Lesson 8
Further A-Level Pure Mathematics : Core 1
Roots of Polynomials
8.1 Extension Material

In order to solve a general cubic equation, Cardano first reduced it to depresse
cubic form,

£+ pt+q=20
This provides a motivation to look at the algebra of the roots of this equation
which has the special property af+ g+ y = 0

The general result that,

2 2
P+ B+ = (a+B+y)° —2(aB+ By +ya)
becomes,

a2+,32+}/2 = -2(ap + By + ya)

and another general result that,
o>+ ,83 + y3
= (a+p+7) =3(a+p+y)(ap+py+ya)+ 3upy
becomes
o>+ ,83 + y3 = 3afy

In this extension lesson a further couple of formulae are derived and then a
question given in which applying them may be practiced.

A Cubic's Sum of Squares of Product Pairs of Roots

If «, B andy are roots ofax’ + bx* + cx +d = 0 a, bcdeC
then, azﬁz + ﬁzyz + y2a2 = (aB + Py + 7/0()2 —2afy(a + B +y)
For a depressed cubic,

2,2 2 2 2 2 2
a~ B+ By +y a” = (af + By +ya)

Proof

P+Q°+R =(P+Q+R)?-2(PQ+ QR+ RP)
(@B + By’ + (ya)® = (aB + By + ya)* = 2(a Py + BrPa + yd®B)

2
= (af + Py +ya) = 2apy(a+B+y) O
For a depressed cubie, + B+ vy = 0

2 52 2 2 2 2 2
LAt + By v a” = (af + By + ya) O



A Cubic's Sum of Cubes of Product Pairs of Roots
Ifa,ﬁandyarerootsofax3+bx2+cx+d =0 a b cdeC
then,
a3ﬁ3+ﬁ3y3+ Vsas

= (aB + By + ya)’ - 3apy(ap + By + ya ) a + B +y) + 3(apy)’

For a depressed cubic,

PR+ PR+ 23 = (af+ By + ya)® + 3(apy)

Proof
P+Q®+R=P+Q+R*-3(P+Q+R(PQ+ QR+ RP) + 3PQR
@B+ B° + ya)® = (af + Py + ya)’
= 3(ap + py +ya)(afy + prPa + ya®B) + 3(ap) (By) (yo)
B+ B2+ 2B = (af + By + ya)

2
— Bapy(af + py + ya)(a + B +v) + 3(apy) O
For a depressed cubie, + B+ y = 0

PR+ = (B + By +ya)’ # 3@yt O



A Cubic's Sum of Quartics of Roots
Ifa,ﬁandyarerootsofax3+bx2+cx+d =0 a b c deC
then, ot + ﬁ4 + y4

2
= ((a+B+y)?=2(ap+py+ya))

2
~2((ap+py+va) - 20By(a+p+y))
For a depressed cubic,

a* + B+ 9t = 2(ap + By + ya )

Proof

PP+Q°+R =(P+Q+R)?-2(PQ+ QR+ RP)

2 2

(2 + () + () = (+ P+ ?) =22 + B+ 2 d?)

a4+/34+y4
2
= ((a+B+y)P-2(ap+Py+ya)) —2(a2ﬁ2+ﬁ29/2+9/2a2)

2
= ((a+B+9?—2(aB+pBy+ya))

2
—2((ap + Py + ya)® - 20By(a + B +7)) O
For a depressed cubigz + § +y = 0

a4+ﬁ4+y4=2(aﬁ+ﬁy+ya)2 O



8.2 Exercise

Question 1

If «, § andy are the roots ok + x+ 1 = 0, then, without solving the equation,

find the equation whose roots afex — /3)2, (B - y)z and (y - a)2

[ 8 marks ]
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