +2) =0
. 1 .
Either cos6 = > or cosf = —2 (no solutions)

Because of thg ssngd, sng > 0O

1 :
so, fromcos6 = ?We getsng = g

1
Greatest value of = vV sng e3 cosf
V3 1

_66

M'vax =
2

[ 7marks]



Answer 5

The Maclaurin Series

A given functionf (x), may be written as the polynomial,
” )]

Q) X+ . r©
2! r!

provided thaf (0), f'(0), f”(0), ..., f(r)(O), ... all have finite values

fx) = £ + f(0) x + X+

(a) Let f(x) = In(% + cosx) . (0 = In(%)
— sSinx —-29nx
f = = 70 =0
(X) % + COSX 1+ 2cosx O

(1+ 2cosx)(—2cosx) — (—28nXx)(—2snx)
(1 + 2cosx)?

(%)

—2c0sX — 4002 X — 4sSin?x
(1 + 2cosx)?
—2cosx — 4 6 2

= 70 = — = ——
(1 + 2cosx)? © 9 3
: In(i + cosx) = In(i) - ix2 +
. > = > 3
[ 4 marks]
(b) In(%+cosx) =0
i+cosx: 1
2
COSX = i
2
x= L
-3
2
So we have thatn(i) - i (l) +..=0
2 313

5~ n(3)
— ~ |nl—
27 2
3
23]
T n 5
T~ 3 3In(i)
2

[ 3marks]



Answer 6

(a)

In the working the limits are omitted to reduce clutter...

| = ertsintdt

51

e (—cost) — J'2e2t (—cost) dt

—e®cost + 2 fezt cost dt

2t

—€

2

cost + 2e2tsint - Zf 2e2tsintdt

—etcost + 2e2tsint — 4]

2t

—€

N

2

etsnt —

cost + 2e2tsint

1 o
— € cost
5

1

a

[ 6 marks]



(b) The question is requiring that we solve the differential equation.

dv )
— 4+ v = 5egnt
dt

The equation can be solved using the integrating factor method

(with P(t) = 1 and Q(t) = 5€'sint)

[Pmydt = [1dt =t

If there are no occurrences of the modulus function the constant
of integration may be omitted, as done here.

P(x) dx t
lFacToR = e[ Cgd _ ¢

dv
et— + etv = 5e2t
dt

integrate both sides with respect to

sint

J.etﬂ +elvdt = 5f e2tsint dt
dt

2 ) 1
etv = S[E e2tsmt — Ee”cost} +C

v = 2e2tsint - e2tcost + C

Using the initial conditions, thdA small object is initially at rest

1x0=2x1x0-1x1+cagivesc =1

v = 2e2tsint - e2tcost +1

Now to find the velocity whert = 27...

v = 26 sin2n) - €7 cos(2n) + 1
=1- ¥
v=e%_-&" (About- 535mis)
speed= |v|
_ eZJ'L' _ e—Zn

[ 6 BONUS marks]
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Push The Pace #3

You have thirty-five minutes to answer seven examination questions
Marks Available : 40 (+ 10 bonus)

Further A-Level Pure Mathematics
Push The Pace Revision Papers

Question 1
Further A-Level Examination Question from June 2019, Paper 1, Q4 (OCR)

The graph shows the region bounded by the cyrve sec(%), thex-axis, the

y-axis and the linex = %

This region is rotated throughr2adians about theaxis.
Find, in exact form, the volume of the solid of revolution generated.

[ 3marks]



Question 2
Further AS-Level Examination Question from June 2016, Paper FP1. Q1 (CEA)

_ 5 4 {10
LetA—(_s_z)andl—(Ol)

2
(i) Verifythat A = 3A — 2I

[ 4 marks]

.. . -1,
(i) Hence, or otherwise, express the maix in the formaA + fl,
wherea andg are real numbers.

[ 3marks]



Question 3
Further A-Level Examination Question from June 2019, Paper 1, Q8 (OCR)

The roots of the equa\tiom3 ~ X +kx-2=0are a, i andg
a

(a) Evaluate, in exact form, the roots of the equation.

[ 6 marks]

(b)  Findk

[ 2marks]



Question 4
Further AS-Level Examination Question from June 2021, Paper 1, Q8 (AQA)
Stephen is correctly told th&atl + i ) and — 1 are two roots of the polynomial

equationz3 P pz + q = 0 wherep andq are complex numbers.

(a) Stephen states thal — i) must also be a root of the equation because

roots of polynomial equations occur in conjugate pairs.
Explain why Stephen's reasoning is wrong.

[ 1mark ]

(b) Find p andq

[ 5marks]

Question 5
Further A-Level Examination Question from June 2019, Paper 1, Q4 (AQA)

Solve the equatioz — 517 = 12

[ 4 marks]



Question 6
Further A-Level Examination Question from June 2015, Paper FP3, Q1 (WJEC)

(a) Express5cosh 6 + 3sinh@ in the formr cosh(0 + a), r > 0, where
the values of anda are to be found.

[ 4 marks]

(b) Hence solve the equatidksicosh® + 3sinhf = 10

[ 4 marks]



Question 7
Further A-Level Examination Question from June 2017, Paper FP3, Q6 (WJEC)

The integral is given, fom >0, by I, = J? tan” x dx

1
n-1

(a) Show that, fon>2, I, = ln_2

Hint : set up a chain rule backwards keeping in mind that

the derivative oftanx is se02 X

[ 2+ 3 BONUSmarks]



z 2
(b) Hence determine the value of the inte,grajo4 ( 3+ tanzx) dx

leaving your answer in terms of

[ 7BONUS marks]
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f(i) sec (l) dx setting up a “chain rule backwards

Il
g

= Zn[tan(%) - tan(O)}
= 2n
[ 3marks]
Answer 2
2
(i) LHS = A
_ 5 4 5 4
S \-3-2/\-3-2
_ [ 13 12
- \-9 -8
RHS = 3A - 2|
_ 5 4, ,[10
‘3(—3—2) 2(01)
_ [ 13 12
- \-9 -8
= LHS .. Verified
[ 4 marks]
2
(i) A =3A-2
-1 2 -1 -1 -1
A =3A A-2A | Pre-multiply through by
A=3l-2A"
-1
A :—1A+—I

[ 3marks]



Answer 3

1
(a) Product of therootsu x — x 8 = 2s0p = 2
a

Sum of the roots:

1
a+—+p=1
a
1 1
a+—+1=0= Notethatu + — = -1 **
a a
2

a+a+1=0
-1+vV1-4x1x1

a =
2
_ —-1++-3
- 2
:_iiﬂi
2 2
1 \/§) ( 1 \/§)
The roots are, (—2 -3 i | and -3 + > i
[ 6 marks]
(b) kzaxi+aﬁ+ixﬁ
a a
=1+2(a+i)
a
=1+2x (-1 from**
= -1
[ 2marks]
Answer 4

(a) TheZ term has a coefficient ¢ 2i) which is not real.

As the roots only occur in conjugate pairs if all the coefficients of the
polynomial are real numbers, Stephen is not correct.
[ 1mark ]
(b) A cubic has three root and we are told two. Let the third.be

The sumoftherootst + i —1+a = 2 = a =1
The product of theroots (1 + H(-1D (i) =-g & g=-1+i

Sum of product pairs:

A+DED+ED) +(HA+i) =p
-1-i-i+i-1=p
p=-2-i

[ 5marks]



Answer 5
27 - 57
2(a+bi)—-5(a-hi)

12
12

2
2a+ 2bi — 5a + 5bi = 12
2a—5b + 2bi — 5a = 12

So{ 2a — 5b = 12}

-5a+2b= 0
Solve these simultaneously: 10a — 2% = 60
ADD -10a+ 4b = 0
- 21b = 60
b=_20
7
2a = 12 5(—2)
7
8
a=-—
7
8 20 .
2= —-——= - —i
7 7
[ 4 marks]
Answer 6
(a) rcosh(0 + a) = rcoshfcosha + rsinhé sinha
rcosh(0 + a) = 5coshé + 3snh#
rsinha
= tanha = —
r cosha * 5
a = artanh(—)
a = 0.693 r=+v5 -3 =4
~.5coshé + 3sinh® = 4cosh(6 + 0.693)
[ 4 marks]

(b) 5coshf + 3sinhé = 10
4cosh(6 + 0.693) = 10
cosh(6 + 0.693) = 25

0 + 0.693 = =1.567

0 = 0874 - 226
[ 4 marks]



Answer 7

J'%tan”xdx

0
= 'foztan”_zxtanzx dx
= 'foztan”_zx(seczx— 1) dx
= 'fzseczxtan”_zx dx—J‘Ttan”‘zx dx
0 0
= 'fozseczxtan”_zx dx — In_»
~ [ tan"~ 1 x }% .
- n—1 n-2
=
= | —— | - In- O
[n—l n-2
[ 5marks]
JT 2 g
(b) _[04(3+tan2x) dx = f049+6tan2x+tan4x dx
= 9lg+ 61, + 14
1
= 91y + 61 +(—)—I
0 2 41 2
1
= 9|0+5|2+§
1 1
=9lp+ 5 (—)—SI + =
or e\ 073
1
= 4I0+5+§
=4 Xl 1_6
4 3
16
=7+ —
3
[ 7marks]
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Push The Pace #4

You have thirty-five minutes to answer seven examination questions
Marks Available : 40 (+ 14 bonus)

Further A-Level Pure Mathematics
Push The Pace Revision Papers

Question 1
Further A-Level Examination Question from June 2013, Paper 1, Q6 (OCR)

The Argand diagram shows a half-lihand a circleC.
The circle has centre 3i and passes through the origin.

(i) Write down, in complex number form, the equationé axfid C.

[ 4 marks]

(i) Write down inequalities that define the region shaded.
(The shaded region includes the boundaries)

[ 3marks]



Question 2
Further A-Level Examination Question from June 2019, Paper 1, Q7 (MEI)

2
A curve has cartesian equat( + y2) = 2¢? Xy, wherec is a positive constant.

(a) Show that the polar equation of the curvefis= ¢ sin26

[ 2marks]

(b) Sketch the curves = cv/sn20 andr = —cvsin20 for 0 < 6 < %

[ 3marks]

(c) Find the area of the region enclosed by one of the loops in part (b).

[ 3marks]



Question 3
Advanced Higher Examination Question from May 2019, Q2, (SQA)

2 1 4
Matrix A is defined byA=| -3 p 2 |wherep e R
-1-2 5

(a) Given that the deteminant &fis 3, find the value gb

[ 3marks]
0 1
Matrix B is defined byB=(q 3| whereq € R
4 0
(b) FindAB
[ 2marks]

(c) Explain whyAB does not have an inverse.

[ 1 mark ]



Question 4
Further AS-Level Examination Question from May 2019, Q10 (WJEC)
The quadratic equation,

px2 +gx+r =0
has roots: andf, wherep, g, r are non-zero constants.
(a) A cubic equation is formed with roots 3, a + 8
Find the cubic equation with coefficients expressed in terrmpsofr.

[ 6 marks]

(b) Another quadratic equatiopx2 — gx — r = Ohas roots 2 andy.

Show thatp = —2y

[ 3marks]



Question 5
Further A-Level Specimen Examination Question from 2017, Paper 1, Q11 (AQA

(a) Prove that sinho + 1+_ cosh 6 = 2cothée
1+ coshé@ sinhé
[ 4 marks]
sinhé 1+ coshé
b Solve + =4
(b) 1+ coshé sinhé

Give your answer in an exact form.

[ 2marks]



Question 6

Further A-Level Examination Question from June 2015, Paper FP1, Q3 (WJEC)
The complex numbersatisfies the equation,

. 2+ % .
2z -i7 = 17 wherez" denotes the complex conjugatezof

Express in the forma + bi wherea andb are rational numbers to be found.

[ 4 marks]



Question 7
Further A-Level Examination Question from June 2010, Paper FP2, Q8 (Edexcel
(a) Find the value of for which y = Ax sin5x is a particular integral of

the differential equation,

d%
P + 25y = 3c0s5X

[ 4 bonusmarks]

(b) Using your answer to part (a), find the general solution of the
differential equation,
d2y
—5 + 25/ = 3c0s5x
dx? ¥

[ 3BonusMarks]



Giventhatatx = 0, y = 0 and% =5
(c) find the particular solution of this differential equation, giving your

solution in the formy = f (x)

[ 5bonusmarks]

(d) Sketch the curve with equation= f(x) for 0 < x < =«

[ 2 bonusmarks]

This document is a part ofMathematics Community Outreach Project initiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedi&pendent School of the Year 2020”
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Push The Pace #4
Answers

Further A-Level Pure M athematics
Push The Pace Revision Papers

Answer 1

(i) The half-line/ has equationz — 3i

I
Q
/&
IS

The circleC has equation)z — 3i |

Il
w

[ 4 marks]
(i) The region shaded could be specified by,

{arg(%) <z-3 < arg(%)}m{lz—a'l < 3}

[ 3marks]



Answer 2
(a) Letx = rcosf andy = r siné in which casex’ + y2 = r?

2
In consequence( x> + y¥?) = 2c?xy becomes,

(r2)2 = 2¢? (rcosf)(rsing)

Divide through byr2

r? = ¢®(2sn0cosh)
r? = ¢?sin20 is the polar equation of the curve
[ 2marks]
(b) Here is the plot from Wolfram Alpha wiih= 2
(x*+y°)* =8x)
[ 3marks]
1 2
(c) == [ r?de

1 % 2.
> J'Ocsmzedé)

2 5.
—_— f 2sn20do
4 Jo

2 T
C 2
= — |- cos26
[~ cos20]
0
c? c?
vy X (+2) and so the area+52—

[ 3marks]



Answer 3

(a) Al =3
2 1 4
-3 p 2(=3
-1-2 5
Expanding along the middle row...
1 4 2 4 2 1| _
3‘—2 5 +p‘—1 5 _2‘—1—2"3
3x13+14p+6 =3
14p = - 42
p=-3
[ 3marks]
2 1 4)(0 1
(b) AB =|-3-3 2]||q 3
-1-2 5/\14 0
g+16 5
=|-3g+ 8-12
-29+ 20 -7
[ 2marks]

(c) AB is not a square matrix.
Inverses are only defined for square matrices.

.. AB has no inverse.
[ 1mark ]



Answer 4
(a) From the quadratic we get that...

px2+qx+r =0
x2+ﬂx+L:O
Y Y
q r
Sum:a + f = _F Product: af = F

For the new cubic equation we require...
Sumia + B+ (a+pB)=2(a+p)
29
P

Sum of Product Paire3 + f(a + )+ (a+B) = af + (a + ﬁ)z

L
PP
Productaf(a + B) = 3

A cubic with rootsz, g and (a + ) is,
2

3 29 \ 2 rq qr
X+|—|X+|—+ = |x+—=—5 =0
p p P P?
[ 6 marks]
(b)
pxz—qx—r=0
- dx- L _o
Y Y

q r
Sum: 20 +y = — Product: 2ay = — —
p p
2ay = —af
B =-2

[ 3marks]



Answer 5

(a)

(b)

sinhé@

1+ coshé

LHS =

+
1+ coshé

sinhé

snh? o + (1+ coshe)2

(1+ cosh6) sinho
SN0 + 1 + 2coshé + cosh?

(1+ coshé) sinhé
SN0 + cosh?0 — sinh? @ + 2coshé + cosh? 6

(1+ coshé) sinhé
2 cosh? 6 + 2 cosh @

(1+ coshé) sinhé

2coshf(coshéd + 1)

(1+ coshé) sinhe
2cosh o

sinhé
2cotho
RHS

sinhé

1+ coshé

+
1+ coshé

sinhé@
2 coth @

2
tanhé

tanhé
(0

0

[ 4 marks]

4  from part (a)

[ 2marks]



Answer 6

2+

1-i

(2+1) o (1+1)
(1-1) (1+1)

. %
22 -1z

2(a+bi)—-i(a-hb) =

. .2
2
2a+ 2bi —ai +bio = 2131
1-1
1 3
2a - —a+ )= =+ =
(2a—-—b)+ (—a+ 2b) 2+2|

(4a-2b)+ (-2a+4b) =1+ 3
Equating real parts and equating imaginary parts
4a - 20 = 1}:{ 8a— 4b = 2

—2a+4b =3 —2a+4b =3
6X =5
5 7
a=—andb = —
6 6
5 7.
2= — 4+ —
6 6
[ 4 marks]
Answer 7
. d :
(a) If y = Axsin5x then d—i = bAxcos5x + Asinbx
d2y .
ol —251xsin5x + 54 cos5x + 54 cos 5x
d2y
—5 + 25/ = 3cos5x
dx? ¥
—25Ixsin5x + 51 cos5x + 51 cosbx + 25(Axsin5x) = 3cos5x
104 cos5x = 3cos5x
PR
10
[ 4 BonusMarks]
d2y

(b) Consider + 25 = 0 which has auxiluary equaticm2 +25=0

dx2
The complex roots of+ 5 lead to the complementary function being,

y = Acosbx + Bsin5x

. . 3 .
. The general solution ig = Acos5x + Bsin5x + ET) X sin 5x

[ 3BonusMarks]



(c) Using the initial condition thak = 0, y = 0 gives,

0=A
What's left of the general solution for these initial conditions is,

) 3 .
Bsnbx + — xsnbx
10

y =
ﬂ = BB cosbx + ﬁxcosSx + isin5x
dx 10 10
= isin5x + (SB + ix) COS 5x
10 2
. I » dy .
Using the initial condition thak = 0, vl 5 gives,

5 =5B soB=1

The particular solution iy

sin5x + ixsin5x
10

(1+ liox)sinSX

[ 5bonusmarks]

(d) Thisisasine wavéwith period%) with envelopey = % X+ 1

[ 2 bonusmarks]
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