Lesson 3
Further A-Level Pure Mathematics: Corel
Complex Numbersi|
3.1 Roots and the Complex Plane
Lesson 1, Question 7 asked for a proof that 1 + 1 is a solution to

4= 0
It then asked that another solution to this quartic equation be guessed.

In fact this quartic equation (a polynomial of degree 4) has four complex roots,
z=1+1 =1-1i Zz = -1 - = -1+i

A two dimensional picture, called an Argand Diagram, can be drawn to show whe
the roots of this quartic equation lie on the complex plane.

Given the root of a polynomiatzoor = a + bi the real parta, is plotted on the

x-axis and the imaginary palt, is plotted on thg-axis.

In fact, we stop using the termesaxis andy-axis and talk instead of thReal-axis,

Re, and thémaginary-axis,Im. The two dimensional surface in which the real and
imaginary axes reside is termed the complex pl@he,

An Argand Diagram of the Complex Plane
showing the four complex roots of the equation

F+4=0
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One method of verifying that each of these is a roots is valid would be to substitu
them, one at a time into the quartic and show that they make it true, as in Lesson



3.2 The Fundamental Theorem of Algebra

The Fundamental Theorem of Algebra states that any polynonzaifidegree
n has exactlyn roots, where some or all of the roots may be complex numbers.
The polynomial can even have complex coefficients.

This theorem tells us that, for examm%,+ 4 = 0, which is a polynomial iz
of degree 4, has four roots. So once four roots have been found, there is no nee
to look for any more.

3.3 Unique Factorisation

The Fundamental Theorem of Algebra ties in with fact that for any polynomial
in zof degree one or more unique factorisation holds.

When working with the integer#,, The Fundamental Theorem of Arithmetic
tells us that every number that in not prime can be written as a product of primes
in, essentially, only one way.

For example,

120= 22 x3x5
The “only one way” is formally referred to as “unique factorisation”.

Previously, polynomials irx with integer coefficients have been studied and
these also have unique factorisation.

For example,

x3+4x2+4x+3:(x2+x+1)(x+3)

The factor theorem is of use in trying to find the unique factorisation of such
polynomials. In fact, the unique factorisation holds, not just for integer

coefficients, but also for real number coefficients and, indeed for complex
coefficients with one restriction. The restriction is that the degree of the

polynomial must be one or more. To understand the restriction consider the
polynomial inz of degree 0,

p(2 = 62

This does not have a unigue factorisation.

For example, here is one factorisation of 6,
6=(l+i)(l-i)x3
and another,
6=(1++v5i)(1-+5i)

and another,

6=2(vV2 +i)(vV2 -i)

This single counter example, is enough to show that unique factorisation does
not hold for complex polynomials mof degree 0.



3.4 Solving Polynomial Equations

Complex Conjugate Pair

If p(2) is a polynomial withreal coefficients and is a complex root gb(z) = 0
thenz," is also a root of(z) = 0.

Such roots are termed a complex conjugate pair.

Further A-Level Examination Question from January 2009, FP1, Q2

f(2) = 27" — 142° + 332 — 26z + 10
Givenz =3 +1 is a solution of the equatib(e) = 0, solvef (2 = 0 completely.

Teaching Video http://www.NumberWonder.co.uk/Video/v9085(3).mp4

[ 5marks]


http://www.NumberWonder.co.uk/Video/v9085(3).mp4

3.5 Exercise
Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 57
Question 1
Given thatz = 3 is the real solution of the equation,

2-52+11z-15=0
find the two complex solutions of this equation.

[ 5marks]



Question 2

f(20 =22 -672+21z- 26
(i)  Showthaf (2) =0

[ 1mark ]

(i) Hence solvef (z) = 0 completely.

[ 4 marks]



Question 3
Further A-Level Examination Question from June 2014, FR1 (R), Q1
The roots of the equation,

222 _-324+8+5=0
arez;, z and zs.

Given thatz; = 1 + 2i, findz andz

[ 5marks]



Question 4
Further A-Level Examination Question from June 2009, FP1, Q1
Given thatx =i is a complex solution of the equation,

x4+6x3+26x2+6x+25:0

(a) expres.s<4 +6x3 + 26%2 + 6X + 25 asa product of two quadratic factors

[ 4 marks]

(b)  Hence solve completely the equatidh+ 6x3 + 26x% + 6x + 25 = 0

[ 2marks]



Question 5
Further A-Level Examination Question from June 2018, F1, Q5
Given that

A -62+3472 542+ 225=(2+9) (Z+az+b)
wherea andb are real numbers,

(a) find the value of and the value db

[ 2marks]

(b) Hence find the exact roots of the equation
-6 +347 547+ 225=0

[ 4 marks]

(c) Show your roots on a single Argand diagram

[ 2marks]



Question 6
Further A-Level Examination Question from June 2013, FP1, Q3

Given thatx = % is a root of the equation,
3 2
2X" - 9X "+ kx-13=0 k e Z

find
(a) the value ok

[ 3marks]

(b) the other two roots of the equation

[ 4 marks]



Question 7
Further A-Level Examination Question from January 2010, FP1, Q6
Given that 2 and 5 + 2i are roots of the equation

Z2-12Z+cz+d =0, c,d e R

(a) write down the other complex root of the equation
[ 1mark ]

(b) Find the value o€ and the value o

[ 5marks]

(c) Show the three roots of this equation on a single Argand diagram.

[ 2marks]



Question 8
Further A-Level Examination Question from June 2006, FP1, Q4
Given that 3- 2i is a solution of the equation

- 6xC + 19X —36x+78 =0

(a) solve the equation completely

[ 7marks]

(b) Show on a single Argand diagram the four points that represent the roots
of the equation.

[ 2 marks]



Question 9
Find the four roots of the equation

A _-16=0

[ 4 marks]
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