L esson 2
Further A-Level Pure Mathematics: Corel
Proof by Induction

2.1 Iterative Relations and Induction
A sequence is defined iteratively by the term-to-term formula,

U =1, U1 =3u, +4
The first few terms of this sequence are,
n 1 2 3 4 5 6 7 8
Un 1 7 25 79 241 | 727 | 2185 | 6559

It is thought that a position-to-term formula is, = 3" — 2
It works for the eight terms listed, but to ensure it will always work a proof is neec

Statement
For the sequence with the iterative definitien,= 1, un+; = 3u, + 4

for all positive integers, then™ term is given byu, = 3" — 2

Proof by Induction
Whenn = 1, u; = 3t -2

= 1  which is the correct initial term
Assume that whem = k, ux = 3k — 2 in which case...

Uc+1 = 3ug + 4

= 3(3-2)+4
=31 _6+4
:3k+1_2

Therefore, if the result is true far= k, then it is true fom=k+ 1
As the result has been shown to be truerfer 1, the conclusion is that
it is true for all positive integers by mathematical induction d
[ 5marks]
The Teaching Video will talk you through the above proof.

Teaching Video http://www.NumberWonder.co.uk/v9096/2.mp4



http://www.NumberWonder.co.uk/v9096/2.mp4

2.2 Exercise

Question 1

A sequence is defined iteratively by the term-to-term formula,

Any solution based entirely on graphical
or numerical methodsis not acceptable
Marks Available : 30

Uy =1, Ups1 = 2uh + 1
The first few terms of this sequence are,

n 1

2

3

4

5

6

7

8

Un 1

3

7

15

31

63

127

255

Prove by induction that the position-to-term formulaijis= 2" - 1

Did you know ?

[ 5marks]

n . .
Numbers of the form 2— 1that are prime are called Mersenne Primes



Question 2
A sequence is defined iteratively by the term-to-term formula,

U = 7, Uysq1 = 2Un— 1
The first few terms of this sequence are,

n 1 2 3 4 5 6 7 8

Un 7 13 25 49 97 193 385 769

Prove by induction that the position-to-term formulaiis= 3 x 2" + 1

[ 5marks]



Question 3

A sequence is defined iteratively by the hybrid formula,

Uy=6, Ui =U +2"+4 n>1
The first few terms of this sequence are,
n 1 2 3 4 5 6 7 8
Un 6 12 20 32 52 88 156 288

Prove by induction that the position-to-term formulaiis= 2" + 4n

[ 5marks]



Question 4
Further A-Level Examination Question from June 2013, IAL, FP1, Q9 (a)
A sequence of numbers is defined by

up = 8
Up+1 = 4U, — 9n n>1
Prove by induction that, far ¢ yAl

uph = 4" +3n+1

[ 5marks]



Question 5
Further A-Level Examination Question from January 2018, IAL, F1, Q8 (i) (Edexcel)
A sequence of numbers is defined by,
up = 3
Uh+1 = Un + 30— 2 n=1
Prove by induction, for all positive integaers
3 - 7

Uy = —NnN"— —n+5
2 2

[ 5marks]



Question 6
Further A-Level Examination Question, January 2013, 1AL, FP1, Q8 (b) (Edexcel)
A sequence of positive integers is defined by,

u =1
Us1 = U+ N(3n+1) ne Al
Prove by induction that,
Uy = nz(n—1)+1 neZ"

[ S5marks]
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